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5.2 DIAGONALIZABILITY

In Section 5.1, we presented the diagonalization problem and observed that
not all linear operators or matrices are diagonalizable. Although we are able
to diagonalize operators and matrices and even obtain a necessary and suf-
ficient condition for diagonalizability (Theorem 5.1 p. 246), we have not yet
solved the diagonalization problem. What is still needed is a simple test to
determine whether an operator or a matrix can be diagonalized, as well as a
method for actually finding a basis of eigenvectors. In this section, we develop
such a test and method.

In Example 6 of Section 5.1, we obtained a basis of eigenvectors by choos-
ing one eigenvector corresponding to each eigenvalue. In general, such a
procedure does not yield a basis, but the following theorem shows that any
set constructed in this manner is linearly independent.

Theorem 5.5. Let T be a linear operator on a vector space V, and let
A1, A2, ..., A\ be distinct eigenvalues of T. If vy, vs,..., v, are eigenvectors of
T such that \; corresponds to v; (1 <i <k), then {vy,vs,...,v;} is linearly
independent.

Proof. The proof is by mathematical induction on k. Suppose that k = 1.
Then v1 # 0 since vy is an eigenvector, and hence {v; } is linearly independent.
Now assume that the theorem holds for k£ — 1 distinct eigenvalues, where
k—1 > 1, and that we have k eigenvectors v, v, ..., v; corresponding to the
distinct eigenvalues A1, Aa, ..., A\x. We wish to show that {vi,ve,..., v} is
linearly independent. Suppose that aq,as,...,ar are scalars such that

aivy + asvg + - - -+ apvr = 0. (1)
Applying T — Mgl to both sides of (1), we obtain
al()\l — )\k)v1 + CLQ()\Q — )\k)vg + -+ ak,1()\k,1 — /\k)kal = 0.

By the induction hypothesis {vy,va,... ,v5_1} is linearly independent, and
hence

al()\l — )\k) = ag()\g — )\k) = = ak_l()\k_l — )\k) = 0.
Since A1, Ag, ..., \; are distinct, it follows that A; — A\x # 0 for 1 <i < k—1.
Soa; =ag =+ = ag—1 = 0, and (1) therefore reduces to axvy = 0. But
vk # 0 and therefore a; = 0. Consequently a; = a2 = -+ = ax = 0, and it
follows that {vy,va,..., v} is linearly independent. [ |

Corollary. Let T be a linear operator on an n-dimensional vector space
V. If T has n distinct eigenvalues, then T is diagonalizable.
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Proof. Suppose that T has n distinct eigenvalues Aq,...,\,. For each ¢

choose an eigenvector v; corresponding to A;. By Theorem 5.5, {vq,...,v,}
is linearly independent, and since dim(V) = n, this set is a basis for V. Thus,
by Theorem 5.1 (p. 246), T is diagonalizable. [ |
Example 1

Let

A= G }) € Mo (R).

The characteristic polynomial of A (and hence of L4) is

1-1¢ 1
det(A—tI)zdet( 1 l—t) = t(t — 2),

and thus the eigenvalues of L4 are 0 and 2. Since L 4 is a linear operator on the
two-dimensional vector space R?, we conclude from the preceding corollary
that L4 (and hence A) is diagonalizable. 4

The converse of Theorem 5.5 is false. That is, it is not true that if T is
diagonalizable, then it has n distinct eigenvalues. For example, the identity
operator is diagonalizable even though it has only one eigenvalue, namely,
A=1.

We have seen that diagonalizability requires the existence of eigenvalues.
Actually, diagonalizability imposes a stronger condition on the characteristic
polynomial.

Definition. A polynomial f(t) in P(F') splits over F if there are scalars
¢,ai,...,a, (not necessarily distinct) in F' such that

ft)y=c(t—ar)(t—az) - (t —ay).

For example, t2 — 1 = (t+ 1)(t — 1) splits over R, but (t2 +1)(t —2) does not
split over R because t? +1 cannot be factored into a product of linear factors.
However, (£ + 1)(t — 2) does split over C' because it factors into the product
(t+1i)(t—1i)(t—2). If f(¢) is the characteristic polynomial of a linear operator
or a matrix over a field F', then the statement that f(t) splits is understood
to mean that it splits over F'.

Theorem 5.6. The characteristic polynomial of any diagonalizable linear
operator splits.

Proof. Let T be a diagonalizable linear operator on the n-dimensional
vector space V, and let 3 be an ordered basis for V such that [T]g = D is a
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diagonal matrix. Suppose that

A0 0
0 A 0

D = ) )
0 0 An

and let f(t) be the characteristic polynomial of T. Then

A —t 0 0
0 Ao —t - 0
f(t) =det(D —tI) = det _ _

0 0 e At
= (=D = 1) An = 1) = (D"t = M)t = Aot = An)-

From this theorem, it is clear that if T is a diagonalizable linear operator
on an n-dimensional vector space that fails to have distinct eigenvalues, then
the characteristic polynomial of T must have repeated zeros.

The converse of Theorem 5.6 is false; that is, the characteristic polynomial
of T may split, but T need not be diagonalizable. (See Example 3, which
follows.) The following concept helps us determine when an operator whose
characteristic polynomial splits is diagonalizable.

Definition. Let A\ be an eigenvalue of a linear operator or matrix with
characteristic polynomial f(t). The (algebraic) multiplicity of \ is the
largest positive integer k for which (t — \)* is a factor of f(t).

