HOMEWORK 1 SOLUTIONS

Problem 1. In class we proved a formula for the symbol

(1) ok(D)(x,&) = lim t *(e7 "/ D) (x)

as
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endomorphisms of E,. Here f is any smooth function such that df(x) = ¢.

Taking k t-derivatives of the quantity inside of the limit, we can write this as

_ ) i = EV
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In particular if H is a generalized Laplacian then

(5, fl, f] = =2]12|I* = —2[ldf]I*.

Problem 2.

(4)

)

(6)

(a) There is a canonical section of T}, ® Ty = End(Ty) given by the identity.
This is the tautological one-form 6§ € Q! (M, Ty).

b) The equation df 4+ w A 6 = 0 follows from the fact that e; are obtained via

( q j
parallel transport of an orthonormal frame of Ty, M.

(c) We first show that (Eu,e;) = x'. Indeed, since the Levi—Civita connection is
metric preserving

Eu(Eu,e;) = (VeyEu,e;) + (Eu, Viye;) = (Ve,Eu,e;).

To compute Vg, Eu we recall that in normal coordinates the geodisics are
precisely the rays x; = tx. Since Eu(x;) = tX; we have

VEMEM = tV,-([(txt) = tx; = Eu.

Thus, Eu(Eu,e;) = (Eu,e;). In other words, the function (Eu,e;) is of ho-
mogenous degree one in normal coordinates.
In normal coordinates one has ¢; = 9; + O(||x||), thus

(Eu,e;) = xj(aj,ei) =x + O(||x|]2) =x,

as desired.

(d) We have Lg,0 = (dig, + ig,d)0 = dx +ig,(—w A 6) where dx denotes the
vector one-form (dx!,...,dx") and we have used df + w A 6 = 0. Now
Lg,dx = dx and Lg,x = x. Thus

(LEu — ﬂ)LEuQ = —LEuiEu<a) N 9)
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But in this coordinate we have seen that ig,cw = 0. Thus
(8) (LEM — ﬂ)LEHG = XLEMCU = XLEMQ.

This is the vector one-form (x'tg,Q), ..., X" g, Q).
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