


THEOREM 17.7 Green’s Theorem—Circulation Form

Let C be a simple closed piecewise-smooth curve, oriented counterclockwise,
that encloses a connected and simply connected region R in the plane. Assume
F = (f, g), where f and g have continuous first partial derivatives in R. Then

iF'dr = ifdx + gdy = ﬂ(g-i - 3\—1:) dA.

circulation circulation




b xy dx + x*y* dy,
C is the triangle with vertices (0, 0), (1, 0), and (1, 2)
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THEOREM 17.8 Area of a Plane Region by Line Integrals
Under the conditions of Green’s Theorem, the area of a region R enclosed by a
curve Cis
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%xdy = - %\ dx = Ef(x dy — ydx).
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EXAMPLE 2 Area of an ellipse Find the area of the ellipse
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2 types of line integrals in 2d - circulation and flux
integrals

Given vector field F=<f,g>

%F-dr=§;fdx+gdyr %F-nds=§fdy—gdx
C C C C
Ciygu]'atign Cil-cu]‘a[ion outward flux outward flux
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THEOREM 17.9 Green’s Theorem—Flux Form

Let C be a simple closed piecewise-smooth curve, oriented counterclockwise,
that encloses a connected and simply connected region R in the plane. Assume
F = (f,g), where f and g have continuous first partial derivatives in R. Then

i’F-nds %fdy—gdx ”(—-&-—)dA | F = (x5
c

outward flux outward flux \ / C
. . W [
where n is the outward unit normal vector on the curve. - -~
o W "
EXAMPLE 3 Outward flux of a radial field Use Green’s Theorem to compute the out- (f +g,=2mR=

ward flux of the radial field F = (x, y) across the unit circle C = {(x,y):x* + y> = 1}  outward flux across C.



Extending Green’s theorem to regions with holes
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EXAMPLE 5 IfF(x,y) = (—yi + xj)/(x* + y?), show that | F - dr = 2 for every
positively oriented simple closed path that encloses the origin.
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17.5 - Divergence and Curl

Two new operators on vector fields

Divergence of a Vector Field
The divergence of a vector field F = (f, g, h) that is differentiable on a region of
R? is
0 0 ol
dvF=v.F=2 %
ox dy dz

If V+-F = 0, the vector field is source free.

EXAMPLE 1 Computing the divergence Compute the divergence of the following
vector fields.

a. F = (x,y,z) (aradial field)

b. F = (—y,x — z,y) (arotation field)

Radial field
F=(y2



|Again, the reason for the name divergence can be understood in the context of fluid
flow. If F(x, y, z) is the velocity of a fluid (or gas), then div F(x, y, z) represents the net
rate of change (with respect to time) of the mass of fluid (or gas) flowing from the point
(x, y, z) per unit volume. In other words, div F(x, y, z) measures the tendency of the fluid
to diverge from the point (x, y, z). If div F = 0, then F is said to be incompressible.
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(a)F(x,y,z)=(l+x2)i+yj
divF(x, y,z) =2x+1
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If F(x,y,z) = xzi + xyzj — y*k, find div F.



DEFINITION Curl of a Vector Field
The curl of a vector field F = (f, g, h) that is differentiable on a region of R? is P ik R
«— nit vectors
V XF = curl F VXF= :_X % % <« Components of V
oh d d oh d d 7
y & ¢ oo ()i (Lo (52,
If V X F = 0, the vector field is irrotational. Jy iz az  ax)? ax ay /)

IfF(x,y,z) = xzi + xyzj — y*Kk, find curl F.



Paddle wheel at P with axis n measures
rotation about n. Rotation is a
maximum when V X F is parallel to n.




THEOREM 17.11  Curl of a Conservative Vector Field

Suppose F is a conservative vector field on an open region D of R*. Let F = Vo,
where ¢ is a potential function with continuous second partial derivatives on D. If F is conservative, then curl F = 0.
Then V X F = V X Vg = 0: The curl of the gradient is the zero vector and F
is irrotational.

EXAMPLE 2 Show that the vector field F(x, y, z) = xzi + xyz j — y*k is not
conservative.



Properties of a Conservative Vector Field

Let F be a conservative vector field whose components have continuous second
partial derivatives on an open connected region D in R®. Then F has the following
equivalent properties.

1. There exists a potential function ¢ such that F = V¢ (definition).

2. [F-dr = ¢(B) — ¢(A) for all points A and B in D and all piecewise-
smooth oriented curves C in D from A to B.

3. fﬁc F - dr = 0 on all simple piecewise-smooth closed oriented curves C in D.
4. V X F = 0 at all points of D.




Divergence Properties Curl Properties
V- (F+G)=V-F+ V-G VX(F+G)=(VXF)+ (VXG)
V- (cF) = ¢(V-F) V X (cF) = ¢(V X F)

THEOREM 17.12 Divergence of the Curl
Suppose F = (f, g, h), where f, g, and h have continuous second partial deriva-
tives. Then V - (V X F) = 0: The divergence of the curl is zero.







