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March 18
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There are two questions, you must answer both of them to receive full credit.

Question 1. Suppose that 𝐴 is a diagonal 2 × 2 matrix. That is, one of the form

𝐴 =

[
𝑎1 0
0 𝑎2

]
(1)

for some scalars 𝑎1, 𝑎2. Prove or find a counterexample to the following statement

“For every 2 × 2 matrix 𝐵 one has 𝐴𝐵 = 𝐵𝐴 ”.

The statement is false. Consider the matrices

𝐴 =

[
1 0
0 0

]
, 𝐵 =

[
0 1
0 0

]
. (2)

Then
𝐴𝐵 =

[
0 1
0 0

]
≠

[
0 0
0 0

]
= 𝐵𝐴. (3)

Question 2. A left inverse of a linear transformation T : V → W is a linear transformation
L : W → V such that L ◦ T = 𝟙V. Show that if T has a left inverse L then dimV ≤ dimW.

Suppose that T(𝑥) = T(𝑦). Apply L to both sides to get

𝑥 = L(T(𝑥)) = L(T(𝑦)) = 𝑦. (4)

Thus, T is injective. So, by the dimension theorem we conclude that dimV ≤ dimW.


