MA 442 - practice problems for exam 1

February 22

Name: BUID:

A collection of problems designed to help you prepare for midterm exam 1. These problems
are by no means exhaustive, but they are in the same style that will appear on the exam.

Question 1. Let V be a finite-dimensional vector space over R. In class we (will) show that
the set of all linear maps V — R is naturally a vector space; we denote this vector space by
Hom(V, R). Express

dim Hom(V, R)

in terms of dim V. (Hint: Given a basis for V can you construct a basis for Hom(V, R)?)

Solution. We will show that dim Hom(V,R) = dim V. Let dimV = n, and fix a basis {v;} for

V. Foreachi=1,...,n we will define a linear transformation ¢;: V — R. Note that since we

have fixed a basis, to define ¢; on all of V it suffices to define it only on the basis elements. So,
define

1, i=j
(1)) = 1

() {O, else M)

We will show that {¢y, ..., ¢,} form a basis for Hom(V, R). First, we show that this set

generates. Suppose ¢: V — R is an arbitrary linear transformation. Since it is a linear trans-

formation, it is completely determined by its behavior on a basis. Thus, ¢ is completely deter-

. . def .
mined by its values on the vectors {vy,...,0,}. Call these values a; e p(v;) fori=1,...,n

Observe that
0= a:. 2)

Indeed, if we evaluate the left hand side at v; then this is a; by definition. On the other hand,
since @;(v;) is 1 when i = j and 0 otherwise, the right hand side agrees. Thus, we have shown
that the collection {¢;} generates Hom(V, R).

It remains to show that this collection of vectors is linearly independent. Suppose we have
a linear relation

Ao+ + A0, =0 (3)
where the right hand side is the zero linear transformation. If we evaluate this as v; then
the left hand side is A;. Thus A; = 0. Similarly, we can evaluate at vy, 0s,...,0, to see that
Ay = A3 =--- =1, =0 as well. This shows that {¢;} is indeed a basis.

Question 2. Let V be any vector space and suppose that B = {v1, 2,03, 04} is an ordered basis.
Define the linear transformation T: V — V by the formulas

T(v1) =01 + 02, T(v2) =03 +03, T(v3) =03+ 04, T(vg) =04

Find the matrix representation of T with respect to this ordered basis. (So, compute [T]g.)
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Solution.
1 0 0O
1 1 0 0
0110
0 011

Question 3. Suppose that T: R? — R? linear transformation with the property that dimker T =
1. Prove that there exists two bases f and y of R? such that the matrix representation of T is

[T]} = [(1) 8] . (@

Solution. By assumption, there exists a nonzero v # 0 such that T(v) = 0. In particular {v}
is a linearly independent subset of R2. We can extend to a basis {v, u} of R?, which we will
reorder to view as the ordered basis f = {u,v}. Notice that T(u) # 0 since dimker T = 1 and
u, v are linearly independent by construction. Thus {T(u)} is a linearly independent subset of
R?. We can, in turn, extend it to an ordered basis y = {T(u), w} of R%. These choices of bases
result in the desired matrix.

Question 4. Recall that R[x] is the vector space of all real polynomials. Let E ¢ R[x] be
the subset of even polynomials (so, only even powers of x can appear, like 3 + 4x® + 9x3%).
Let U € R[x] be the subset of odd polynomials (so, only odd powers of x can appear like
2x + x7 + 6x%°)

(a) Prove that both E and U are subspaces of R[x].
(b) Prove that R[x] = E & U.

Solution. (b) We need to show two things: (1) R[x] = E+ U and (2) EN U = {0}. To see (1)
note that for any polynomial we can write

ap + a1x + apx® + - - = (ap + apx® + agx* + ) + (a;x + asx® + asx® + -+ -). (5)

This shows (1). Now, consider an arbitrary polynomial like on the left hand side. If it is odd
thenay =a; = a4 =---=0.If it is even then a; = a3 = - - - = 0. Thus a polynomial is even and
odd if and only if it is the zero polynomial. This proves (2).

Question 5. Prove that there exists a linear transformation T: R? — R? such that T(1,1) =
(1,0,2), T(2,3) = (1, 1,3). Also, compute T(7, 10).

Solution. Observe that {(1, 1), (2,3)} is a basis for R%. So, we know there exists a unique linear
transformation with T(1,1) = (1,0,2), T(2,3) = (1,1, 3). Now

(7,10) = (L, 1) +3 - (2,3), (6)
thus
T(7,10) = T(1,1) +3T(2,3) = (1,0,2) +3 - (1,1,3) = | (4,3, 11) |. (7)
Question 6. This question has two parts.

