HIGHER-DIMENSIONAL CHIRAL ALGEBRAS IN THE JOUANOLOU MODEL
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LO ABSTRACT. We appeal to the theory of Jouanolou torsors to model the coherent cohomol-
PP y of ]

S ogy of configuration spaces of points in affine space A%. Using this model, we develop the
N operadic notion of chiral operations, thus generalizing the notion of chiral algebras of [2] to

— higher dimensions. To produce examples, we use a higher-dimensional conceptualization
8 of the residue which is inspired by Feynman graph integrals.
)
™
—
< CONTENTS
c Introduction 1
g 1. The Jouanolou model and a definition of higher chiral algebra 5
(S— 2. Feynman graph integral construction 12
—i 3. Examples of higher chiral algebras 37

> p & 2
% 4. The unit chiral algebra in A2 in detail 43
O Appendix A. Graph theory background 60
o pp p y &
g Appendix B. Compactification of Schwinger spaces 62
— Appendix C. Mathematica code for the chiral 5-operation 64
LO
N References 67

>

INTRODUCTION

The concept of a chiral algebra was introduced by Beilinson and Drinfeld as a ge-
ometrization of the so-called operator product expansion which describes the algebraic struc-
ture of local operators in (real) two-dimensional chiral conformal field theory (CFT) [2].
The primary goal of this paper is to introduce a model for the algebraic structure behind
the (derived) operator product expansion in higher dimensional holomorphic quantum
field theory.
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For a chiral algebra on an algebraic variety X, the chiral operations are parametrized
by configuration spaces of points on X. For example, on A! all such configuration spaces
are affine, so algebraically it suffices to pass to the algebra of holomorphic functions on
configuration spaces. On the other hand, for the configuration spaces of points in A9, d >
1 are no longer affine so to formulate a higher-dimensional theory of chiral operations it
is essential that we instead pass to the derived global sections.

In complex geometry, there is a strict commutative dg algebra which models derived
global sections given by the Dolbeault complex. What we require is an analog of the
Dolbeault complex that can be used in the algebraic setting. Following the ideas of [5],
we use the so-called Jouanolou construction to accomplish this. We first find an affine
variety, affinely fibered over the configuration space Conf,(A?). The Jouanolou trick is to
then consider the relative de Rham complex of this fibration as the explicit derived model
for the configuration space. When the number of points is 7 = 2 we have Conf,(A?) =
(A% —{0}) x A? and this model is used in [5] to give a definition of the dg Lie algebra of
derived currents valued in a Lie algebra (so, it plays the role of the Laurent series when
d=1).

Chiral algebras are defined within the context of D-modules. For D-module A defined
on an algebraic curve X, the space of n-ary chiral operations, following [?], is

(0.1) Homp,, (j.j*A™", A.A)

where j: Conf,(X) — X x --- x X is the open immersion and A: X — X X --- x X is
the diagonal embedding. Combining chiral operations of all arities results in an operad,
and a chiral algebra is simply a Lie algebra object in this operad. In genealizing this
to X = A we use the Jouanolou trick to provide an explicit model for the D-module
derived pushforward Rj, j* A®".

Let A be an D-module on A”. Then, for any finite set I, the Jouanolou model J! , [A]
(see definition 1.4) is a model for the D-module derived pushforward Rj, j*A¥!. Further-
more, as the set I runs over finite sets, the collection

(0.2) {Homp(M)l (Jgd [A], AiA)}I

forms a dg operad. Denote this dg operad by P;. Notice that by construction this operad
is GLj-equivariant. This is the main advantage of the Jouanolou model as compared to
the Cech-Thom-Sullivan cosimplicial model for configuration spaces used in [6].

Definition. A d-dimensional homotopy chiral algebra, in the Jouanolou model, is map
of dg operads

(0.3) Liesw — Pal Al



where Lie, is the dg operad of L, algebras.

Homotopy chiral algebras in the Jouanolou model define chiral algebras in the sense of
[7], but we make no assertion that the resulting co-category of Jouanolou chiral algebras
is equivalent to the oo-categorical description of [7].

The next main goal of this article is to provide explicit descriptions and examples of
chiral algebras in higher dimensions. Firstly, we describe, in explicit detail, the chiral
operations underlying the unit chiral algebra on A9. As is familiar from the theory of
vertex algebras, the Cauchy residue encodes the chiral operation of the unit chiral algebra
when d = 1. We generlize the residue to higher-dimensional configuration spaces in the
Jouanolou model. The key to our definition of the residue is the use of Feynman graph
integrals in higher-dimensional holomorphic quantum field theory. The analysis which
underlies the convergence of such graph integrals uses the compactification of Schwinger
spaces following [19]. A peculiar fact is that in dimensions d > 1 the unit chiral algebra
(in the Jouanolou model) has nontrivial chiral operations of arity k forallk =1,2,3, .. ..

The next part of this paper explores further examples of higher-dimensional chiral al-
gebras in the Jouanolou model. Using the higher-dimensional residue, we formulate a
higher-dimensional version of Wick’s theorem for chiral algebras in section 3 This leads
to explicit descriptions of so-called free chiral algebras (those which come from free holo-
morphic quantum field theories). As an application, we provide a higher-dimensional
free-field realization of the higher-dimensional Kac-Moody algebra of [5].

In the last part of the paper we focus on the case of complex dimension d = 2. We
flip much of the logic of the bulk of this paper in reverse, by using the L, relations to
explicitly characterize Feynman graph integrals. As we have stated, holomorphic quan-
tum field theory provides our inspiration for the definition of the higher-dimensional
residue in the Jouanolou model. Explicitly, our residues are given as sums over weights
of Feynman graph integrals. We show in section 2 that these residues satisfy an appropri-
ate L.,-relation, this is the essential structure underlying the unit chiral algebra in higher
dimensions. In section 4, we utilize the L,-relations to formulate a recursive formula for
weights of Feynman graph integrals in complex dimension two. The formula holds for
graphs of a special type, which we refer to as Laman type I".! We can state the recursive
formula, heuristically, as follows.

Theorem (see theorem 4.13 for the precise formulation). Suppose the complex dimension is
d = 2, and suppose that a chiral algebra has two-ary operation expressed in terms of the residue as
we have defined it. Then, the chiral operation associated to an arbitrary graph T of type Laman I" is

1The term Laman graph is derived from [15].
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completely fixed by the Lo, relations. Namely, there is a recursive formula for the chiral operation
associated to ' constructed using the residue.

