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 Proc. R. Soc. Lond. A 370, 173-191 (1980)

 Printed in Great Britain

 Linear field equations on self-dual spaces

 BY N. J. HITCHIN

 Mathematical Institute, Oxford, OXl 3LB

 (Communicated by M. Atiyah, FR.S. - Received 23 March 1979)

 In a Riemannian context, a description is given of the Penrose corre-
 spondence between solutions of the anti-self-dual zero rest-mass field
 equations in a self-dual Yang-Mills background on a self-dual space X,
 and the sheaf cohomology groups H1(Z, (9F(n)), for n < -2, of its twistor
 space Z. The case n = -2 is fundamental for the construction of instantons
 on Euclidean space. It is further shown how H1(Z, (9F(- 1)) corresponds to
 solutions of the self-dual Dirac equation, and an interpretation for
 H1(Z, cPF(n)), for n > 0, is given in terms of the cohomology of an elliptic
 complex on X.

 INTRODUCTION

 In an earlier paper (Atiyah, Hitchin & Singer I978) we gave an account of the ideas

 of R. Penrose connecting the Riemannian geometry of certain four-dimensional

 spaces with complex three-dimensional geometry. We were basically interested
 there in solutions to the self-dual Yang-Mills equations and we showed, among other
 things, how using the ideas of Penrose and Ward such solutions could be interpreted
 in terms of holomorphic vector bundles. Since then, the methods of modern algebraic

 geometry have provided a complete solution to the problem of finding all self-dual

 Yang-Mills fields on Euclidean 4-space (Atiyah, Hitchin, Drinfeld & Manin I978).

 The crucial step in this work was the vanishing of a certain sheaf cohomology group:

 this was proved by interpreting it as the space of solutions of the conformally
 invariant Laplace equation on Euclidean space. This interpretation, without the

 Yang-Mills field, has been a fundamental part of the Penrose twistor programme

 for some time and the purpose of the present paper is to describe this transformation
 within the general context of self-duality.

 There are several differential equations whose solutions admit a holomorphic
 interpretation: the conformally invariant Laplace equation, the Dirac equation

 and the anti-self-dual zero rest-mass field equations for higher spin, including the
 Maxwell equations. The unifying feature of all these is their conformal invariance.
 In ? 1 it is shown how to describe this invariance for first order operators in an

 algebraic way. The essential point is that the first order differential equations we
 are interested in are defined by first derivatives of the conformal structure. Since
 it requires second derivatives and curvature to distinguish any conformal structure

 from the flat one, we obtain a large 'internal symmetry group' on the 4-dimensional

 [ 173 ]
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 174 N. J. Hitchin

 manifold consisting of the conformal transformations of the 4-sphere So that leave
 fixed a point, and it is the invariant subspaces of this group that characterize the

 equations. The conformal invariance of the zero-rest mass field equations was shown

 by Penrose (I965) but the point of view we adopt here is due to Fegan (I976). The

 Laplacian is of course a second order operator and cannot be characterized by con-

 formal invariance in the same way but we do show that it annihilates the inner

 product of solutions to two first order equations-the Dirac equation and the

 twistor equation - and this it turns out is enough to identify it.

 In ? 2 we recall the construction of the three-dimensional complex twistor space

 Z of a four-manifold X with a self-dual conformal structure (i.e. such that the anti-

 self-dual part W of the Weyl tensor vanishes), and we show how solutions of a

 certain first-order overdetermined system of equations on X (the conformal Killing

 spinors) correspond to the sheaf cohomology groups HO(Z, ((m)).

 In the third section we prove the main theorem: that the cohomology groups

 H1(Z, OF(- m - 2)) for m > 0 correspond precisely to solutions of the anti-self-dual

 zero rest-mass field equations of spin 'm in a self-dual Yang-Mills background

 corresponding to the holomorphic vector bundle F on Z. In the case of X -S4

 proofs of the theorem for m = 0 for Dolbeault cohomology have been given by

 Drinfeld & Manin (I978) and Rawnsley (I979). Douady (1978) has also given a
 spectral sequence argument. Although the Dolbeault approach is used for part of

 the present proof, the essential point, which is all that was necessary for the case of

 the four-sphere, is provided by an algebraic argument. We show, by using the

 technique of formal neighbourhoods, that the cohomology group corresponds to

 solutions of some differential equation, and then identify it by conformal invariance.

 The use of formal neighbourhoods has much to recommend it in this context since

 it avoids local computations which, by the very global nature of the Penrose trans-

 form, are awkward to perform.

 It should be noted that the original idea behind the description of a Yang-Mills

 field in terms of a holomorphic vector bundle given by Ward (I 977) was to represent
 in complex analytic terms the interaction of such zero rest-mass fields in a Yang-

 Mills background. Useful references for matters related to those described here are

 Lerner & Sommers (I979) and Wells (I979).
 Finally in ? 4 it is shown how the cohomology groups H1(Z, (OF(- 1)) correspond

 to solutions of the self-dual Dirac equation in a self-dual Yang-Mills background

 and that in general the groups Hl(Z, (91F(m)) m > 0 are interpreted in terms of first
 cohomology groups of certain conformally invariant elliptic complexes on X.

 The present paper may be regarded as a sequel to (Atiyah, Hitchin & Singer 1978)

 and much of the notation and terminology is taken directly from this work. In the

 text references to it are abbreviated to (A.H.S). The author wishes to thank M. F.

 Atiyah for many conversations, and this paper consists in large part of joint work.
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 Linear field equations on self-dual spaces 175

 1. CONFORMAL INVARIANCE

 The two basic equations with which we shall be concerned are:

 (i) Laplace's equation Ef = 0 and

 (ii) the Dirac equation Ee = 0

 wheref is a scalar function and 0 a spinor field. These can be generalized in two ways:
 first we can allowf and 0 to take their values in vector bundles and secondly we can
 define the equations on a curved background. To achieve the former, we just replace

 ordinary derivatives by covariant derivatives and on a Riemannian manifold one

 could do the same for the latter using the Riemannian connection, but in what

 follows we shall need to exploit the conformal invariance of (i) and (ii), so we shall

 first consider how to define a differential equation in general terms without using

 a connection.

