Spin geometry
Problem sheet 2

Problem 1. Ideas from Atiyah—Bott—Shapiro

(1) Suppose that M = M@ M'is a graded Clifford module. Show that there is
an isomorphism of Clifford modules

(1) M 2 Cly @cp M.

(2) Let MS denote the Grothendieck group of graded modules for the complex
Clifford algebra C/¢,, and let AS be the cokernel of the homomorphism MS i i>
MS induced from the inclusion i: C/S — C/S 1- In class, we showed that
AS is a Z-graded ring. Show that there is an isomorphism of graded rings
AS ~ Z[a] where « is of degree two.

(3) For Y C X a closed subspace of a topological space X we have defined the
groups L,(X,Y) in class. Show that the natural map L,(X,Y) — L,+1(X,Y)

is an isomorphism.



Problem 2. The second Steifel-Whitney class

In this problem you will show that a manifold M admits a spin structure if and
only if wy(M) = 0.

(1) Fixametric and an orientation on M. Pick a good cover U = {U, } of M which
trivializes the frame bundle Fr3{ and suppose {gus: Uyp — SO(n)} are the
transition functions. Argue that there exists lifts {g,5: Uyp — Spin(n)} such
that ¢,y = 1 and gup = gﬁ_a1

(2) Define €,5, = Zuy8p,81p- Show that e,p,(p) € ker(Spin(n) — SO(n)) =
Z/2.

(3) Check that {e,p,} defines a Cech cocycle.

(4) Show that this cocycle is independent of the choice of a lift in (a). Thus, {€,s, }
gives a well-defined element

w2 (M) ¥ [{ens,}] € HA(M; Z/2) ~ HX(M; Z/2)

which vanishes if and only if M admits a spin structure.



Problem 3. Spin structures on Kahler manifolds

(1) Recall what an almost complex manifold, what a complex manifold is, and
what the canonical line bundle is.

(2) Endowing R?" with its standard almost complex structure defines a homo-
morphism i: U(n) — SO(2n). Show that the induced map

) i*: HY(SO(2n);Z/2) — H (U(n); Z/2)

is injective.
(3) Consider the determinant map det: U(n) — U(1). Show that
3) det*: HY(U(1);Z/2) — HY(U(n);Z/2)
is injective.
(4) Argue that spin structures on an almost complex manifold X are in bijec-
tive correspondence with double coverings of the U(1) bundle det(Frio(zn))
which restrict to the squaring map U(1) — U(1),z + z2 on each fiber.

(5) Further, show that on a complex manifold X spin structures are in bijective
correspondence with the set of isomorphism classes of holomorphic line bun-
dles L on X which satisfy L®? ~ K. Such line bundles L are called “square-
roots” of the canonical bundle.

Let G, H be connected Lie groups and assume that G is simply connected. If we
have a short exact sequence

4) 1-K—-G—H—1

with K discrete, then 711 (H) ~ K.

Let’s apply this to the short exact sequence
) 1—-Z—SUn)xR—=Um) —1

where the surjective map is (A,t) — e A. Since SU(n) is simply connected we see
that 7ty (U(n)) ~ Z.

Now, consider the fiber bundle
©6) SU(n) — U(n) £ st
Again, since SU (n) is simply connected we see that the induced map Z — m; (U (n)) —
m1(S') = Z is an isomorphism. By the universal coefficient theorem, it follows that
the map det*: H'(S';Z) — H!(U(n); Z) is an isomorphism.
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