As an application of this recursive formula, we explore a class of graph integrals when
d = 2. We compute, in full generality and explicitly, the weight of Laman I Feynman
graphs at loop orders one, two, and three (the latter using Mathematica). At lowest order
in derivatives, we find an exact agreement with the work of physicists in [8]. For example,
in the case of the two-loop ©-diagram, in complex dimension d = 2, we find the chiral
operation
(04)  pa(P3oPs2P1oP12Paodzo103) = % (A1 A (A3 +2A2)) - (A3 A (M +2A0)) - dz8,
to lowest order in derivatives. We introduce the notations in the main part of the text.
(for example, dz* denotes the holomorphic volume form shifted in cohomological de-
gree, and P denotes the propagator). Our compution is logically independent and more
general than [4] in the sense that we also include arbitrary derivative insertions at ver-
tices.

Conventions.

e Let k be a field with char(k) = 0. For an affine variety X = Spec(k[X]) over k
and a quasi-coherent sheaf M on X, we will not distinguish M itself and I'(X, M)
the space of global sections. We will mainly work over the complex numbers
k = C, but many definitions in this paper works for general field k.

e We will denote by fSet the category of non-empty finite sets with surjective mor-
phisms.

e ForI ={1,...,k} € fSetand a variety X, we write X' for X; x - - - x X; where X;
is a copy of X. Suppose that M is a quasi-coherent sheaf over X, we will denote
M the exterior product My X - - - X My over X! where M; over X; = X is the
sheaf M.

e A graded vector space V is a direct sum of vector spaces V = @ V; and we say
that V; is in degree i. We will use the k-th shift notation V[k], k ZGGZZ as well as the
suspension notation s ¥V, k € Z

(VIK])i = Vi

We also use |a| for the degree of a homogeneous element a € V.

e Given a manifold M, we use A®*(M) to denote the space of complex-valued dif-
ferential forms on M. If M is a complex manifold, to emphasize their bi-graded
nature, we will use A**(M) instead.
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e We use the following Koszul sign rules for integrals: If M, N are manifolds whose
dimensions are m, n respectively. Let « € A'(M), 3 € A/(N), then

JuJyere= o f e fe
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1. THE JOUANOLOU MODEL AND A DEFINITION OF HIGHER CHIRAL ALGEBRA

1.1. The Jouanolou model for configuration space. The reference is [2, Section 4.1.3,
pp279]. Suppose 7 : Y — X is a Juanolou map; i.e., Y is a torsor over X with respect to an
action of some vector bundle such that Y is an affine scheme. Then for any quasi-coherent
sheaf 7 on X, the global relative de Rham complex

MY, Qy/x @ °F)
is a model for RT(X, F). In fact, we have quasi-isomorphisms
MY, Qy/x @ T F) ~ RI(Y, Qy/x @ m*F) ~ RI(X, R (Qy x @ 7" F)).
Because 77 is a Zariski locally trivial fibration with fiber AN, the Poincare lemma for
differenitial forms on AN implies that the inclusions
F = m(Qyx @ m°F) < R (Qy/x @ m°F)
are quasi-isomorphisms.

For the finite set I = {1, ..., k}, we define a Jouanolou torsor over Conf; (Ad )
d k
W= (L wy(ef = =) = << <k © () x (490
5=
with the Jouanolou map

pr: Jgd — Confr(AY)

being the obvious projection. The projection p; is affine with fiber isomorphic to A® and
carries an action of the vector bundle VAIM — Conf;(A9) defined by

d
Vo= {¥ oz —2) =01 << ] < j} € (M) x (A1,
s=1

Lemma 1.1. We have Q°

—0°
Jf&d/Coan(Ad) I

1/ (A
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Proof. This follows from a standard fact in algebraic geometry. Since j;: Conf;(A9) —

(A")! is an open immersion, the sheaf of relative differentials Qéonf, (Ad) /(A1) = 0. The

sequence of maps J! ; 2y Conf 1(A4) LN (A)T induces an exact sequence

* 1 1 1
PO Conty (Dt aay = at rconty(as) > O-

The lemma follows. ([

We define the Jouanolou model (of the structure sheaf) over Conf;(A?) to be

(1.1) Voo = TT4a OF ) conty(at))-

From the above lemma, we have the following explicit description of the Jouanolou
model

= k[zf,x?l,dxj.l

A d S (5 s d S (S s\\s=L,...d

<s§1 x].l(z]. -z)—1, sgl dx].l(z]. - Zl)>1§j'<l'§k

Here d is the relative differential which satisfies d(x?l) = dx3,

]SZ] ..... d
1<i<k1<j<I<k

dz; = 0. We also use the
variable X5 for j > I and declare X5 = —Xj;-

Given I € fSet, let us denote by D ,4): the sheaf of differential operators on (A9)!. The
space of global sections of D4 is generated by z; and 9 subject to the usual relations
025, 2] = 1. We will mainly deal with quasi-coherent sheaves (D-modules) on (A")* and
to simplify notation we will not distinguish the global section I' ((A")¥, F) and F itself.

Proposition 1.2. The Jouanolou model Jf&xd has a left D payi-module structure where z; acts by
multiplication and

[aZ;’ d] = O/ az§xs = —x;l . xs.

jl jl’
for1 <s,t<dand1<i<k1<j<I<k

d
Proof. We only need to show that d,: preserves the ideal ( ), Xy (z? —z5) —1)] Zled Tt
J s=1 ==

follows from the following direct computation

d
0, (Z x;l(z; —2zj) — 1)
" \s=1

d
_ t S s s t
==X Yy x5y(25 — 27) + x
s=1
_ t t
= —le+le =0
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Remark 1.3. The intuition behind this definition is that one can use the following coordi-
nate transformation .
Ui

Y =
Y uy(z—2)

t=1

Definition 1.4. Given a finite set [ and an (’)( Ad) i-module Mj, the Jouanolou model of M is
the following dg O(44)i-module

]IIM(MI) =T (JIIM' J.Igd/Confl(Ad) ® P?]'?MI) = M; ®O(Ad)1 Jf&xd'

Note that if M; is a right (respectively, left) D ,4i-module, then ]gd(MI) is a right
(respectively, left) D 44yi-module.

Remark 1.5. One can show that ]gd (M) represents R, j; M in the derived category of D-
modules. In fact, we have the universal Jouanolou model [2, 4.1.3. (ii)] which is defined

as the jet algebra j;id = f]f&xd = Q;‘J"S,/O(M)z'
Al

model, we obtain our Jouanolou model by imposing the relations discussed above
P!
M (o i)

In terms of the universal Jouanolou

s __ S
X = XX

The universal Jouanolou model is also closely related to another model for the configu-
ration space

7l
(Z—2) (02, = %)

called the polysimplicial model which is considered in [6].