 To do this we use the language of jets. If E is a vector bundle over a manifold X,

 then the space of k-jets at x E X of sections of E is the space of Taylor expansions up

 to the kth order at x of sections of E. As x varies over X we get a vector bundle Jk(E),

 the k-jet bundle of E, and to each section s E F(E) we associate its k-jet Jk(S) E F(Jk(E)).

 A linear differential operator D: F(E) -+ F(E) of order k is now just a vector bundle

 homomorphism from Jk(E) to F, since Ds is linear in the first (k + 1) terms of the

 Taylor series of s at each point. A kth order differential equation Ds = 0 is defined

 by the family of subspaces R c Jk(E) which is the kernel of this homomorphism.

 The k-jet determines the (k - 1)-jet, and we get an exact sequence of vector

 bundles:

 o *SkT*oE +Jk(E) +Jk-l(E) +O, (1.1)

 where SkT* is the kth symmetric power of the cotangent bundle. This says that if the

 first k terms of the Taylor series vanish, the next term is invariantly defined as a

 homogeneous polynomial of degree k. The composite homomorphism

 SkT* oE+Jk(E) +F,

 defined by D is the symbol, or highest order part, of the operator D. Clearly from

 (1.1) two operators with the same symbol differ by a lower order operator.

 As an example, suppose the bundle E has a connection. This defines a first order

 operator V: F(E) -? F(T* 0 E), the covariant derivative. The corresponding homo-

 morphism from J1(E) to T* 0 E is just a splitting of the exact sequence (1.1) for
 k = 1:

 0 T* (DE' J1(E) -*E -* .

 Suppose now that X is an oriented n-manifold with a conformal structure. We can

 define this as an equivalence class of Riemannian metrics where g1 92 if q1 = ef92,
 as a positive definite inner product on the bundle T 0 Ql/n where Q is the bundle of
 densities, or in the language of C-structures as a reduction of the structure group of
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 176 N. J. Hitchin

 the cotangent bundle to CO(n) = {aA: a E ;R+, A cSO(n)}. We may think of CO(n) as
 the group of automorphisms of the 0-jet of the conformal structure at each point x.

 The 'internal symmetry group' CO(n) allows us to define associated vector bundles

 corresponding to any representation p of CO(n). Note that an irreducible representa-

 tion of CO(n) is given by an irreducible representation of SO(n) together with a con-

 formal weight w Ec R so that a E CO(n) acts as aw.

 Instead of considering just CO(n), we can look at the group of automorphisms of

 the 1-jet of the conformal structure at X. Since it takes curvature and second

 derivatives to distinguish any two conformal structures, this group is the same as

 for the flat case: it is just the group of conformal transformations of the n-sphere Sn

 which leave fixed a point. Taking this point as infinity, it is easy to see that this is

 the group CE(n) generated by the Euclidean transformations of Rn and dilations:
 a semi-direct product of CO(n) with the translation group Rn.

 Now suppose E is a bundle over X associated to a representation space E of

 CO(n), then J1(E)x, the space of 1-jets of sections of E at x, is defined by the 1-jet of
 the conformal structure and thus is acted upon by CE(n). A subspace Rx c J,(E)x
 which is invariant by CE(n) will then define a conformally invariant differential

 equation as x varies. We shall use this algebraic approach to characterize the Dirac

 equation and the corresponding zero rest-mass field equations for higher spin. This

 is the point of view adopted by Fegan (1976) and details for what follows may be

 found in his paper.

 The first thing we need to know is the action of CE(n) on J1(E)x. If we choose a
 decomposition of CE(n) into a semi-direct product DRn. CO(n), then J1(E)x splits as
 a CO(n) module (essentially the splitting given by the Riemannian connection of

 a metric within the conformal class) into a direct sum E D (E 0 Rn) and the transla-
 tion part maps E to E (0 Rn as follows:

 vF-*,p(x 0 et-ei 0 x*)v 0 ei+wv 0 x
 i

 where v E E the representation space of CO(n), x E- {ei} is an orthonormal basis

 Rn, p: so(n) ->- End E is the representation on the Lie algebra and w the conformal
 weight. If E is an irreducible representation of SO(n), it follows that any CE(n)

 submodule of J1(E)x which projects onto Ex must be of the form

 R = E G Im(B+wl)

 where B: E 0 Rn---- E 0 Rn is given by

 B(v0x)= Ep(x et -ei 3x*) vei.

 Thus we get a proper invariant subspace only if the conformal weight w is the

 negative of an eigenvalue of B and then the corresponding differential operator maps

 sections of E to sections of the bundle corresponding to the null-space of B + wl.

 B is clearly an SO (n)-invariant map and can be written in terms of Casimir operators:

 2B = C(E) 1 1 + 1 0 C(Rn)-C(E 0 Rn), (1.2)

This content downloaded from 
������������128.197.229.194 on Sat, 12 Apr 2025 02:41:36 UTC������������ 

All use subject to https://about.jstor.org/terms



 Linear field equations on self-dual spaces 177

 where C(E) = Jp(XJ)2, {XJ} being an orthonormal basis of so(n) relative to the
 Killing form. Since the value of the Casimir on an irreducible representation is

 well known, one can immediately inspect the possibilities.

 Let us specialize (1.2) to the case n = 4 which concerns us here. We have an

 isomorphism Spin (4) SU(2) x SU(2) and the basic spin representations V+, V
 of the two factors. It is well known that every complex irreducible representation

 of Spin (4) is of the form Sm V+ 0 Sn V_ where Sm V denotes the mth symmetric
 power of V. This is an (m + 1)-dimensional representation with Casimir operator

 - m(m + 2)/8. We shall abbreviate Sm V+, Sm V_ to S+, Sm in what follows. Note that
 3=S+&S_,SOC(4)=-2. 3

 EXAMPLES

 1. Let E be the trivial 1-dimensional representation of SO(n), then from (1.2)

 B = O, hence w = 0 and the only invariant first order differential operator is the

 usual differential df of a function.

 2. Let E = R4 = S+ & S. ThenR4 & R4 splits into four irreducible components
 (S2 0 S2, S2, S2, 1) with Casimir operators (-2, - 1, - 1, 0) and we find four con-
 formally invariant operators of weight (- 1, 1, 1, 3) respectively. The first is the

 operator whose null-space consists of conformal vector fields, and the others are all

 part of the de Rham complex: the operators d + *d, d - *d on 1-forms, and d on

 3-forms.

