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Question 1. Use elementary row operations to compute the determinant of

𝐵 =


1 1 0 2
2 3 1 5
1 0 2 1
3 4 1 8

 . (1)

(Hint: You can stop performing row operations when you get an upper triangular matrix.
Why?)

Solution. 
1 1 0 2
2 3 1 5
1 0 2 1
3 4 1 8


𝑅2→𝑅2−2𝑅1−−−−−−−−−→


1 1 0 2
0 1 1 1
1 0 2 1
3 4 1 8


𝑅3→𝑅3−𝑅1−−−−−−−−→


1 1 0 2
0 1 1 1
0 −1 2 −1
3 4 1 8


𝑅4→𝑅4−3𝑅1−−−−−−−−−→


1 1 0 2
0 1 1 1
0 −1 2 −1
0 1 1 2


𝑅3→𝑅3+𝑅2−−−−−−−−→


1 1 0 2
0 1 1 1
0 0 3 0
0 1 1 2


𝑅4→𝑅4−𝑅2−−−−−−−−→


1 1 0 2
0 1 1 1
0 0 3 0
0 0 0 1

 .



Page 2

Question 2. Suppose that
𝜑 : ℝ𝑛 × · · · ×ℝ𝑛 → ℝ (2)

is an 𝑛-linear, alternating function. Show that

𝜑 (v1, . . . , v𝑛) = 𝜑 (v1 − v𝑛, v2 − v𝑛, . . . , v𝑛−1 − v𝑛, v𝑛). (3)

for any vectors v1, v2, . . . , v𝑛 ∈ ℝ𝑛 .

Solution. By multilinearity we have

𝜑 (v1 − v𝑛, . . . , v𝑛−1 − v𝑛, v𝑛)
= 𝜑 (v1, v2 − v𝑛, . . . , v𝑛−1 − v𝑛, v𝑛) − 𝜑 (v𝑛, v2 − v𝑛, . . . , v𝑛−1 − v𝑛, v𝑛). (4)

Focus on the second term on the right hand side. Notice that v𝑛 appears in the first and last
component. Therefore, by the alternating property this second term is zero. Continuing in
this way, e.g. at the next step:

𝜑 (v1 − v𝑛, v2 − v𝑛, . . . , v𝑛−1 − v𝑛, v𝑛) = 𝜑 (v1, v2, v3 − v𝑛, . . . , v𝑛−1 − v𝑛, v𝑛) (5)

we eventually obtain the desired identity.