I
PAd -

The quotient maps
Voo € Tha = Pl
are quasi-isomorphism as D-modules. Furthermore, one can show that they are flat
O (a4yi-algebras. This implies that
Vi [M] = TialM] = Pyu[M].
The claim that J} ;[M] ~ Rjr.j; M follows from the fact that P} ,[M] ~ Rjp. j; M, see [6].

Our main motivation for the Jouanolou model is in order to formulate the concept of
chiral operations in higher dimensions. In complex dimension one, chiral operations form
the operadic structure controlling chiral algebras. Indeed, in [?], the authors define the
space of chiral operations as

Homp,, (j.j"M®, AV M), A (af)0) = Ad 5 (A1),
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Chiral operations form an operad for any D,i-module M = A, which we’ll denote
PEA]. A chiral algebra structure on A, following to Beilinson and Drinfeld, is a map
of operads

(1.2) Lie — PY[A]

We conclude that the Jouanolou model J{M (M) can be thought of as the domain of the
higher-dimensional chiral operation. We now move on to spelling out the definition of a
higher-dimensional chiral algebra.

1.2. The definition of higher chiral algebras. Let ] € fSetand M be a right D,s-module.
Then the space of global sections of the diagonal D-module pushforward of M has the
following expression

M ()7, aVHIM) = M@y, KA.
where A/ (A9) B = AT < (A?)] is the diagonal embedding and
KA =KL AYL KA = @ek[A] ., A7),
and the tensor notation — ®yy,) k[A;] indicates the following:

e fors=1,...,d, A, = ¥ A%,
icl
e fors=1,...,d, A] acts on M on the right as d.s.
The right D 44)i-module structure on M ®yy,) k[A[] is given by the following explicit
formulas

n@F(A) -zt =n-Z @ F(A) +n® InF(A), n@F(A}) 9y =n® F(A)AL.

For a non-empty finite set I with |I| = k, we define the space of d-dimensional chiral
I-operations, in the Jouanolou model, to be the dg vector space

P [M)(I = {x}) = Homp,

I/{*
o ’ (HV(M&I)/A*/{ }M) )

Ad
These vector spaces are naturally cochain complexes in representations for the symmetric
group Sg.
Definition 1.6. We define the action of the symmetric group S;; on P;};’J IM|(I — {*})
by

(o)(=) =0 (u(o™"-))

where



1. the action on J} ,(M™) is given by

U((x(z xjj, dxg;) - mlﬁ---&mQ

= () “(23<i>f %oty Potiyo(j))  Mo-1(1) B+ - B g1 .

o

where ml € M and X(ml, .. mk, 0) is the Koszul sign.

o (m@ f(A,.- o AR)) i=m @ f(Ag ), Aggp)-

Theorem 1.7. For a right D ya-module M, the collection

(P M (k) }ezo,

where we define the dg Sy-module

0, ifk=0;

PLIM (k) =
i (M (k) {Homp (]k (M=), Al k}/{*}M) k> 1.

has the structure of a dg operad.

Proof. The construction of the operad structure is completely parallel to [6]. Here we only
spell out how to compose two chiral operations.

Suppose that I = I’ | ] I"” and we are given two chiral operations py € PCM M](I" —
{o}), tyeyurr € P Ch][ M]({e} LU I" — {x}), we would like to define the corresponding
partial composition

Hieyurr © Hr € 77;;;'] [MJ(I — {x})

We first construct the following operation (by abuse of notation, we continue to use
Hr)
up € Homp , (JM(MW) JEI U (MR M) @, k[)\p]) .

We introduce a partial ]ouanolou torsor
I, A= {Z xii(z =1li,jel"oricl,jcI"} c (A" x (Ad)(“2‘)+“/|'“”‘.

(I/),I”

A Q7

N ) has the follow-
3,4 /Confj(A9)

The corresponding Jouanolou model ]X;)'I” =T

ing property

1"

), I
JAd_JAd®O ,/JAd .
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First, the chiral operation p gives rise to map
T M=) = T (7 (ME) MP) — 1T (Al MR P,
Consider the following O 4«)i-module

(MEM) @0, i

The identity map can be extended to a D-module map

Iy (AT MR M) = (M @y, KAL) BMH ) @0, 100

— ((M& M&I”) ®O<Ad)l Jg;)’1”> ®@1a. k[Ar]

We then define the map
, I// 1"
JM) ]{ U
xl]|—>x,] ) x]]r—>x]] / s:l,...,d,iEI/,j,j/EI//
z§ > z§ zj — zj

which is a map of k[A.]-modules. It induces a map (by abuse of notation again)

s (MBEMT) 8o, 10" ) @xpka) > (MEMT )0, 35") @ KA,

o}uI”
This morphism c(!') is an explicit model for restriction along the diagonal.
Using the morphism c(!'), we can construct the D-module map
Mool i (AT MR M) — i (MBE M) @y, KA

To summarize, we have

" ’ " ,XId ’ 1"
ey Thy (MED) = 77 DT (o B g a1 g ety €000 gl v Ry @, KA.

We can further compose pycy with i, |7 € P Ch][ M]({e} U T" — {x}):

I 1 He |y
Moo prcr t Jha(ME) 25 hre ]{ (MR M= ) @xpr K[Ar] Al M @yp, ) k[A o] @i k[Ar]

=M ®k[)\*] k[A]]
By slightly abuse of notation we define 4117 © py 1= He 17 © pycy- O]
We conclude this section with our main definition.

Definition 1.8. A homotopy chiral algebra in the Jouanolou model is a dg D ,«-module A
together with a map of dg operads

Lies, — PCh T1A]

where Liey, is the dg operad controlling L, algebras.
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Explicitly, then, to construct a chiral algebra we must product a collection of D-module
maps {u;} which satisfy the L, relations.

Remark 1.9. A homotopy chiral algebra in the Jouanolou defines a d-dimensional chiral
algebra, up to equivalence, in the sense of [7].

Remark 1.10. In dimension d = 1, the notion of an L, chiral algebra has recently appeared
in [18]. When d = 1, our definition reduces to that of loc. cit..

Remark 1.11. Using the method of Thom-Sullivan-Whitney for computing homotopy lim-
its of cosimplicial spaces a different model for configuration spaces has recently been
presented in [6]. The notion of a chiral algebra in [0] is equivalent, in a homotopical
sense, is equivalent to the notion we present here. On the other hand, explicit examples
are presented quite differently in each respective model. For instance, it is clear from
our constructions that the examples of chiral algebras which appear in section 3 depend
continuously on the input data. Additionally, the Jouanolou model has a GL;-symmetry
which endows the Jouanolou operad with a GL;-equivariant structure. Furthermore, our
later construction of the unit chiral algebra is GL;-equivariant, which is not true for the
model given in [6].