 3. Take E = S_, then S_ 0 R4 = S_ 0 S_ 0 S+ decomposes into only two
 irreducible components: S2 0 S+ with Casimir -7 and S+ with value -_, so we get
 two operators:

 (i) D: F(s-) -+ (S+), the Dirac operator with conformal weight 3 and
 (ii) TD: F(s-) + (S2 0 S+), the twistor operator with conformal weight-2.
 4. If E = Sm we get two analogous operators:

 (i) Di: F(Sm-) - F(S-m-' 0 S+) with weight 1 (m + 2): this is the operator whose
 null-space consists of anti-self-dual zero rest-mass fields of spin Im, and is really

 part of the extended Dirac operator D: F(S 0 (Sm-1) -+ F(S+ (E Sm-1) if we fix a
 metric. In particular for m = 2, D2: F(S2 ) F (S( 0 S+) has weight 2 and is just the
 exterior derivative d restricted to anti-self-dual 2-forms. Its null-space consists

 therefore of anti-self-dual Maxwell fields.

 (ii) D : F(Sm) -+ F(Sm+1 0 S+) of weight -lm.
 The null space of this operator consists of anti-self-dual conformal Killing spinors.

 There are of course equivalent operators on the bundles S+m.
 We have now characterized the Dirac equation Do = 0 as the unique CE(4)-

 invariant subspace of Jl(&) at each point which projects onto S_, where S_ has
 conformal weight 3. We can now extend this characterization to a Yang-Mills

 background, that is, we are given a principal C-bundle with connection, a re presenta-
 tion E of G and an associated bundle E. Then J1 (& 0 E)X is a CE(4) x G-module and
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 178 N. J. Hitchin

 if E is an irreducible representation, there is a unique invariant subspace which

 defines the extended Dirac operator D: F(S 0 E) -- F(S+ 0 E).
 We can immediately deduce from the conformal invariance some remarkable

 properties of solutions to the equations D.m= 0 and Dm. # = 0. First suppose
 D, q = 0 and Dm 3/ = 0. There is a natural map (symmetrization) from S_ 0 SI to
 S'+' and since qS has weight - 2 and 3f weight - 'm their symmetrized product has

 weight - 1(m + 1). Now under the induced map from J,(&) (0 J,(S') to J,(SM+') the
 invariant subspaces -k, Em generate an invariant subspace of J,(Sm?l) and this, by
 what we have seen, must be Rm+1 or the whole space. It is in fact a proper subspace,
 as can be seen by considering all spaces as Spin (4)-modules and so must be Rm+1: in
 other words the symmetrized product of 0 and #f satisfies the equation D?m+l 0 = 0.
 We can do the same for Rm and Rn and then in algebraic. terms, we see that this
 product gives G ker Dm the structure of a commutative ring. This of course may be

 m

 trivial: there are integrability conditions to be satisfied in order for solutions to
 Dm V = 0 to exist at all.

 Now take a solution to the twistor equation ID, = 0 and one of the zero rest-mass

 field equation Dm!%/= 0. There is a natural map (contraction with respect to a
 symplectic form) from S_ 0 SI to SI-'. Since 0 has weight - 1, and f weight
 2 (m + 2), their contraction has weight 2 (m + 1) and a similar argument to the above

 one shows that the contraction 0 of 0 and if satisfies the field equation Dm,-0 = 0
 (Isham et al. I979 p. 348).

 All that we have said so far is valid on an arbitrary conformal 4-manifold. Our
 main concern, however, is with a self-dual manifold (A.H.S., ? 1) i.e. one for which

 W = 0 and a self-dual Yang-Mills field thereon, i.e. a connection whose curvature
 F E F(g 0 A2 ). In this situation, if we fix a Riemannian metric within the conformal

 structure, the second order operator D* D.( where D* is the formal adjoint of Dm)
 has a Weitzenbock decomposition (A.H.S., ? 6) involving only the scalar curvature
 R: in fact we may write,

 D*Dm = V*V + (m + 2) R. (1.3)

 (The case m = 1 is the formula of Lichnerowicz (I963); the case m = 2 was used in

 (A.H.S., ? 6) in computing the moduli of instantons.) We should note that these

 second order operators are not conformally invariant. However, the formula (1.3)
 and the properties of zero rest-mass fields under contraction with a solution of

 D,o = 0 do lead together to a conformally invariant second order operator which
 in some sense completes the set of operators Dm, m > 1.

 Suppose D, 0 and D, #b = 0, then we can contract q and 3b using the symplectic
 form on S_ and obtain a scalarf = <0, > of conformal weight 1, i.e. a i-density. From
 Example 1, this satisfies no conformally invariant first order equation: it does
 however satisfy a second order one. If we fix a metric, then

 V2f = KV20, > + <0, V22f > EF (S2T*)

 since Vq and V1f are in orthogonal subbundles of S& 0 T*, and so

 v*vje = <V*V0, i> + <0, V*Vv>.
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 Linear field equations on self-dual spaces 179

 But from (1.3) V*V/ = -RVf and a similar formula for the twistor equation gives

 V*VO4= 1'2Rq, hence
 (V*V + 6R)f = 0. (1.4)

 We denote this operator (the Laplacian acting on scalars of weight 1) by Do (cf. (1.3)).
 Its conformal invariance may be seen in the following geometrical way. Given a

 conformal structure, all one needs to define a metric is a scale, or in other words a

 non-vanishing scalar density. Thus if f is a scalar of weight 1, and non-zero in some

 neighbourhood, we define Dof as 'Rf3, where R is the scalar curvature of the corre-
 sponding metric. The formula for the change in scalar curvature under a conformal

 change of metric (Eisenhart I925)

 V*Vu + (n - 2) Ru = (n- 2) PU(n+2)/(n-2)
 4(n -1) 4(n -1)

 u4/(n-2)f = q

 shows that for n = 4 this really is the linear differential operator (1.4). Alternatively,

 one can prove the conformal invariance directly and, by replacing ordinary deri-

 vatives by covariant derivatives, extend it to an operator in a Yang-Mills

 background:

 Do: F(E) -r F(E)

 from sections of E of weight 1 to sections of weight 3. Note that Do is a symmetric
 operator, i.e.

 f(Do0q3) = f(,Do/)

 (the inner product is of weight 4 - a density - and can therefore be integrated).