(a) Suppose that W; and W, are two two-dimensional subspaces in R>. Prove that their
intersection must contain a nonzero vector. In other words, prove that W1 N W, # {0}.
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(b) Provide an example of two two-dimensional subspaces in R* which intersect at single
point.

In other words, two planes cannot intersect at a single point in R* but they can in R*!
Solution. (a) We have proven that
dim Wi + dim W5, — dim W; N W, = dim(W; + W5). (8)
Filling this in with dim W; = dim W, = 2 this becomes (after rearranging)
dimW; N W; =4 — dim(W; + W). 9)

But, since W; + W, c R3 we know that dim(W; + W3) < 3. Thus dim W; N W3 > 1 follows
from the equality above.
(b) Consider the subspsaces

1| [o
def 0 1
= 1
Wi spand | 1 | (10)
of [0
and o
0 0
def 0 0
= 11
Wy span 1 1o (11)
_0_ _1.

Question 7. Let R[x] denote the vector space of real-valued polynomials. Consider the linear
maps
9,9%, 3 : R[x] — R[x] (12)

defined by the formulas 9(f) = £, 3*(f) = f”,3*(f) = f””. Show that the four-element subset
{1,9,8% &} ¢ Hom(R[x], R[x])
is linearly independent.

Solution. Suppose we have a linear relation
AT+ 4190+ 2,0° + 139° = 0. (13)

Remember, this is a linear relation in the vector space Hom(R[x], R[x]), in particular every-
thing in the above line is itself a linear transformation. Let’s evaluate this expression on the
polynomial 1 € R[x]. Since this is a constant function, all its derivatives are zero, so the left
hand side is simply Ay and the right hand side is zero; so Ay = 0. Similarly, let’s evaluate this
on the polynomial x. Since d(x) = 1 and 8*(x) = 8*(x) = 0, this implies that A; = 0. Next,
plug in x?. The left hand side is 21,; so A, = 0. Finally, plug in x°. The left hand side is 613; so
A3 = 0. This shows linear independence.

Question 8. Suppose that V is a real vector space (a vector space defined over the scalars R).
Also, suppose that W C V is a subspace with a finite number of elements. Show that W = {0}.
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Question 9. Let P3 be the vector space of real-valued polynomials which are at most cubic.
Let W C P3 be the subset of polynomials f such that f(2) = 0.

(a) Show that W is a subspace.
(b) Find a basis for W.

Solution. (a) Define the function

by the formula T(f) = f(2). Note that T is linear: T(f + Ag) = (f + Ag9)(2) = f(2) + Ag(2).
Thus, ker T C P3 is a subspace. But, note that ker T = W the subspace defined in the problem.
(b) By the dimension theorem we know that

dimkerT = dimP; —dimImT =4-1=3. (15)

where we have used the fact that T is surjective (prove this). So, we know that a basis must
consist of three elements in P;. We show that such a basis is {x — 2, (x — 2)%, (x — 2)3} by
showing that this subset is linearly independent in Ps. Indeed, suppose

Mx=2)+A(x—2)2+5(x—2)° = 0. (16)
Plugging in x = 1 we get the relation
M+l —A3=0 (17)
Or, A; = A3 — A3. Plugging in x = 3 we get the relation
A+ + A3 =0. (18)
Or, A; = =1, — A3. So, we have shown that
M= —A3=-1 - As. (19)

This implies that A, = 0. Thus A; = —A3. Finally, to our orginal equation we plug in x = 0 to
get
—2); — 813 = 0. (20)

Since A; = —A3 this shows that A; = A3 = 0 as well.

Question 10. Can you find a linear transformation T: R? — R? such that InT = ker T? If
yes, construct an explicit example. If no, prove that there cannot exist one.

Solution. Define T(a,b) = (b,0). Then (b,0) = (0,0) implies that b = 0. This means that
ker T = span{(1,0)} (the x-axis). On the other hand, (1,0) also spans the image, so ImT =
span{(1,0)} as well.

Question 11. The collection of vectors

(] L}

is a basis for R?. Express the standard unit vectors {ej, e} in terms of these basis vectors.
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Solution. Call the two vectors {u,v}. For e; we need to solve

1=a+3b
0 = 2a + 4b.

The second equation says that a = —2b. The first equation then becomes 1 = —2b +3b = b so

b = 1. Thus . For e, we need to solve

0=a+3b
1 =2a + 4b.
First equation now says a = —3b and second equation is 1 = —6b +4b = —-2bor b = —1/2.

Thus ] e, = (3/2)u—(1/2)0 \.