Another advantage of our approach is that chiral operations in the Jouanolou model
are manifestly related to holomorphic quantum field theory; indeed, our construction
of the unit chiral algebra uses Feynman graph integrals as we will soon explain. Going
the opposite direction, we will see in section 4 how our chiral operations can be used
to recover explicit formulas for expectation values in higher-dimensional quantum field
theory.

Before we move on, we point out a general construction which mimics a construction
for ordinary, d = 1, chiral algebras. Let #(—) denote the de Rham cohomology functor.
Thus, to a dg D-module A, we obtain the sheaf 1(A) = A ®p O. For A a chiral algebra
in the Jouanolou model the chiral operations endow 1 (.A) with the structure of a sheaf of
L algebras.

Let I = {1,...,m}. Observe that there is a natural map
(1.3) AR gl (AR,

We can post compose this map with the chiral operation p; to obtain the map of dg D-
modules

(1.4) ABm _y AV 4
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Applying the de Rham functor #(—), we obtain the m-linear map
(1.5) WAR---KA) — Alh(A)

where now A. denotes the sheaf-theoretic pushforward. Applying adjunction, we obtain
the m-linear map

[—]m: h(A) x - xh(A) = h(A).
The L, relations which are satisfied by the chiral operations {y;} defining A immedi-
ately yield the following.

Proposition 1.12. The operations {[—],,} endow h(.A) with the structure of an L, algebra.

2. FEYNMAN GRAPH INTEGRAL CONSTRUCTION

In this section, we will use Feynman graph integrals in the setting of holomorphic
quantum field theory to construct the unit L, chiral operations in any dimension. In
section 2.1, we recall the standard chiral operation in dimension d = 1. Of course, here,
the chiral operations of the unit chiral algebra are strict in the L, sense. In higher dimen-
sions, we largely use the techniques developed in [19].

We will work over k = C throughout this section. The affine variety A“ is understood
as C“ with analytic topology. For example, O, is the sheaf of holomorphic functions on

C.

Theorem 2.1. The D-module wya[d — 1| carries the structure of a GLg-equivariant homotopy
chiral algebra in the Jouanolou model. For each k, its k-ary operation is expressed in terms of the
higher dimensional residue, see definition 2.19. It is a model for the unit homotopy chiral algebra.

2.1. The unit chiral algebra on Al. We begin by reviewing the one-dimensional unit
chiral algebra w1 and how Feynman graph integrals can be used to repackage the chiral
operations. Our most novel viewpoint is the utility of Schwinger space integrals (see
appendix B) to express these operations. This approach will apply more generally and
allow us to construct the unit chiral operations in higher dimensions.

When d = 1, the model for the source of two-ary chiral operations for w,: is

=)

]I{&%’z}(wi{l’z}) = {f(zl,zz)dzl Rdzy | fek [zl,zz,
while the target for the two-ary chiral operations is
(2.1) Wy @k, kA1, Ao

where A, acts on wy1 by d; and, on the left, acts by A, = A1 + Ay.
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Definition 2.2. We define the chiral operation py = pyy 5 for the unit wy: by the follow-
ing formula:

uZ(f(leZZ)dzl IE dZZ) — %e_(}\l‘f‘AZ)w ( f(zllzz)eAlzl‘f‘AZZZle & d22>

s
Zo=w

Z1=2p

where §, __ is the contour integral of variable z; over a simple loop around z.

We unpack the definition. Suppose that

o — 8(21,zz)ndzl R dz, € ng,z}(w&{l,z})’

(z1 — 22) Al
where g(z1,22) € k[z1, z2]. Expanding, we find that
1 _ (z1,22)
_ b —imw (]{ 821, 22) nm+hng, K )
HZ(‘X) 27_[1,8 21=2o (Zl - ZZ)ne dz1 B dzy Zy=w
1
_ ,—(MF)w n—1 Az1+Aw
=e¢ V1th =1 (821 (g(zl,w)e 17 )) Zl:wdw
1 n—1
= CESI] ((E)Z1 + A1) g(zl,w)) - dw,

S0 Ha(ex) € wyn @y, k[A1, A2]. For example, when ¢ = 1 this reduces to

dz1 W dzy ) . /\11171
22) H2 <(21 —)) T 1 09

Proposition 2.3. py defines a chiral operation, i.e.,
1 € Piilwum](2)

Proof. We prove that pi is a D1)2 [(A!)?]-module morphism.

Recall that the D-module structure is determined by the rules

a-zi =2ziX, -0z = —0 <<ng(zi’ZZ22))n) dz1 X dz,.

Thus, we can directly compute:

1 ziq(z1, 2z
(- zi) = ﬁe*@ﬁ)\z)w (i ] M6A121+A222d21 d22>
1=42

(z1 —z2)" Z=w
— i‘e*(Aﬁr)\z)w <]{ Ma)\i (67\121+7\222) dz; X d22>
2711 z1=2p (Zl - ZZ)” Zo=wW

_ L(w + a/\) e—()\l-l-/\z)w (7{ g(Z1,Zz) e}\121+/\222dzl &d22>
2711 ' 2=z (21 — 22)"

Zz—w)
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1 21,2
Mz(tx . azi) = _7'3—(?\1+7\2)w (]{ az (g(lz)n) 7\121+7\222d21 &dzz)
Z1=2Zp

2711 (Zl - ZZ) Zp=w
— _Le—(A1+Az)zv (j{ 5. < 8(z1,2) ?‘121“222) dzi @dzz)
2711 Z1=2p (Zl - ZZ)n Zp =W
+ L‘e—(Aﬁ-/\z)w <j{ Mazi (e/\121+7\222) dz; X d22>
27TZ Z1=2p <Z1 - ZZ)n Zp=w
04 D ( 7{ 8(21,2) zinng, g dz2>
271i 2=z, (21 — 22)" Zy=w

= wp(e) - 0z,
O

The special feature in dimension one is that the unit chiral algebra has trivial higher
operations. Notice that by simple degree reasons, the unit chiral algebra must necessarily
have vanishing k > 3-ary operations. In fact, the operation p, satisfies the ordinary Jacobi
identity.

Proposition 2.4 ([2], see also [13]). The operation ; satisfies the Jacobi identity, hence it defines
the structure of a (strict, one-dimensional) chiral algebra.

In the definition of chiral operation for w1, we used the residue. Now we introduce an
alternative method to define the residue. The advantage of this definition is that it lends
itself to a natural higher-dimensional extension. Thus, this is the approach we will take
in the next section to define the higher-dimensoinal chiral operations (for the unit chiral
algebra). The first step is to prove the following integral representation of the Cauchy
kernel.

Lemma 2.5.

