LECTURE 1

The cohomology of the Hilbert scheme

Our goal in the next two lectures is to characterize the cohomology of the
Hilbert scheme. Specifically, we will compute a generating function for the Poincaré
polynomial. The main result is.

THEOREM 1.0.1. Let P, (t) be the Poincaré polymomial of Hilb, (C?). Then there is
an equality

1
1) Y 1'Pu(t) =] Tz m

ot
n>1 m>1 q

1.1. MORSE FUNCTIONS

Recall that a critical point of a smooth function f: X — R is a point xg € X
such that df|, = 0. If xq is such a critical point then define the Hessian of f at x
to be the linear map

() Hess(f, x0): TyyM X TyyM — R
given by
(3) Hess(f, XQ)(XQ, Yo) = (XY) (XO)

where X, Y are vector fields which evaluate to Xj, Yy respectively at xo. An easy
computation shows that the Hessian is symmetric and does not depend on the
vector fields extending v, w chosen.

If we choose local coordinates (x;) near x( such that x;(xp) = 0 then

(4) Hess(f, Xo)(X, Y) = Zhi]‘Xin, hij = (aia]‘f) (XO).
L]

Here X!, Y/ are the components of X, Y along 9;, d;. Of course, the Hessian appears
in the Taylor expansion of f near x( as

1
© F(x) = flx0) + 5 Dhigris; + 0(x°).
ij
Definition 1.1.1. A function f: M — Ris called a Morse function if all of its critical

points result in a non-degenerate Hessian. In other words, all critical points of f
are non-degenerate.

The utility of Morse functions lie in their rigidity.



2 1. THE COHOMOLOGY OF THE HILBERT SCHEME

THEOREM 1.1.2 ([Morse]). Let n = dim M and suppose f: M — R and let py be
a non-degenerate critical point of f. Then there exists a coordinitized open neighborhood
(x;): U — R" of po such that

© 6(p0) =0, flulx) = flpo) + 5 Lhirixy
Lj

Recall that if B is a symmetric, non-degenerate, bilinear functional on a vector
space V we can assign an integer called its index. There is a basis {¢;} for V such
that

) B(v,0) = —([o' >+ -+ + [o]) + (o™ P+ - ).
The index is defined to be the integer d. This integer is independent of the basis
chosen.

Let d(f, p) be the index of the Hessian of a function f at a critical point p. The
Morse polynomial is

®) P(t) Y {00 = ¥ (d)e,
P a>0

Here the first sum is over all critical points of f. The sum on the right hand side
simply reorganizes all terms so that the so-called Morse number yi¢(d) is the num-
ber of critical points of index d.

Perhaps the most direct relationship between Morse theory and topology is
through the famous Morse inequalities. Consider the ring Z((t)) of Laurent poly-
nomials with integral coefficients. Define an ordering on this ring as follows. For
f,g € Z((t)) wesay f > g if there exists Q € Z((t)) with non-negative coefficients
such that

©) f(8) =g(t) + (1+5Q(H).

Lemma 1.1.3. Suppose that A* — B* — C* is a short exact sequence of cochain com-
plexes and let P, Pg, Pc be the corresponding Poincaré polynomials. Then

(10) Py(t) < Pa(t) + Pc(t)

using this ordering.

The Morse inequalities relate the Morse polynomial to the Poincaré polynomial
of the underlying manifold

(11) Px(t) & Y2 (—1)F dim H* (M)
k

THEOREM 1.1.4. Suppose that f: M — R is a Morse function where M is a compact
manifold of dimension n and let P¢(t) be the Morse polynomial defined above. Then

(12) Py (t) < Py(t)

A Morse function f is perfect if the Morse inequality is saturated Py(t) = Py(t).

Example 1.1.5. Consider the sphere S" C R"*1 with coordinates (xg, x1,...,xy)
satisfying x3 + - - - + x2 = 1. The height function is
(13) hy: S" =R, (x0,%1,...,%) — Xo.
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This is a Morse function with two critical points N = (1,0,...,0)and S = (—1,0,...,0).
The index of the northpole is d(h, N) = n while the index of the southpole is
d(h,S) = 0. Thus

(14) Pf(t) =1+t"= PSn(t)

and so h is perfect.

In fact, a Morse function whose indices are all even is necessarily perfect.

1.2. MORSE THEORY FOR MOMENT MAPS

Suppose that a torus T acts on a compact symplectic manifold (X, w) with mo-
ment map p: X — t*. Let XT be the fixed point set of the T-action. For any ¢ € t
consider the function

(15) FE e X SR

Critical points of f are easy to describe in terms of the T-action. Indeed, x € X is
a critical point if and only if the vector field associated to ¢, denoted V%, satisfies
Ve|x = 0. This is equivalent to the condition that

(16) g-x=1x, forallg e expRC.
If ¢ is chosen generically then T = expR¢ and hence
(17) Crit(f) = XT.

The fixed point set X” decomposes into connected components as
(18) X" = U,erCy.

The main result that we will discuss next time is that in this situation the Morse
function is perfect as long as X is compact and we have the following formula for
the Poincaré polynomial

19) Pi(X) =Y tP(C)).
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