
MA 563 — Topic problems Differential forms and Stokes’ theorem

Differential forms, Stokes’ theorem, and topology
Local potentials and global obstructions

Written solutions. Work in pairs and choose one topic sheet. Submit one joint 5–10 page, cleanly
typeset PDF generated using LATEX, organized by problem number. Address all five problems. Write
complete mathematical sentences, define notation, justify your arguments, and include useful examples
or figures. This is a polished write-up of solutions, not a separate expository essay. Cite sources where
used and include a short bibliography. Give proofs unless a result is explicitly permitted without proof;
distinguish conjecture and numerical evidence from proof. Both partners should understand the entire
submission.

Presentation. Give a joint 20-minute presentation, followed by brief questions. Both partners should
speak. Explain a central result, one proof idea, and an illuminating example rather than trying to present
every solution. Project deadlines and grading weight remain as previously announced.

Guiding question: How can derivatives and integrals detect a hole in a surface?

Problem 1. Differential forms and changes of coordinates

A smooth one-form on a surface assigns a linear functional 𝜔𝑝 : 𝑇𝑝𝑆 → ℝ smoothly to each point. In
coordinates it has the form 𝑃 𝑑𝑢 +𝑄 𝑑𝑣 . A two-form assigns an alternating bilinear functional; locally it is
𝐴𝑑𝑢 ∧ 𝑑𝑣 , where

(𝑑𝑢 ∧ 𝑑𝑣) (𝑉 ,𝑊 ) = 𝑑𝑢 (𝑉 )𝑑𝑣 (𝑊 ) − 𝑑𝑢 (𝑊 )𝑑𝑣 (𝑉 ).

For a smooth map 𝐹 , define the pullback by (𝐹 ∗𝜔)𝑝 (𝑉 ) = 𝜔𝐹 (𝑝 ) (𝑑𝐹𝑝𝑉 ), and similarly for two-forms, using
𝑑𝐹𝑝 in both slots.

(a) Derive the coordinate-change rules for one-forms and two-forms. Explain why a two-form acquires a
Jacobian determinant, not its absolute value, under a change of coordinates.

(b) For polar coordinates 𝐹 (𝑟, 𝜃 ) = (𝑟 cos𝜃, 𝑟 sin𝜃 ), compute 𝐹 ∗(𝑑𝑥 ∧ 𝑑𝑦) and the pullback of

𝜂 =
−𝑦 𝑑𝑥 + 𝑥 𝑑𝑦

𝑥2 + 𝑦2 .

Explain why the notation 𝜂 = 𝑑𝜃 is meaningful locally but does not yet give a globally defined
real-valued angle function.

Problem 2. Closed does not always mean exact

For a smooth function 𝑓 , let 𝑑 𝑓 = 𝑓𝑥 𝑑𝑥 + 𝑓𝑦 𝑑𝑦, and define

𝑑 (𝑃 𝑑𝑥 +𝑄 𝑑𝑦) = (𝑄𝑥 − 𝑃𝑦) 𝑑𝑥 ∧ 𝑑𝑦.

A one-form is closed if 𝑑𝜔 = 0 and exact if 𝜔 = 𝑑 𝑓 for a globally defined smooth function. These definitions
are coordinate-independent; this fact may be quoted. For 𝑐 : [𝑎, 𝑏] → 𝑆 , define

∫
𝑐
𝜔 =

∫ 𝑏

𝑎
𝜔𝑐 (𝑡 ) ( ¤𝑐 (𝑡)) 𝑑𝑡 .

Prove that exact forms are closed and that their integral around every closed curve is zero. Show that 𝜂 from
Problem 1 is closed on ℝ2 \ {0}, but has integral 2𝜋 around the positively oriented unit circle. Conclude
that it is not exact. Find a different closed one-form on this punctured plane that is exact, and identify its
potential.
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Problem 3. Why a local potential always exists

An open set𝑈 ⊂ ℝ2 is star-shaped about 0 if the segment from 0 to each point of𝑈 lies in 𝑈 . For a closed
form 𝜔 = 𝑃 𝑑𝑥 +𝑄 𝑑𝑦 on such a set, define

𝑓 (𝑥,𝑦) =
∫ 1

0

(
𝑥𝑃 (𝑡𝑥, 𝑡𝑦) + 𝑦𝑄 (𝑡𝑥, 𝑡𝑦)

)
𝑑𝑡 .

Prove that 𝑑 𝑓 = 𝜔 . You may differentiate under the integral sign; use 𝑃𝑦 = 𝑄𝑥 to recognize a derivative
with respect to 𝑡 . Deduce that every closed one-form on a surface is locally exact, by shrinking a coordinate
neighborhood to a disk. Explain precisely why this local statement does not contradict Problem 2. Your
proof should also cover a convex open set not containing the origin, after translating the formula to a
chosen base point.

Problem 4. Stokes’ theorem and a global obstruction

You may quote Stokes’ theorem in the following form: for a compact oriented smooth surface 𝑆 with
boundary and a smooth one-form 𝜔 , ∫

𝑆

𝑑𝜔 =

∫
𝜕𝑆

𝜔,

with the induced boundary orientation. Integrals of two-forms are computed in oriented coordinates; the
usual change-of-variables theorem makes them well-defined.

(a) Apply Stokes’ theorem to a circular annulus and 𝜂. Explain the signs of the two boundary integrals,
and why applying the theorem instead to the full disk is invalid.

(b) On an oriented surface 𝑆 ⊂ ℝ3 with unit normal 𝜈 , define the area form by Ω𝑝 (𝑉 ,𝑊 ) = ⟨𝜈 (𝑝),𝑉 ×𝑊 ⟩.
Show that Ω cannot equal 𝑑𝜔 for any globally defined one-form on a nonempty compact oriented
surface without boundary. Contrast this with the area form of the Euclidean plane, which is exact.

Problem 5. Every obstruction on the punctured plane is a period

Prove that every smooth closed one-form 𝜔 on ℝ2 \ {0} can be written

𝜔 = 𝑑 𝑓 + 𝑐𝜂, 𝑐 =
1
2𝜋

∫
𝑆1
𝜔,

where the circle is counterclockwise and 𝑓 is globally defined and smooth. Thus 𝜔 is exact if and only if its
circle integral vanishes.

Suggested route. Pull back by 𝑞 : (0,∞) × ℝ → ℝ2 \ {0}, 𝑞(𝑟, 𝑡) = (𝑟 cos 𝑡, 𝑟 sin 𝑡). You may quote
𝑑 (𝑞∗𝜔) = 𝑞∗(𝑑𝜔); Problem 3 gives 𝑞∗𝜔 = 𝑑𝐹 . Show that 𝐹 (𝑟, 𝑡 + 2𝜋) − 𝐹 (𝑟, 𝑡) is constant and equals the
circle integral. Deduce that 𝐹 (𝑟, 𝑡) − 𝑐𝑡 descends to the required function 𝑓 . Interpret the result as saying
that closed one-forms, considered equal when they differ by an exact form, form a one-dimensional vector
space.

Presentation suggestion. Introduce 𝜂 and explain how a form can have local potentials but no global
potential. Use Stokes’ theorem or Problem 5 to make the topological obstruction precise.

Starting point. Lorenzo Sadun, Lecture Notes on Differential Forms, especially the introductory discussions
of exterior differentiation, Stokes’ theorem, and closed versus exact forms. The problems above are self-
contained once the explicitly quoted results are accepted.
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https://arxiv.org/abs/1604.07862