1 +oo .
o vd
z /0 ¢ Yr

where y = %, and dy is viewed as the differential form
1, z
The integration is over t. We call t the Schwinger parameter.

Proof.

1 z +oo - too  ; 1 +00
(2.3) === / sp— 22t gy — _/ e tzd () — _/ efzydy.
z 2z Jo 0 t 0
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Letx = ( 2) 4z, we can use above lemma to rephrase the residue:

]{ x = 8z )dz
z=0 =0 z"
Z n
_ kltk ZZ dydz,
/M, Jue B [y

where §' = {z € k=Cl|z]* =1}, yy = £

Let dy1, d; be the de Rham differential on Al and (0, +00)" respectively. Then, the
differential form appearing in the above formula is (d 1 + d;)-closed:

(dp1 +dy) (e (zis i>zzg(z) I1 dykdz> =0.
k=1

We will find an equivalent way to express the residue §,_, « in terms of a homologous
integration cycle.

Let
ST((0, +00)") = {(F1, - 1) € (0, +00)"| ¥ £2 = 1} C (0, +00)",
k=1

by using Stokes theorem carefully, we can get

— ):1?115 Z - dy.d
P o o s [
= /]e (Z" “k)zz z)ﬁdykdz.
A k=1

§+((0,400)")

Rather than constructing a homotopy between this two integration cycles, we provide a
direct computation to obtain this result:

Proposition 2.6. Let o = £ dz, we have

1y ~(Ta )z T 92~'¢(0)
= j dydz = .
27ti /s+((o,+oo)")/Ale ‘ g(z)kgl Yiiz (n—1)!

Proof. Noticing the integral of Gaussian type, we can apply Wick’s theorem to obtain

(2.4)

1 / 7(23:1 l)zi = n-1_ 1 L -

— | e W% (2) [] dyrdz = (—1) Laek”k g [ldye )|
27i Ja kl;ll Yioig kgl 2=0

where 15, denotes the operation of taking the interior product of the vector field d; with
a differential form.
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Notice that as operators acting on differential forms, we have the following relation

1020z 1 0:0:
eM=1k o (dy; A—)oe=1k = dy; A+d(

IF—

So, we can express the Gaussian integration as

1/ e_<zzzli)22g(z) ﬁdykdz
Al k=1

2718
1

" 1
=(—1)”‘1k§<(—1)k‘1 e [T A )) 9~'(0).

n n
Yir—11, KZk  Lk=1%,

Therefore,

L _():Z:l %)Zz
5 /s+((0,+oo)n) /Al e /7 g(z) dekdz

n 1 1
= (-1t g(0) | z(<—1>k-1 L Tl 1>>.

n 1 n
S+((0,+00)") k=1 Zk”:l T KFk Zk”:l For

To compute the integral over ST ((0, +00)"), we apply localization to the following
R4 = (0, +o0)-action on (0, +00)":

A-(t, - b)) = (A1, -+, Aby), A€R,.

We notice that

i ((_1)k1 b - Hd< [ - ))

n n
= Yhr=15y Kk Lk=17,

induces a well-defined differential form on (0, +00)" /R, so we have

n 1 1
(_1)n—1/ (_1)k—1 fy d( ty )
S*+((0,+00)") kgl Z]rcl//zl tk% kI/}k ZZ”:l 1

n 1 1
t
_ (_1)71—1/ (_1)k—1 fx d( k )
({1, ) €((0+00)") | Ky =1} k; Yi1ty, kgk Yot 1y

— y —1)1y duy
/{<u1,~--,un>e<(o,+oo>">z;:m—l},;l(( ) kkgk ")

1
(n—1)0

Thus, the conclusion follows. O
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Although the expression
1 *(21?71 %)ZZ -
— e =15 Z dydz
i /5+((0,+W)H)Al 8( >k1;11 Yk

appears to be more complicated than the purely holomorphic contour integral

1y 8@,

27 J,—o z"

we will show that it can be extended to higher dimensional affine spaces in the next
subsection.

Remark 2.7. This computation is parallel to the calculation in [17], where the author iden-
tifies the QME in BV formalism with a Maurer-Cartan equation in a vertex algebra.

2.2. Holomorphic Feynman graph integrals. In this subsection, we lay out the prereg-
uisite work on Feynman graph integrals which are central to the concept of residues that

we develop for the Jouanolou model of (w q[d])*.

Let A%*(Conf;(A%)) be the Dolbeault complex of the structure sheaf O(Conf;(A%)).
Define the map
i:Jh, — A% (Conf;(A?))
75—z zZ; —Z°
i(28) =25 i(x)= —L ji(dx)=9o —L
i(z]) = zj, i(x})) ER—— i(dx};) =0 (|Zi —z]-|2> .

Here:

s € {1,2,...,d} is the coordinate index.
i, j € I are elements in the ordered set.

! J

d
|zi —zj|* = ¥ (zf —2t) (2l - z%) is the squared norm.
t=1
d is the Dolbeault differential.

It is easily checked that this map is well-defined and is a morphism of commutative dg
algebras. The map i is dense in cohomology.

We also point out that i is a D 44i-module morphism. Similarly, we can define a natu-
ral dg D ,4)i-module morphism

Voo (@pald])™') — A% (Confy (AT), (wpa[d])™).

In the following discussion, we identify the elements of J! , ((w,q[d])®!) with the cor-

responding elements in A%* (Conf;(A9), (w,a[d])®7).

2In fact, i is injective, but we will not need that.
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2.2.1. Schwinger space. In our previous discussion of residues when d = 1, we repre-
sented the residue kernel { as an integral over Schwinger parameters. Now our goal is
to introduce similar integral representations opf i(xj;) and i(dxj;):

Lemma 2.8. We have the following equalities:

D
T gl g
—_ _ —(ZijlYij s,
i) == [ e Gy
2)
(i T Gyl :
i(dxg;) = —/O e Y (z|dyij)dyg;
Here:
* Y= 25;2;, where t is called the Schwinger parameter.
. zf.]. =2z — z;:.

d
ziilyii) = ¥ z5.y5. is the dot product.
ilYij = l]yZ] p

dy;; is the differential form

dyi — dz; — dz; B (2 — zj)dt
Y t 2

the integrations are both with respect to the Schwinger parameter t.

Proof. We note

zi —Z8

() = ——
Z(xz]) ’Zi—Zj‘Z

= (2 - 2%) / T gy
=(z-%) [
N S L/ e |
——@-a e ()
+o0
— _/O e*(Zijlyij)dy?j‘

In the last line we have used the fact that only the dt component contributes to the inte-
gral.
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By using dominated convergence theorem for derivatives, We can interchange the or-
der of integration and differentiation when z; # z;. So

_ [ [T
i(dxf-]-) — (/0 e*(zi,-\yf,-)dyls])
+oo _ L s
e ~ (el gy
— /(; (a + dt) (e 2 }/1] dyl])

T il
= —/O e WV (zijldyij)dy,
where d; is the de Rham differential over the Schwinger parameter space. Again, we

emphasize that only the term proportional to dt will contribute to the integral. [

The following proposition is useful and is a direct computation.

