Lecture 1: Prerequisites from calculus

September 3, 2026

The vector space R" has its standard inner product

n

(x,y) = Z XiYi.

i=1

It determines the norm and distance

lxll = Vix, %), d(xy) = |lx = yl].

Two vectors x,y € R" are orthogonal if

(x,y) =0.

Lengths and angles come from the inner product. Differential ge-
ometry asks how these measurements behave on curved objects.



For p € R" and r > 0, the open ball centered at p is

B(p) ={x eR": |lx—pll <r}.
Definition. A set U C R" is open if every p € U is contained in
some ball B,(p) Cc U.

Let U C R" be open. A map
F:U— R™

is C¥ if its partial derivatives through order k exist and are contin-
uous. It is smooth if it is C¥ for every k.

The openness of U lets us perturb a point in every sufficiently small
direction. This is what makes ordinary multivariable differentiation
possible.



Definition. A map F : U ¢ R" — R™ is differentiable at p € U if
there is a linear map

de R" — R™

such that

h
F(p +h) = F(p) + dF,(h) +r(h), ”r”(h”)” , 0.

The map dF, is called the derivative, or differential, of F at p.

Why it is unique. If two linear maps had this approximation prop-
erty, their difference would satisfy

LR = o([[A]).

Taking h = to, dividing by |¢|, and letting ¢ — 0 gives Lo = 0 for
every o.



Write F = (Fy, ..., Fy). In standard coordinates, dF, is represented
by the Jacobian matrix

(g—i(p) Zi:l(p)\
]pF: :

oF,, oF,,

\a—xl(P) o, (P)/

Thus
dF,(v) = J,Fv.

For a real-valued function f, this becomes

df,(v) = (Vf(p).v).

The directional derivatives give the columns of the matrix: the j-th
column is dF,(e;).



Chain rule. Suppose

UcR" 4 R" 25 RF

with F differentiable at p and G differentiable at F(p). Then

In coordinates,
]p(G oF) = ]F(p)G]pF-

Sketch of proof. Replace F(p + h) by its linear approximation and
then linearize G at F(p). The linear terms compose. All remaining
terms are small compared with ||A]|.



Definition. The rank of F: U C R" — R™ at p is
rank, F = dim(im dF,) = rank(J,F).
The largest possible rank is
min{n, m}.
Near a point where the rank is maximal and constant, a smooth map

behaves like a linear map of the same rank. The inverse and implicit
function theorems make this principle precise.

Later, rank will tell us when parametrized curves and surfaces are
regular.



Inverse function theorem. Let F: U ¢ R" — R" be C!. If
det J,F # 0,
then there are neighborhoods V of p and W of F(p) such that
Fly:V—W
is a C! diffeomorphism. Moreover,

d(F_l)F(p) = (de)_l.

Sketch of proof. After composing with an invertible linear map, as-
sume dF, = I. Near p, the map F is a small perturbation of the iden-
tity. A contraction argument solves F(x) = y uniquely for nearby

Y.



Implicit function theorem. Let
F:UcRFXR™ — R™
be C!, with F(a, b) = 0. If the partial derivative
D,F(a,b) : R™ — R™
is invertible, then near (a, b) the equation F(x,y) = 0 has the form
y=g(x)
for a unique C! function g.

Sketch of proof. Apply the inverse function theorem to

d(x,y) = (x, F(x,1)).

Its derivative is block triangular, with invertible diagonal blocks I
and D,F(a,b).



Definition. A value ¢ € R™ is aregular valueof F: U ¢ R" —» R™
if

dF, : R" — R™
is surjective at every p € F~!(c).

If ¢ is a regular value, then F~!(c) is locally a smooth object of di-
mension n — m. Its tangent directions at p are

TpF_1 (c) = ker dF,.

Sketch of proof. Surjectivity supplies an invertible m X m block in
the Jacobian. The implicit function theorem then writes the level
set locally as a graph over the remaining n — m variables.



Consider
F:R’—R, F(x,y,2) = x* + y* + 2°.

Then
S*=F1(1).

Atp = (x,y,2) € S%,

dF,(v) = 2{p,v).
Since p # 0, the map dF, : R° — R is surjective. Hence 1 is a
regular value.

The tangent plane is therefore
TpS2 =kerdF, ={v € R’ : {p,v) = 0}.

Thus the familiar statement that the radius is normal to the sphere
is exactly the equation 7,,5* = p*.
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Consider an initial-value problem

x'(t) = X(t,x(1)), x(ty) = xo.

Existence and uniqueness principle. If X is sufficiently regular,
then there is a unique local solution through (o, x).

Sketch of proof. Rewrite the equation as the integral equation
t
x(t) = xo + / X(s,x(s)) ds.
to

On a sufficiently small interval, the right-hand side defines a con-
traction on a space of continuous paths. Its fixed point is the desired
solution.

Later, the Frenet equations and the geodesic equations will both be
treated as systems of ordinary differential equations.
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The ideas from this lecture will be used in the following ways.

A curve is a smooth map ¢ : I — R". Its derivative ¢’(t) is its
velocity:.

A parametrized surface is a smooth map x : U ¢ R* —» R’
whose derivative has rank two.

A regular equation F(x) = ¢ describes a smooth level set. Its
tangent directions form ker dF.

The chain rule makes geometric definitions independent of
coordinates.

Existence and uniqueness for ODEs lets local geometric data
determine curves.

The recurring theme is that nonlinear geometric objects become un-
derstandable after we replace them, locally, by their best linear ap-
proximations.
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