 We might note in passing that by taking the tracefree Ricci tensor of the metric

 determined by a scalar density we obtain a conformally invariant overdetermined

 2nd-order operator

 j F(j) __r (S2 0 S2)

 acting on scalars of weight - 1. Thus whereas a non-vanishing solution of Dof = 0
 defines a metric with zero scalar curvature, a solution of if = 0 defines an Einstein
 metric.

 The field equations we are concerned with here are, then, the anti-self-dual zero

 rest-mass field equations in a self-dual Yang-Mills background:

 ,= 0 4eF(S_ 0E) of weight 1(m+2) (O < m < oo).

 By using their conformal invariance properties and the relation with solutions of

 the twistor equation we shall give them a holomorphic interpretation under the

 Penrose transform.
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 180 N. J. Hitchin

 2. TwiSTORS

 Before considering the field equations in a holomorphic context, let us recall the

 definition of the complex structure of the twistor space of a self-dual manifold, as

 given in (A.H.S., ? 4). This is based on the problem of finding solutions to the twistor

 equation D1 = 0: one takes the bundle S_(= V-) of weight - 2 and considers the

 total space S* \0 of the dual bundle minus its zero section. A section 0 E F(&) then
 defines a complex-valued function qv on S* \O and 0 satisfies the twistor equation
 DS 0= 0 iff d5v lies in a certain subbundle V(D) of T* (S* \O). This bundle, if W = 0,
 is involutive and defines a complex structure on S* \0, that is consists of the sub-

 bundle of (1, 0) forms. In other words, Do = 0 if and only if qv5 = 0 and so ov is a
 holomorphic function. Since 5iv is linear in the fibre variables of S-*\O, it defines a

 holomorphic section of the bundle H over the projective twistor space P(S*) =Z,
 where S* \0 is the principal bundle of H.

 We thus have immediately a holomorphic interpretation of solutions to the

 twistor equation: these are precisely the holomorphic sections of H over Z, which
 we denote by HO(Z, ((1)), the 0-th cohomology group of the sheaf of germs of

 holomorphic sections of H. With the same approach, it is easy to see that a section

 e F(ST) of weight - 'm defines a function 5iv on S_ \0, a homogeneous polynomial

 of degree m in the fibres, and that Oqv = 0 if and only if Dm = 0. Hence the space
 of solutions of iDm 0 = 0 corresponds to the space HO(Z, C(m)) of holomorphic sections
 of Hm (= H 0 H ... 0 H) over Z. Thus in the self-dual case, the algebraic structure
 on @ ker Dm referred to in ? 1 is just the ring structure on 33 HO(Z, t9(m)) obtained
 by taking products of holomorphic sections of line bundles.

 We obtain a slightly different viewpoint if we adopt a holomorphic approach and
 see Z as a complex 3-manifold with a 4-parameter family Xc of projective lines (the

 real lines of this family, as defined in (A.H.S., ? 4), are the fibres of Z = P(S* ) -> X).
 If we now start with an element s E HO(Z, ((im)) we may restrict it to each line, and

 since the bundle H restricts to the standard positive bundle on each P1 we have for

 each x E X,

 Ts(x) EHO(P(S* )x, &(3)) (S-)x

 which gives a section Ts E F(&-) of weight - satisfying the twistor equation.
 This transform, or restriction map, may also be applied to higher cohomology

 groups. Since P1 is 1-dimensional and H'(Pl, (6(m)) = 0 if m >- 1, the only non-zero
 possibilities are H1(Z, ((- m - 2)), where m > 0. We shall show next that under the
 restriction map these define precisely the solutions of Dm = 0.
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 Linear field equations on self-dual spaces 181

 3. FIELD EQUATIONS AND COHOMOLOGY

 Let us consider S as a C0(4) module of weight - e. then H1(P(S*), (9(- m - 2)) is
 of weight (- m - 2). (-2) - 2(m + 2) and by Serre duality is isomorphic to Sm. We

 thus have by restriction a transform

 T: H1(Z, (Q(-m- 2)) -- F(Sm)

 to sections of weight 1 (m + 2).

 Suppose now E is a bundle on X with a self-dual G-connexion, then from (A.H.S.,

 ? 5) we know that its pull-back to Z, F, has a holomorphic structure and is holo-

 morphically trivial on the real lines. We thus obtain a corresponding transform

 T: H1(Z, (Q (F( -m -2))) -- F(ST( 0 E).

 With this notation we shall prove the following theorem:

 THEOREM (3.1). Let X be a self-dual space and E a bundle over X with self-dual

 connection, then

 T: H'(Z, OSF(- m -2)) -> F(Sm- ( E)

 defines an isomorphism onto the space of solutions to thefield equation Dm j5 = 0, m > 0.

 Proof. There are three things to prove: first that T is injective, secondly that Tcc

 satisfies the field equation, and finally that every solution of Dmr = 0 is obtained
 in this way. For the main application of this (Atiyah et al. I978) the first part was

 true from general algebraic considerations, but in the present context where Z is

 neither compact nor algebraic we shall use a different approach, based on that of

 Rawnsley (I979).

 We use the Dolbeault representative of a class aceH1(F(L-m-2)), that is we
 represent ac by a 8-closed (0, 1) form wc-eA, 1(F 0 H-m-2). If Tac = 0 then on each

 fibre ZX, o = ZsX for some sx F(ZX F 0 H-m-2). However, since F is holomorphi-
 cally trivial on Zx and HO(P1, (9(- m - 2)) = 0 for m > 0, sx is unique and by elliptic
 regularity we have a smooth section s of F 0 H-m-2 such that o -s restricts to zero

 on each fibre, as a 1-form.