Proposition 2.9. For i, j € I define the vector field

d
Vi = s;(zf.az]s_ + zj-azj_) + t0;.

If Ly and v denote the Lie derivative and interior product operator, respectively, then we have
if ij
the following identities:

LVl_J_e—(ZijWij)dyls,j =0,
Lvijef(zijwij) . (Zl]|yl])dyf] — O,
LVije’(Zi/"yi/')dy?j =0,

LVijgf(Zij‘yij) . (Zl]’yl])dyf] =0.

2.2.2. Feynman graph integrals. Next, we introduce a graphical language to encode ele-
ments in the Jouanolou model. To this end, we introduce some concepts from graph
theory.

Definition 2.10. A directed graph T consists of the following data:

(1) A set Ty of vertices. We use || to denote the number of vertices.
(2) An ordered set Ty of directed edges. We use |I| to denote the number of directed
edges.
(3) Two maps
t,h:T1 — To,

which are assignments of tail and head to each directed edge. We require that

t(e) # h(e)
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for any e € T}, i.e., the graph T has no self-loops.

Furthermore, we say that a directed graph T is decorated if we have a special edge ¢; € T}
and a map
m: Ty —{1,2,...,d}.

We will use (T, m,1) to denote a decorated directed graph. For simplicity, we will also
call a decorated directed graph a Feynman graph in this article.
If T' is a directed graph, we may use the following notations to describe Ty and T:
F0:{1<---<n=|r0|},
M={e< < e }-

Definition 2.11. Let (T', m l) be a Feynman graph we define
) d

1<s<d
=TI P H dx, ekxl]’dxw]zqero

e<ecly 61§6’6F1

P(F,m,z)( o

where the order of the factors is determined by the order of T;. We have used the con-
vention

xgm(g) =X

me) (o)
Heh(e) = (o))"

Wecall p , ) the corresponding monomial of (T, m,1).

As we vary over all Feynman graphs {p ,  } spans klxj;, dx; ]]1<s<d SO we can use

ij’ i<jely’
Feynman graphs to represent elements in k[x? dxl]]1<s =d

i i<jely’
Definition 2.12. Let ' be a directed graph. The incidence matrix p = (p.;), cF, ict, 18
1, ift(e) =
Pei = § —1, ifs(e) =1,

0, otherwise.
The weighted Laplacian matrix is the Iy x ) matrix defined by

z; = Z pez pe]

€€r1

which is defined for t = (t,) € (0, +oc0)"

Proposition 2.13. Let T be a connected directed graph. Then the matrix Mi(t) = (Mg(t)if); jeFy—{n}

. . . —1 _ —1 » . . .
is invertible. We use M (t) = (M=~ (t)if); jefy—{n) 0 denote the inverse matrix.

Proof. See Corollary A.7 for an explicit description of its inverse. O
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Thus, we can define the following graphical Green’s function d L) = (d% Y()ei), Ty icTy—{n}

by the formula

which is defined for t € (0, +00)".

Using these notations, we can finally describe the type of integrals that we are inter-
ested in.

Definition 2.14. Let (ﬁ, m, ) be a Feynman graph and denote Iy = I. Given

B € (wpyald))™
and
n d n
il Ai A7
eigl(z‘ ) = esg] iglz € COO((Ad>I X (Ad)l)/

the Feynman graph integrand is defined by

- y il Ai
W((F,m, 1), g™
(2 (2 i (zi|Ai)
= Pty (€~ Ay ) —em Celve) (2, |y, ) dyt e= T @ p,

(Ad)l—{n}

Zt(e) —Zh(e)

e

where z, = Zt(e) — Zh(e)r Ye =

The following proposition is a result of Wick’s formula for Gaussian integrals.
Proposition 2.15. For each t = (t,) € (0,+00)" the integral

. " n
W((E,m, 1), ge= )

over (A?)={"} converges. Moreover,

1) If T is disconnected,

— y Zj A,‘
W(E,m, 1), ges ™) = 0.

(2) IfT is connected, we have the following explicit formula:

_, n zl/\
W(T,m 1), ge= )

d
= (=2mi)"Y (‘n?ll(ddziddfi) © Py (4T, = (L (O +22) 0 df) 0 dg")
s=1

(1@ B))s—01<icn1€
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In this proposition, we have introduced the following notations:

e We introduce the following coordinates on (A%)! = (A9)":

Zy = Zn.

{Zi—zi—l—zn, ifl.#i’l,

® Ly (gizgiz,)’ if y € AY=1An=1)((A?)I={n}) is a top form, there exists a unique
y' € C*((A)!={nh), such that y = ¥/ [T/ (d?z;d"Z;). We define

)

M (@izatz) Y =V
If y is not a top form, we define

) (@izaiz) Y = O-
e dfj;: it is an operator defined by

n—1

A = X (A ()ejdZ; +d(d: (£)e)) (05 + A7)

=1

wheree € Ty, 1 < s < d.

Proof of propostion 2.15. To simplify notations, we define

(2 m (2 m i (zilAi)
W = pe (e Gy, e G0 (ze[dye)dye)e= ™ & B

We first prove part (1). If T is disconnected, let T be a connected component of T', such
thatn ¢ . LetV = Y. 0z, ty is the interior product operator of V. We can check that
it

(W) =0,

so W is not a top form on (A9)!~{"}, Hence
W((T,m 1), g @) = [, . W=0
s eyt )y - (Ad)lf{n} — Y.

