
HOMEWORK 2

DUE ON MARCH 6

There are three problems to turn in.

(1) Let M be a compact Riemannian manifold and suppose E1, E2, E3 are vector
bundles on M. Suppose that

p1 ∈ Γ
(

M×M, (E2 ⊗Dens1/2)� (E∗1 ⊗Dens1/2)
)

p2 ∈ Γ
(

M×M, (E3 ⊗Dens1/2)� (E∗2 ⊗Dens1/2)
)

are kernels. Let P1 : Γ(M, E1⊗Dens1/2)→ Γ(M, E2⊗Dens1/2) and P2 : Γ(M, E2⊗
Dens1/2)→ Γ(M, E3⊗Dens1/2) be the corresponding operators. Show that
the operator P2 ◦ P1 is associated to the kernel∫

z∈M

p2(x, z)p1(z, y) ∈ Γ
(

M×M, (E3 ⊗Dens1/2)� (E∗1 ⊗Dens1/2)
)

.

(2) Consider the heat kernel on Rn

qt(x, y) def
=

1
(4πt)n/2 e−‖x−y‖2/4t,

which is defined for all t > 0 and x, y ∈ Rn. Show that∫
z∈Rn

qt(x, z)qs(z, y)dnz

exists for all t, s > 0 and equals qt+s(x, y).
(3) Let qt(x, y) be as in the previous problem. Consider the n-form on Rn ×Rn:

kt(x, y) def
= qt(x, y)(dnx− dny) ∈ Ωn(Rn × Rn).

(a) Let d∗ be the adjoint to the de Rham operator on Rn. Show that

ω
def
=

∞∫
t=0

(d∗ ⊗ 1) kt(x, y)dt

is a smooth (n− 1)-form on Rn × Rn away from the diagonal.
(b) Show that the smooth (n − 1) form ω ∈ Ωn−1(Rn × Rn \ diag) is the

pullback of the volume form on Sn−1 along the projection π : Rn×Rn \
diag→ Sn−1 defined by

π(x, y) =
x− y
‖x− y‖ .
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(c) Consider the distributional form

ωL(x, y) def
=

L∫
t=0

(d∗ ⊗ 1) kt(x, y)dt.

Show that

dωL(x, y) = δ(x− y) + smooth

where “smooth” denotes some smooth n-form.