 We now pull back this form to s on S_\0 and express it locally in terms of a basis

 of (0, 1) forms. From the construction of the complex structure on S_ \O, the space

 of (1, Q) forms is locally spanned by 01, 62 o1 C, V (A.H.S., ? 4) where

 0< dA X-S<x Afl, crv = EAfl <ejs *f WaO0fl> ei

 and {#<X}, {044, {e } are local bases of S+, & and T* respectively. Since co restricts to
 zero on each fibre,

 = E S - 0 ., sa eF(F 0 H-m 2) (3.2)

 On the other hand a65 = 0, so

 0= E A /\a + E 8x (3.3)
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 182 N. J. Hitchin

 But now

 d-crv=E (ei.fi fj>fAei+ E <ei Vj a, f> e Aei

 We may choose {#f<} such that, at a fixed point x E X, V#fr, = 0 and then

 ao-v = <ei. 2a, Of>- 06 A (ei)0'l on (S*)x

 E ei . 2a ~,62>- 0,6 A <ei. * 2, O> -&
 <ej.-f , 0>-<ej. ,,,,

 =IAI20Af
 Hence from (3.3)

 o=E aS A 6;v + Esa 0,6 A 6;v

 and as?+ Es 0 AfJdAXP/IA12 = 0 on each fibre, so a(IAj 2X) = 0. But in (3.2) since Co
 is pulled back from P(S-*) and o-v is linear in A and furthermore F is holomorphically

 trivial on each fibre, each s. may be regarded as a vector valued function of
 S E (S* \0)x satisfying the homogeneity equation

 s8(Aq!) = A-m-2A-ls5)

 thus I A 1 2 sX is homogeneous of degree - (m + 1) and holomorphic, so must vanish
 for m > 0.

 Hence C = 0, cl = as and the cohomology class cx is trivial i.e. Tcc = 0 implies
 cc = 0.

 We must now show that Tac satisfies the differential equation Dm Tcc = 0. To do
 this, we revert to the terminology of jets, but in a more algebraic geometrical

 language.

 If U is a complex mnanifold, then at a point u E U, we may consider the ideal sheaf

 fu of germs of local holomorphic functions that vanish at u, contained in the sheaf

 & of all local holomorphic functions. The quotient sheaf (/fk+1 is then supported
 on u and its stalk consists there of all Taylor series up to order k of functions at u.

 Similarly, if E is a holomorphic vector bundle on U, then the stalk of the sheaf

 (9(E)/juk+1 0 (9(E) is the space of k-jets of holomorphic sections of E at u.
 Instead of considering a point u E U, we can consider a subvariety V c U and its

 ideal sheaf <v. The sheaf (/I1v+' is then supported on V and we can think of V as a
 space with an enlarged ring of holomorphic functions that captures the information

 contained in the first k normal derivatives of any object defined in a neighbourhood

 of V. The sheaf is called the kth order formal neighbourhood of V in U (Griffiths I 966).

 This point of view is appropriate to the present situation because the points of Xc

 parametrize lines in Z and a variation of x E Xc in its kth order neighbourhood defines

 a variation of the corresponding line Lx in its neighbourhood. We make this
 more precise as follows.

 The complex 4-manifold Xc of lines on the 3-manifold Z has a natural complex
 conformal structure (A.H.S-, ? 4). Associated to the conformal structure we have
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 Linear field equations on self-dual spaces 183

 a 5-dimensional complex manifold Y = P(S*) c, the projective spin bundle over Xc.

 The manifold Y plays a fundamental role in the Penrose transform from the complex

 point of view. It has two projections:

 z

 Pi

 Y

 P2

 Xc

 P2 is the projection when Y is considered as the projective spin bundle of Xc, it is
 complex analytically locally trivial; the other projection p1 occurs because the fibre

 over x eXc is naturally identified with the corresponding line Lx in Z. Restricting
 P1to the part of Y over the real subvariety X c Xc gives the identification P(S*) Z.

 Let us consider the transform T in these terms. We start with the holomorphic

 bundle W = F H-m-2 on Z where F is trivial on all real fibres Zx. For each x E X,
 H'(ZX, (9(W)) is then of constant rank and defines a bundle on X which we denote

 X01(W) (Sm 0 E) and T associates to aoeH1(Z, (C(W)) a section of this bundle by
 restriction. We may, however, restrict to any line of the family XC. So long as F is

 trivial on these lines (and this will be true by semi-continuity for all x in a neigh-
 bourhood of X c Xc so henceforth we take Xc to be such a neighbourhood) we

 obtain a holomorphic vector bundle .1( W) on Xc and a corresponding section whose
 restriction to the real points X c Xc is To. This extension to complex lines is

 obtained by pulling back the bundle W on Z to p* W on Y and restricting to the

 fibres of P2. The transform T now factors through the map p*:

 T: H1(Z, ((W)) -*4 IHI( Y, (9(p* W)) -? HO(Xc, (9(X1(W))) -? F(X, Sm 0 E).

 Now the fibration P2: Y -+ Xc is holomorphically locally trivial with compact fibre,
 so if B c Xc is a small open ball (and thus holomorphically convex), it follows from
 the Leray spectral sequence that the map

 H1(p-'(B), Cy (p* W)) -+ HO(B, (9X(X1(W))) (3.4)

 to holomorphic sections is an isomorphism. If instead of considering a finite neigh-
 bourhood B of x eXc and p-'(B) of the line LX(= YX) in Y, we restrict to formal
 neighbourhoods, we obtain an isomorphism

 H1(L, (gk(p*W)) HO(x, (9k(Y1(W))) Jk(S 0 E), (3.5)

 where (9? denotes the kth order neighbourhood sheaf of Lx c Y.
 The k-jet of Ta then lies in the image of

 *: H1(Lx, (k(W)) -- H'(Lx, (9k(p* W)) = Jk(Sm 0 E)x (3.6)
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 and it is by examining this map that we shall find the relation on the k-jets (i.e. the

 differential equation) satisfied by Tac. The main tool is the exact sequence of sheaves

 0 C (3V(SkN* 0 E) C k7(E) - (9kU-1(E) + 0 (3.7)

 where N* is the conormal bundle of V c U and E is a holomorphic bundle over U.

 If we apply this sequence to Lx c Y and the vector bundle p* W and take the exact
 cohomology sequence, we just obtain the exact sequence of jet bundles (1.1) for the

 bundle ST 0 E. This is essentially because the normal bundle is trivial. The normal
 bundle of Lx c Z is however non-trivial: it is isomorphic to (S+ )x 0 H (A.H.S., ?4).