Now, let’s prove (2). If ' is connected, by using coordinates {Z;}, we have

n—1n—1 _

2 Y M, "F 3+ (] )
i=1

W=e =1/l p(ﬁ,m,l) (—dygi(e), _(Ze|dye)dy£n(e))€i:1 ® .
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Since T is connected, Mg (t) is invertible by proposition A.7. As our integral over
(A%)!={"} is of Gaussian type, we can apply Wick’s formula to get

o zl\/\)
W((T,m,1), ﬁet 1 )

T (d92,d7Z; )
n—1 n
m(e 5 m(e)\ L (ZilAi)+(E| X Ai)
(p(l_:,m,l)(dye ( )/ _(ZE|dye)dye ( ))61:1 = ® [3)

d n—1n-1
‘ 1 Y L ¥ MI'(1)ij0505
= (—2mi)"=1) ) (LH”ll(ddilddii) oetiztim T t
(t) B

Z —
= e ==t Hdzdzl/\t
i=1

(detMr- ; d

n—1 n
= T (Z]A)+(El X &)
Pty (— e, — (Zeldye)dyt e EM g ﬁ)

%=0,1<i<n—1

To simplify the notation further, it is convenient to choose the following basis for one-

forms:
dz; = dz; forl <i<mn,
-1 n—1
- = 1z 1oaz. <i<n-—1
]Zl d (M " )i]_ ) jgl <d(MF(t)ij)z i+ Mr(t),-jdz ]) for1<i<n-1,
din == dZn
\dte = dt, fore e Ty,

where Z/; is a smooth vector-valued function defined by
_ n—1
Z/i = Zl Mﬁ(t)ijz]-.
]:

The dual basis for vectors transforms as follows:

0z, — 03, forl1 <i<m,
-1

9, = L My, 9z, for1<i<n-—1,
=1 ’

dz, = 95,

U = — L My, ate(M() )('j]07) foreeTi.

L i,jkel—{n}

We notice that

_ d
patzaz) = (A€t My gt goz iz
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so the Feynman graph integrand becomes

- y Zj Ai
W((E,m, 1), ges )
d n—

1
Y ¥ 0:505s
_ ~Nd(n—1 z2 /
= (=27i)"Y - (@dzadzry) © €T

n—1 n
m(e - mie)s L (ZilA)+ (2| X A)
Pt m (—dYe )~ (z.|dye)dy))es =Y

z=0,1<i<n—1

Notice that when applied the exponential, we can trade multiplication by the coordi-
nate function Z; with the derivative with respect to A; = ]\f(e) — A ()"

n—1 n n—1 n n—1 n
Y (Zi|Ai)+(Zn| X A Y (Zi|A)+(Zn] X A Y (Zi|Ai)+(Zn| X A
dei:1(2| )+(2 ‘;‘:1 )zaAgei:1(2| )+(2 ‘1:1 ): (8;% —E)A;(E))eizlm )+(Z ‘;‘:1 )/
It follows that
n—1 n
_ X (Zi|A)+(Eal X A)
Pty (—AYe", = (Zeldye)dyt ) e =
F A+l $ A
= P(emn (= dye'", Z 0y o dys) oy et =
s=1
We also notice that, as operators, one has
Y 0o 3y 00
es= 111Zf Z/lodye_dyeoeslll i ,s
where
n—1
~ 1 =S -1
Ay = 21 (d (d1(8)ej2'5) +d (d=7 ()ey) 9z)
j=
So we have
121:;1218 3
ess1ic G 7 OP(F,m,Z)( dye , Z dxs ody;) odye m(e ))
s=1
d n—1
Y X a a/s

:p( )( dye ’ Za/\sodye)odye())oes 15 i
=1
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Applying these relations, the Feynman graph integrand becomes
W((F,m, 1), pe= )

= (—27i) d(n=1) (Ln?ll(ddiiddz_/i) o p(ﬁ,m,l)( dye / Z dx; 0di;) o g, s ))

n—1
Z,‘/\l‘ Zy A
ACIARCTp >(1®[5))

£=0,1<i<n—1

d n—1 n—1

Y X 005 Y (Zi|Ar)+(Za] Z Ai)
The factor es=1i=1 " *! disappears since ei= 5 (1® B) is holomorphic. We fur-
ther notice that
'y i Ai n y Ai v i A n A
a0 el L (Z[A)+ (2l L ):et* (ZilA)+(2 IE i) 0 dF,

where

. n—1

dijs = dis+ Y d (d (Bef) A3
j=1

Then we have

n—1 n
_m(e X (zi|A)+(Eal X A)
P( )( dye ’ Z a}\a o dye) o dye ( )) oei=1 =

n—=1
Zi| i)+ (2] X A d = =
:ei;(zl )+l L )op( dye (Y (0 + 22) odgi)odyfg”(e)).
s=1
Finally, we get
X (ziA)

W((T,m,1), Belf )

d
= (=2t (‘H;‘11<ddziddz'ff) 0 Py (—478), = (Y (0 + 25) 0 ) 0 di)

s=1
(2] £ A)
1® ﬁ))|2i:0,1§i§n—l e =
d
B <_27Ti)d(n71) (Lny_ll(ddziddfi) © p(F,m,l)( d]?? e 7 Z aAs —|— Z ) (e} dye) o dye ( ))
s=1

(1®B))|s—01<icn1€ =



26 ZHENGPING GUI, MINGHAO WANG, BRIAN R. WILLIAMS
. o )LL (zilA) | . . ) .
We have shown that the expression W((T', m,I), Bei=1 ) is a well-defined differential
form in the variables t = (t,) € (0, +-00)I"|. Now, we want to prove that this integrand is
integrable over

|
ST((0,400)11) = {(ters - e, ) € (0,+00) M| Y £7 =1},

I
i=1

We use the compactification technique of Schwinger spaces from [20, 19]. We refer to
(0, +00)" as the Schwinger space of the graph T'. In order to integrate, we fix the orienta-

/ H dt, = LN,
(O’L)‘rll CEFl

tion by the following

where L > 0.

There is a natural partial compactification of (0, —|—oo)|r1 | which is constructed by it-

erated real blow up along corners of [0, +-00)I"|. We collect basic properties of the par-
LY
tially compactified Schwinger spaces in the Appendix B. We use [0, +o0) " to denote

the partially compactified Schwinger space of I'. One of the key properties of this partial
M

compactification is that the closure of $*((0, +00)/"l) in m , which we denote by
S*((0,+00)),
is compact. Additionally, we will use the fact that the graphical Green’s function
dﬁ_l(t)ei, icTy—{n}, eecly,
which is originally defined on (0, +00)IMl, can be extended to a smooth function on

I’
[0, +00) 1, see lemma B.6 in the appendix.

Proposition 2.16. Let (T, m, 1) be a Feynman graph and denote Ty = I. Given
B € (wpald))™

and ,
> (2| A
o5 = B ETY ¢ oo ((atyT x (at)Y),
the Feynman graph integrand

¥ (zilA)
-

W((T,m,1), Bei )

.
can be extended to a smooth differential form on [0, +00) L n particular,

= ¥ (zilA)
. W(Q(T,m,l), Be=t
Jov s, WD), B
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is convergent.

Y (zi|A)

Proof. By Proposition 2.15, we have an explicit formula for W((T', m,1), Be=t ) Since
F i|Ai
dF_1 (£)eis smooth on [0, +00) , the operator di; is also smooth. So W ((T', m,1), ﬁeﬁ = ))
can be extended to a smooth differential form. Finally, since S*((0, +oo)r1) is compact,
the integral
/ (T, 1), e = [ W((E, 1), et )
- ei=1 = ei=1
ST((0,400)11) 5+((0,4+00))

is convergent. 0J

2.2.3. Properties of Feynman graph integrals. The next result is about the scaling invariance
of the Feynman graph integrals that we are studying.

