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Name: BUID:

Question 1. Let 𝑎 ∈ ℝ be a real scalar. Find the rank of the matrix 𝐴 =

[
1 𝑎 𝑎2

𝑎 𝑎2 1

]
. (Hint:

The rank of the matrix depends on the value of 𝑎, you must determine how the rank depends
on 𝑎.)

Solution. Suppose 𝑎 = 0. Then the matrix is
[
1 0 0
0 0 1

]
which is clearly rank 2. If 𝑎 ≠ 0 then

we can peform row operations of type 2 and type 3 to obtain[
1 𝑎 𝑎2

𝑎 𝑎2 1

]
⇝

[
𝑎 𝑎2 𝑎3

𝑎 𝑎2 1

]
⇝

[
𝑎 𝑎2 𝑎3

0 0 1 − 𝑎3

]
. (1)

Recall, we are assuming that 𝑎 ≠ 0, thus this matrix has rank 2 for all values of 𝑎 except
1 − 𝑎3 = 0 or 𝑎 = 1. Thus rank(𝐴) = 2 if 𝑎 ≠ 1 and rank(𝐴) = 1 if 𝑎 = 1.

Question 2. The following matrix

𝐵 =


1 0 1
1 1 0
0 1 1

 (2)

is invertible. Find 𝐵−1.

Solution. 
1 0 1 1 0 0
1 1 0 0 1 0
0 1 1 0 0 1


𝑅2→𝑅2−𝑅1−−−−−−−−→


1 0 1 1 0 0
0 1 −1 −1 1 0
0 1 1 0 0 1


𝑅3→𝑅3−𝑅2−−−−−−−−→


1 0 1 1 0 0
0 1 −1 −1 1 0
0 0 2 1 −1 1


𝑅3→ 1

2𝑅3−−−−−−→

1 0 1 1 0 0
0 1 −1 −1 1 0
0 0 1 1

2 −1
2

1
2


𝑅1→𝑅1−𝑅3−−−−−−−−→


1 0 0 1

2
1
2 −1

2
0 1 −1 −1 1 0
0 0 1 1

2 −1
2

1
2


𝑅2→𝑅2+𝑅3−−−−−−−−→


1 0 0 1

2
1
2 −1

2
0 1 0 −1

2
1
2

1
2

0 0 1 1
2 −1

2
1
2


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Thus,

𝐵−1 =


1
2

1
2 −1

2
−1

2
1
2

1
21

2 −1
2

1
2

 =
1
2


1 1 −1
−1 1 1
1 −1 1

 .