 Taking the cohomology sequences for the two formal neighbourhoods of Lx and

 comparing them, we get the following diagram:

 (S+ 0S_+k0E)x

 O + H1(SkN* 0 F(-m- 2)) - Hl((CzkF(-m- 2)) - Hl((C9k-lF(-m- 2)) - 0
 4ff* X~ ~ ~ ~~P* WP *

 0 o(SkT* Sm ( E)x Jk(Sm (0E)x - Jk_1(ST E)x -O

 where the HO terms disappear because N* and F ( H-m-2 are both negative.
 If k = 0, p* is an isomorphism by definition. For all k, the map * is injective, as

 can be seen by evaluating on tangent vectors and using the isomorphism

 Tx - HO(Lx, 6(N)). Hence by induction p* is injective for all k and maps
 H1((CQk F(- m - 2)) into some subspace of Jk(S' 0 E)x.

 If m > 1 and k = 1, then by counting dimensions we see that this is a proper

 subspace. Since it is defined by the first order neighbourhood of Lx in Z it is a
 CE(4) x G-invariant submodule and so by the conformal invariance arguments of

 ? 1, as x varies Tca satisfies the equation DmTa = 0.

 When m = 0, pi gives an isomorphism so Ta satisfies no first order equation (as
 we know already by conformal invariance from example 1). Passing to the 2nd order

 neighbourhood, however, we do obtain a proper subspace:

 O S+ 0S2 E E H1((9z2 F(-2)) *Hl((4z F(-2)) -SO

 O S2T* 0E - J2(E) - J1(E) -SO.

 Thus Tac satisfies a second order equation D* Tac = 0. We cannot apply conformal
 invariance to determine D* here, since second derivatives and curvature intervene;
 however, invariance does determine the highest order part, or symbol, of D* which
 is the same as for Do: contraction with the symmetric tensor of weight 0 defining the

 conformal structure. But now Do has another property, from ? 1: it annihilates the

 (symplectic) inner product of q5 and 3f where Djo = 0 and D1,/ = 0. We also know
 now that q$ corresponds to an element of HO(Z, 6)(1)) and a class in H1(Z, OF(- 3))

 defines a solution of D1 Vi = 0. Moreover, the contraction of 5b and #/ corresponds to
 the natural product map

 HO(Z, fl(l) 0 H1(Z, 7F(- 3)) -? H1(Z, 7F(- 2))
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 as may easily be checked. Thus both D* and Do annihilate sections corresponding
 to the image of this map.

 Now unfortunately this image may be zero since D1 0 = 0 may have no solutions;
 however, the property of D* and Do we are using is just a formal property of the
 2-jets of 0 and Vr and we may say that the homomorphisms J2(E) -+ E corresponding

 to D* and Do both annihilate the image of H0(92(1)) 0 HI(92F(-3)) in J2(E),.
 Fortunately every holomorphic section of H on the first order nieighbourhood of

 L. c Z extends uniquely to the 2nd-order neighbourhood:

 HO(9S2N*(1)) -- H0(92(1)) -- HO(Q1(l)) --> Hl(9S2N*(l))
 II? II?

 S2, ( HO(9(-l1)) = 0 S2 @ H1(&( - 1)) = O.

 Thus, since D* and Do have the same symbol, D* - Do is a first order operator whose
 homomorphism annihilates the image of H0(&1(1)) 0 Hl(OlF(- 3)) in J1(E),.
 However, this is a conformally invariant subspace (depends on 1-jets) and hence

 must be the whole of J1(E), (cf. example 1), so D* = Do.
 Hence for all m > 0, DmTa = 0.

 Finally suppose we have any solution of Dm 0 = 0 on X. We must show that it is

 of the form Toc for some oc E H1(Z, CF(- m - 2)). Since Dm is an elliptic operator with

 analytic coefficients, q5 is real analytic: defined by a convergent power series at each

 point x e X. Now a dimension count shows that the image of H1(@k F(- m - 2)) in

 Jk(Sm& 0) E)x satisfies no more linear relations than are generated by the k-jets of
 solutions of Dm 5 = 0, so for each k we may pull back ik(VS)x to an element of
 H1(&k F(- m - 2)). Moreover, if B is a sufficiently small metric ball in X centred on

 x, p21(B) is holomorphically 1-convex (Griffiths I966), as can be seen by using the
 distance function, and so the 2nd cohomology of any coherent sheaf vanishes. It

 follows that the map Hl(p2l(B), CF(- m - 2)) -+ H1 (k F(- m - 2)) is surjective and
 so for each k we can pull back jk(q) to a finite neighbourhood and there exists an
 element cck H'(p-'(B), CF(- m - 2)) such that Tak agrees with 0 up to the k-th
 order of its Taylor expansion at x. As k goes to infinity we obtain a formal solution

 and it is a question of convergence to find a finite class ac such that Tac = 0.
 This can be achieved by choosing a metric on X and representing ?Ck by a (0, 1)

 form which is harmonic in the fibres. The injectivity part of the proof shows that

 such a form is unique and, since the harmonic forms on P1 are known explicitly in
 terms of their cohomology classes, we may estimate the form in terms of its trans-

 form Tak. Since 0 is represented by a convergent power series, we obtain one for c.
 Injectivity shows that a is unique and hence these local solutions fit together to

 form a global element in H1(Z, CF(- m-2)), and the proof of theorem (3.1) is
 finished.

 There is an immediate corollary to the theorem, which when applied to the case

 X = S4, Z = P3(C) yields via a theorem of Barth (I978) the complete classification

 of self-dual connections (Atiyah et al. I978):
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 COROLLARY (3.8). Let X be a compact self-dual space with positive scalar curvature,

 and E a unitary bundle over X with self-dual connection; then

 H1(Z, OF(-m-2)) = 0 (m > 0).

 Proof. By Theorem (3.1) this space is in 1-1 correspondence with solutions to the

 field equation D.0 = 0. But by the Weitzenbock formula (1.3) or (1.4),

 0= f (D*Dm5ok qS) = f(V(0) Vq) ?1(m+ 2)R(q, q) >

 with equality iffqS = 0.

