SOLUTIONS TO HOMEWORK 4

Problem 1.

(a) Such a sectionis op(x!,...,x") = (x',...,x",0,...,0).

(b) Fix p € M. Let (V,¢), (U,¢) be charts of M, N near p,7(p) such that
7T = ¢ oo~ ! has the coordinate representation as in the rank theorem.
Without loss of generality we can assume that ¢(p) = 0 and ¢(7t(p)) = 0.
Since (V) C R™ is open there exists € > 0 such that the m-cube C is
contained in (V). Suppose x = (x!,...,x™) € C,, that is |x!| < e for all
i=1,...,m. Theny = rt(x) = (x!,...,x") is in the cube C. since each x’
has |x!| < efori =1,...,n < m. Conversely if y = (y!,...,y") € C. then
x=(y',...,y",0,...,0) € Cc and 7(x) = y. This shows that 77(C.) = CL..

(c) Define 0: C. — Ce as the restriction of ¢y from part (a) to the unit cube. Let
V=¢"1C) C Vand U = ¢~ '(C.) C U. Then the desired local section is

(1) c=gobodp l:U V.

(d) Suppose that for every p there admits such a local section ¢. From the rela-
tion 7t o 0 = j; we have

() drrp 0 don(p) = Tt u

which implies that dnp is surjective.

Problem 2. Let (U, ¢) be a chart for M. From this we associated a chart (=1 (U), ¢)
for TM where ¢: 7~ 1(U) — R" x R" is

©) 9(p,0) = (9(p), dgp(v)).

The coordinate representation of 7 with respect to these charts is very simple:

(4) T=¢omod a,v)=a.

That is, if 7r1: R” x R" — R" is the projection onto the first factor then 7 = ;.
Since 711 is a submersion and ¢ is a local diffeomorphism it follows that 7t is also a
submersion when restricted to 7171 (U). Since the chart (U, ¢) was arbitrary we are
done.
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Problem 3.

)
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)

(8)

©)

(a) Suppose that v is a vector in the tangent space at p of M viewed as a sub-

space of T,N. Thatis v = di,(w) where i: M — N is the inclusion and w is
some vector in T,M. If f € C®(N) is such that f|y = 0 then

of = dip(w)f = w(f o) = w(flu) = 0.

Conversely suppose v € T, N satisfies vf = 0 for any f € C*(N) whose
restriction to M vanishes f|y = 0. We want to argue that there exists w €
T, M such that v = di,(w). To do this we will choose slice coordinates for
M C N near p € M. That is, we choose an open subset U C N such
that U N M is the slice x"*! = ... = x" = 0, where the (x!,...,x™) are
coordinates for U N M. With respect to these coordinates the inclusion is of
the form

i(xt,..., 2™ = (x%,...,x™0,...,0).

Furthermore, in these slice coordinates we see that the vectors 2 J

axlr' c 7 9xMm
span Ty M, so that v € T, M if and only if o' = 0 for i > m.

To finish the proof we will show that v/ = 0 for any j > k. To do this we fix
abump function ¢ € C*(M) which is identically 1 on a small neighborhood
of p and vanishes outside of U. For j > k, define f/ € C*°(M) by f(x) =
¢(x)x/ for x € U (where we are using the coordinate on U) and f = 0
outside of U. This is smooth by construction and since ¢ = 1 near p we
have

oY (x)x/

_ sl
) =4,
Thus
9 j .
0=7o(f) = Zvlwszi)x )(p) =,
as desired.

(b) Since M C R” satisfies the local m-slice condition it follows that TM C

TR" = R" x R" satisfies the local 2m-slice condition. Thus, TM is an em-
bedded submanifold of R*" of dimension 2m.

Next, we show that UM is an embedded submanifold of TM. Since the
composition of embedded submanifolds is an embedded submanifold, this
is sufficient. Define f: R — R by the formula (x,v) ~ |v|%. This is a
smooth function and hence restricts to a smooth function f|pp: TM — R.
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Moreover, as a subset we have UM = (f|tpm) 1(1) C TM. We will apply
the regular value theorem to conclude that 1 € R is a regular value.
The differential of the map f atany (x,v) € Mis the linear map df(,): Tp(TM) —
R which sends a pair of m-vectors (1, w) to the number 2Y"; v;w;. So as long
as v # 0 the differential at (x,v) has rank 1. The preimage f~!(1) = UM
consists only of vectors with v # 0, so we are done.
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