Example 2
Let

A—

=~ s O

1
3
0

o O Ww

which has characteristic polynomial f(t) = —(t — 3)?(t — 4). Hence \ = 3 is
an eigenvalue of A with multiplicity 2, and A = 4 is an eigenvalue of A with
multiplicity 1. 4

If T is a diagonalizable linear operator on a finite-dimensional vector space
V, then there is an ordered basis ( for V consisting of eigenvectors of T. We
know from Theorem 5.1 (p. 246) that [T]s is a diagonal matrix in which the
diagonal entries are the eigenvalues of T. Since the characteristic polynomial
of T is det([T]g — tI), it is easily seen that each eigenvalue of T must occur
as a diagonal entry of [T]g exactly as many times as its multiplicity. Hence
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(3 contains as many (linearly independent) eigenvectors corresponding to an
eigenvalue as the multiplicity of that eigenvalue. So the number of linearly
independent eigenvectors corresponding to a given eigenvalue is of interest in
determining whether an operator can be diagonalized. Recalling from Theo-
rem 5.4 (p. 250) that the eigenvectors of T corresponding to the eigenvalue
A are the nonzero vectors in the null space of T — Al, we are led naturally to
the study of this set.

Definition. Let T be a linear operator on a vector space V, and let
A be an eigenvalue of T. Define Ey = {z € V: T(z) = Az} = N(T — Aly).
The set Ey is called the eigenspace of T corresponding to the eigenvalue
A. Analogously, we define the eigenspace of a square matrix A to be the
eigenspace of L 4.

Clearly, E, is a subspace of V consisting of the zero vector and the eigen-
vectors of T corresponding to the eigenvalue \. The maximum number of
linearly independent eigenvectors of T corresponding to the eigenvalue \ is
therefore the dimension of Ey. Our next result relates this dimension to the
multiplicity of A.

Theorem 5.7. Let T be a linear operator on a finite-dimensional vec-
tor space V, and let A\ be an eigenvalue of T having multiplicity m. Then
1 < dim(Ey) < m.

Proof. Choose an ordered basis {v1, v2,...,v,} for Ey, extend it to an or-
dered basis § = {v1,v2,...,Vp, Vpt1,...,0,} for V, and let A = [T]z. Observe
that v; (1 <1i < p) is an eigenvector of T corresponding to A, and therefore

(M, B
= By
By Exercise 21 of Section 4.3, the characteristic polynomial of T is

F() = det(A — t1,) = det ((A ‘Ot)fp o _fln_p)

= det((A — t)I,) det(C' — tI,_,)

where ¢(t) is a polynomial. Thus (A — ¢)P is a factor of f(¢), and hence the
multiplicity of A is at least p. But dim(Ey) = p, and so dim(Ey) < m. |

Example 3

Let T be the linear operator on Po(R) defined by T(f(xz)) = f'(x). The
matrix representation of T with respect to the standard ordered basis 3 for
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PQ(R) is

—t 1 0
det([T]g —tI) =det [ 0 —t 2] =—#.
0 —t

Thus T has only one eigenvalue (A = 0) with multiplicity 3. Solving T(f(z)) =
f'(z) = 0 shows that Ex = N(T — Al) = N(T) is the subspace of P3(R) con-
sisting of the constant polynomials. So {1} is a basis for Ey, and therefore
dim(E,) = 1. Consequently, there is no basis for P2(R) consisting of eigen-
vectors of T, and therefore T is not diagonalizable. 4

Example 4
Let T be the linear operator on R? defined by

aq 4aq + as
T a9 = 2@1 -+ 3&2 + 20,3
as ai + 4as

We determine the eigenspace of T corresponding to each eigenvalue. Let 3
be the standard ordered basis for R3. Then

and hence the characteristic polynomial of T is

4—t 0 1
det([T]g—tl)=det | 2 3—t 2 | =—(t—"5)(t—3)%
1 0 4—t

So the eigenvalues of T are Ay = 5 and Ao = 3 with multiplicities 1 and 2,
respectively.

Since
T —1 0 1 T 0
Ex, =N(T-X\D =S |z2] €R®: 2 =2 2| |z]=10]},
T3 1 0 -1/ \a3 0
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E., is the solution space of the system of linear equations
- 4+ 23=0
2.2?1 — 2.%‘2 + 2333 =0
| — I3 = 0.

It is easily seen (using the techniques of Chapter 3) that

1
2
1

is a basis for Ey,. Hence dim(Ey,) = 1.

Similarly, Ex, = N(T — Azl) is the solution space of the system

.731—|— 1'320
21 + 223 =0
ZE1+ 56320.

Since the unknown x5 does not appear in this system, we assign it a para-
metric value, say, ro = s, and solve the system for x; and x3, introducing
another parameter t. The result is the general solution to the system

I 0 -1
ro | =s| 1]+t 0], for s,t € R.
I3 0 1
It follows that
0 -1
11, 0
0 1

is a basis for Ey,, and dim(E,,) = 2.

In this case, the multiplicity of each eigenvalue \; is equal to the dimension
of the corresponding eigenspace Ey,. Observe that the union of the two bases
just derived, namely,

1\ [0\ /-1
205111 Of ¢
1/ \0O 1

is linearly independent and hence is a basis for R? consisting of eigenvectors
of T. Consequently, T is diagonalizable. 4