 Remark. The use of formal neighbourhoods simplifies certain aspects of the

 transformation between self-dual objects on X and holomorphic ones on Z since it

 provides a coordinate-free notion of derivative. As an example consider theorem 5.2

 of (A.H.S.). This theorem associates to a holomorphic bundle F on Z a bundle E

 with self-dual connection. In the proof, the reality condition on F is used to define

 a hermitian structure and the unique (1, 0) connection on F is the pull-back of the

 required connection on E. The connection can be defined, however, in a complex

 analytic manner with the aid of the formalism of theorem (3. 1).

 Recall that the fibre Ex over x is defined as HO(Zx, (9(F)), or in the notation of

 Theorem (3.1), E X??(F). Now as in (2.5) we have J1(E)x_ HO(LX, (91(p*F)) and
 so comparing cohomology sequences for the Ist order neighbourhoods of Lx in Z and
 Y we get the following diagram:

 0 0

 11 11
 HO(N* 0 F) O H?((3zF) HO((9zF) -- Hl(N* 0 F)

 4, 4Y1 NH 1

 (T* (J E)x J,(E)x Ex

 The groups Hl(N* 0 F) vanish because F is trivial on the line and H'(Pl, ?7(- 1)) = 0.
 Hence the image ofp* defines a splitting of the 1-jet sequence: a connection. If F has

 a real structure then it is clear that the extension of holomorphic sections of F to the

 first order neighbourhood preserves this and so the connection on E, pulled back to

 F is the unique (1, 0) connection preserving the hermitian structure.

 This perhaps helps to explain the footnote on p. 461 of (A.H.S.).

 EXAMPLES

 1. From (3.8) we see that S4 has no non-trivial solutions to Dmq = 0. We may

 remove a point, however, and obtain R4 with its standard conformal structure. The

 twistor space Z of 1R4 is the total space of the bundle H ? H -- P1(C) and there is an
 obvious element of H1(Z, (9(- 2)) obtained by pulling back a generator of

 H1(Pl, (9(- 2)). This solution of Dof = 0 defines the flat metric on R4. The pull-backs
 of classes in H1(P1, @(-m m 2)) correspond to solutions of Dm S = 0 which are
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 covariant constant relative to the Riemannian connection of the flat metric.
 A similar result holds for any self-dual space with vanishing Ricci tensor (cf.
 Penrose I976) where the twistor-space fibres over P,(C).

 2. This constant solution of Do f = 0 in the flat metric may be represented, by
 applying a conformal inversion of S4, by f = 1/r2. This, as a scalar of weight 1, is

 regular at oo and has a singularity at the origin. If we take k points a, E 8 and add
 the corresponding scalars, we get a solution

 1 + k 2
 i=1 Ix-ai

 of Dof = 0 on _-Uai. This corresponds to an element fv of
 / k

 Hl P3(C) U Li, (92)),
 i=OI

 where {Li}, 0 < i < k are the lines corresponding to {oo, a,, ..., ak} E S4. The function
 f is used to construct the 't Hooft family of self-dual SU(2) connections on S4

 (A.H.S. ? 7). The corresponding holomorphic bundle on P3(C) may be constructed

 by using the elementfv to define an extension of line bundles (Atiyah & Ward I 977).

 4. OTHER COHOMOLOGY GROUPS

 We have seen so far how to interpret the cohomology groups HO(Z, (@(n)) and
 H'(Z, CF( - m - 2)) for m > 0. It is natural to seek an interpretation also for
 H'(Z, CF(-m-2)) for m < 0.

 Let us consider first the case m =-1. Then since H'(P,,C9(- 1)) = 0 restriction
 to each fibre as in ? 3 gives zero. However, this means that we can apply the formulae
 in the proof of injectivity in theorem (3.1). Namely, we represent ,8 E H'(Z, CF(- 1))
 by a 8-closed 1 -form w and, since HO(P,, (9( - 1)) = 0 find a unique form w-aS which
 restricts to zero on each fibre. Pulling back to S* \0 we have a form as in (3.2),

 ES= S 0 a
 and a(lAl2s8) = 0 on each fibre, so since lAl2s8 is homogeneous of degree 0, it is
 constant. Recall now that the indices a refer to a basis of S+, so we may associate to
 /? at each point a section

 28= 0 1Af2s " ( rEP(S+ 0 E).

 The conformal weight of this section is the sum of two contributions: 4 from c and 1

 from JAl2 i.e. 3. But now Co satisfies a differential equation D6o = 0 and since this
 depends on just the 1-jet of the conformal structure we obtain by conformal

 invariance a solution of the Dirac equation D*0 = 0 (Dr is the formal adjoint of Dl:
 it acts on self-dual spinor fields). Conversely, given 54 such that D*S = 0 it is
 straightforward to associate to 54 the corresponding co with c = 0. We thus get a
 one-to-one correspondence between the cohomology group H'(Z, C9F(- 1)) and the
 space of self-dual Dirac fields in a self-dual Yang-Mills background.

 For m <- 1 we may proceed similarly: since H'(P,, C(Iml - 2)) is zero we again
 obtain a form Co = Zsa 0 v where (I A 1 2 s) = 0 on each fibre and is homogeneous
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 of degree Im -1 and so we get a section q5 of S+ (0 SL-n1 0 E which, because aU = 0,
 satisfies a first order equation which we can identify by conformal invariance.

 The difference in this case is, however, that co is not uniquely defined since

 H(ZX, (9(lml-2)) Slml-2 is non-zero and we may alter the section s by adding any
 section of F (? Hlmi-l of the form Xv (cf. ? 2) where 0 E b(Slml-2 0 E). Thus U is well
 defined modulo forms afv. It is now clear what the interpretation is: the cohomology

 group H'(Z, &9F(Iml - 2)) corresponds to the first cohomology of an elliptic complex
 on X:

 I(SIM0-2 @ E) do F(S+ (9 Slml-l 0 E)i F(Slml E).

 The operator do is the twistor operator Dlml2 extended to the bundle E. It acts on
 sections of weight - l(ImI - 2). The operator d, is the formal adjoint of the spin
 Iml/2 operator Dlml. (Note that any conformally invariant operator D: F(E) -+ F(F)
 acting on sections of E of weight w has a conformally invariant adjoint D*: F(F)

 F(E) where E has conformal weight 4- w.)

 We now have the following theorem:

 THEOREM (4.1). Let X be a self-dual space and E a bundle over X with self-dual

 connection. Then there exists a natural one to one correspondence between the cohomology

 groups H1(Z, (9CF(m)) for m > -1 and:

 (i) for m =-1, solutions to the Dirac equation

 D*0=O, D*:F(S+0E)-F(S&0E);

 (ii) for m > 0, the first cohomology group of the elliptic complex on X,

 F(Sm 0E) Dm >(S+ 0 Sm+1 0 E) -+m (S2 2 0 E),

 (i.e. the space Ker DM+2/Im Dm).

 Remarks. 1. When m = 0, we obtain part of the de Rham complex tensored with E:

 AO(E) -* A1(E) -A-(E)

 where T)o is now the covariant derivative of a section of E (E has weight 0). This
 complex, with E replaced by End E (or more generally the adjoint bundle g) is

 important in the study of moduli of self-dual connections (A.H.S., ? 6). The 1st

 cohomology group of the complex gives the infinitesimal deformations of these

 connections. On the other hand, the cohomology group H1(Z, &EndF) measures
 infinitesimal deformations of the complex structures on F. Hence in this case

 theorem (4.1) may be regarded as an infinitesimal version of theorem (5.2) of
 (A.H.S., ? 5) whereby there is a global correspondence between self-dual connections

 on X and holomorphic bundles on Z, trivial on the real lines.

 2. The 2nd cohomology of the elliptic complex above, i.e. the cokernel of Dm+2
 is, on a compact manifold, naturally dual to the kernel of Dm+2, which corresponds
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 from theorem (3.1) to the group H1(Z,F(- m - 4)). This duality is essentially

 Serre duality: the non-degenerate pairing:

 H1(Z, (F( - m - 4)) 0 H2(Z, (9F*(m)) -8 C,

 (the canonical bundle K of Z is always isomorphic to H-4). The vanishing theorem

 of corollary (3.8) may now be used to prove the vanishing of H2 of the complex and

 under certain circumstances the Atiyah-Singer index theorem will determine the

 dimension of H1, as in the moduli case.

 3. The relation between H1(Z, OF(- 1)) and solutions of the self-dual Dirac

 equation may also be seen by using formal neighbourhoods. We know that simply

 restricting H1(Z, OF(- 1)) to a line gives zero, but we may also restrict to the first

 order neighbourhood H1(01 F(- 1)). We take the exact cohomology sequence:

 HO((9F(- 1)) -* Hl(N* 0 F(- 1)) -* Hl((zCF(- 1)) -* 0,
 II IIR
 0 (S+ (E)x

 and we obtain a section 0 of S+ 0 E. Passing to the second order neighbourhood we
 can see using the methods of theorem (3.1) that q6 satisfies the self-dual Dirac

 equation.

 We may try to do the same thing for m = 0 to obtain solutions to the self-dual

 Maxwell equations, but a problem arises. We restrict to the 2nd order neighbourhood

 since the first two vanish and obtain the exact cohomology sequence:

 HO((92F) - HO(1F) Hl(S2N* 0 F) -* H1((92F) -O 0
 Ex > (S2 0 E),.

 (We have seen that HO((9zF) HO((9zF) Ex, this is just the definition of the
 connection on E.) The homomorphism a defines the obstruction to extending a

 section on the 1st order neighbourhood to the 2nd order neighbourhood of a line,

 and this is just the curvature of the connection on E, F eF(A2 0 End E). Hence

 3(e) = F(e) and Hl((9z F) (A2 0 E)x/Im Fx and we do not have a well-defined
 Maxwell field. If the curvature vanishes (and so we effectively have no Yang-Mills

 field) we do however obtain a self-dual Maxwell field. It is easy to see what this

 field is, for from theorem (4.1) the group H1(Z, (9) corresponds to the first cohomology

 Hl of the truncated de Rham complex:

 A d d 2
 A >?Al- A_.

 The corresponding space of Maxwell fields is then just d+HL c A+.
 This correspondence is, however, globally neither injective nor surjective because

 on the one hand the cohomology class of a flat line bundle in HL defines a zero

 Maxwell field, and on the other all 2-forms in d+H1 are cohomologically trivial.
 We might further attempt, even locally, to associate a self-dual spin 3 field to an
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 element of H1(Z, ?7(1)), but there is again an obstruction unless the space X is con-

 formally flat. If we restrict to 3rd order neighbourhoods and take the exact

 cohomology sequence we find

 HI (67z(1HO H0Qz?(1)) -* Hl(S3N*(1)) -* H1(@%Z(1)) -O 0

 (S )x.

 As we saw in the proof of theorem (4.1) every section of H on the first order neigh-

 bourhood of a line extends uniquely to the second order neighbourhood. The space

 H0(CzO(l)) is an extension (S+)x - J - (&_),. The homomorphism a measures the
 obstruction to lifting to the 3rd order neighbourhood and its restriction to (S+)x is
 essentially the self-dual part W+ of the Weyl tensor, so H((93(1)) (S3)X only if
 W+ = 0 and the manifold X is conformally flat. Thus only in the flat situation can we
 obtain self-dual fields in this manner.

 4. In the construction of all self-dual solutions to the Yang-Mills equations on

 S4, the vector space V which is the kernel of the map

 A: H1((F(- 1)) 0 H0(02(1)) - H1((9F)

 plays a fundamental role. Theorem (4. 1) allows us to give one (admittedly not very

 physical) interpretation of this space in terms of the manifold S4. We see, using our

 theorems, that an element as = I/i (0 si in the tensor product defines a section
 Tca = 2T,8i 0 Tsi E F(S+ 0 E 0 S) of weight 3 - = 1, where T,/i satisfies the self-
 dual Dirac equation Dj q0 = 0 and Tsi satisfies the twistor equation iD1bV = 0. It
 follows by conformal invariance that Tcx e F(A' 0 E) satisfies D* Tcx = 0 and the
 cohomology class in the complex

 AO(E) -* A1(E) -* A (E)

 represented by Tcx corresponds to Aca E H1 ((9F). But this is zero if oc E V, so Th = Ve

 for some section e E F(E).

 The space V thus represents a distinguished family of sections of the bundle E,

 whose covariant derivatives may be expressed as products of twistors and self-dual
 Dirac fields.
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