Proposition 2.17. Let (T, m, 1) be a Feynman graph, such that Ty = 1. Given
B € (wpald)™

and

n d n
il Ai A
eigl(z‘ ' e € C((A) x (AN,

then we have the following consequences:
(1) Let Ry act on Schwinger space by rescaling
A (teysostey) = (Arter, o Arter),
where A € Ry, (te,, ..., tglrl‘) € (0, +oo)ﬁ1. Then, the Feynman graph integrand

- > (2
W(E,m 1), et ™)
is R -invariant and hence induces a smooth differential form on (0, +o00)"1 /R,
(2) Let S C (0, +00)" be a submanifold, such that the natural map S — (0, +00)"1 /R is
a diffeomorphism. Then we have

Y (zilA)

/w I"ml)ﬁetl ) =

ZzM)

. W et* .

Lo, WD), =)
Proof. Part (2) of the proposition is a direct consequence of (1). Let’s prove (1). We need
to show that the weight is an equivariant, or basic differential form with respect to this
group action. Let V = V; 4 V,, where V| = Z Z z 8~s Vo, = Y t.0;,. Notice that V; is

s=1i=1 eeﬁl
the infinitesimal generaotr for the R -action as defined in the statement.
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As before, for shorthand notation define

- > (2|
W= g (e Iy, —e ) gy e H

By Proposition 2.9, we have

So we can get

- gnl (zilA) . .
LVZW((F, m, l)lﬁel_l ) - /(Ad)l{n} LV2W - /(Ad)l{n} LVlW o 0

by Stokes’ theorem. Similarly,

" )E (zil M) ~
W W, m, 1), Bt ) = + /(Ad)l{n} W =0

by type reasons. O

= ,il(z,»\m h
)T“l)W((r/m,l),ﬁe’* )Ont e

actual Feynman graph (T', m, ). This is summarized in the following result.

We turn to the dependency of the integration [ (0,400

Proposition 2.18. Let (F, m, 1) be a Feynman graph, such that Fo = I. Given

B € (wyald))™
and ) L
oH Y 2 (B ET € co((aty! x (aty,
then we have the following consequences:
(1) Let 1 < Iy,1p < I, 1 < 14,1, < |Ty|, we use 01112(ﬁ) (Ulilé(l_")) to denote the Feynman
graph T with the order of er, e, € T ( ey, ey € 1) interchanged. Then we have

) L (1) E (z11%)
5+((0,+00)‘71112(':1) W((Ulllz(r)/ ) f3€’ 1 ) = fS*((O,—&-oo)Fl) W((F, m, l) ﬁelf )
z,\)\) le)\)
w0 W (F),m, 1), e ) = = Jst 0,100y W m, 1), pesi )

S*+((0,400) 112

(2) For1 <s<d,i,je Ty, let (T",m?,1) be the Feynman graph which satisfies the follow-

ing:
e T' C TV is a directed subgraph.
[ ] Fé = ﬁ).

o T = {eg} UTY, where t(eg) = i, h(ep) = j.
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e m(ey) =s.
Then we have

s LN / . £ @)
@5 Z/ (0,4-00)" (F,m,l),zu “ )= S*((O,+oo)f1)W((r/m’Z)/ﬁe 1 )

(@) For1 < s < d,i,j € Ty, let (7", m",1) be the Feynman graph which satisfies the
following:
e T' C T is a directed subgraph.
[ ] Fé’ = Fo.
o I'=01U {ejp 1), where ter 1) =i, h(eg, 1) = .

e m = S.

(e“il |+1)
Then we have

Zz‘)\)

d
L Wm0 ei=1 =0.
) AR (G 7T
Proof. Part (1) is a direct observation. We prove part (2). Let’s first assume T # (. To

simplify notations, we define

- (2 " (2 m i (zilA:)
W = pe (e Gy, e (ze[dye)dye e & B

Let’s consider a submanifold
5= 5%((0,+00)") x (0, +00) C S¥((0, +00)").
We notice that the natural map from S to (0, +00)" /R, is a diffeomophism, so

, ¥ (zilh)
, WY, m*, 1),z ]ﬁe” )

Zl|/\)

- ¥ W r/ i=1
;1 /5+((0,+oo)r1) /(O,+oo) (( ) l][3€ )
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When T} = 0, [Ty| > 3, T and I” are disconnected, so both sides of formula (2.5) is zero.
When T} =0,i =1, j=2, To = {1,2}, we have

= ¥ (zi]A)
Z/ 0, (T, m%,1), 21][561 1 )
(0,+00)
— <_ /Ad e*(212|y12)(le|dy12)[3€(21|7\1)+(22\/\2)>

d (e (7 z1| A1)+ (22]A
/Ada(e (212[y12) B (21| M) +(22] 2))>

tlzzl

7N

t1p=1
= 0.

Since I" is disconnected,

d (zi
- Z/ ™ W((r/ ) 1]/36’ ! ‘/\))

Finally, part (3) can be proved by similar arguments. O

2.3. Higher residues from Feynman graphs. Finally, we arrive at the definition of the
residue on the model J}, ((w 44[d])¥") for configuration space.

Definition 2.19. Let
a=p(xj,dx;) @B € ((wpald])®h,

where p(x; i dx; ) is a monomial with coefficient 1. Let

n d n
il Ai A
eigl(z‘ ) = es)z:liglz S COO((Ad)I X (Ad)l)/

. X (zilA) | .
then the residue of aei=1 is defined by

-1 f Oceigl(ZiM’)
(_27-[1)111(71—1) Z1,.-Zp—1=2Zn
(=1)2(nl=DMl=1+1)+1

/ ¥ (zilA)
(—27i)d(n—1) S*+((0,4+00))

W((F,m, 1), get ),

where (T', m,1) is a Feynman graph with corresponding polynomial P = P(x5j, dx;;),

see definition 2.11. We define residues for general elements in J/ , ((w a[d] )®) by hnear-
ity.
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We observe that by proposition 2.18, residues are well-defined. The following propo-
sition highlights key features of our higher residue defined on the Jouanolou model. In
part, it implies that the formal D,4)-module structure on Jfﬂxd coincides with the action
by derivatives on the residues we have just defined.

i il Ai
Proposition 2.20. Let € J1,, (wpa[d))™), e € C=((A%)! x (A%)!), and 1 < s < d.
We have

(1) Ifi € I —{n}, then

-1 i(zi‘/\i)
e =1 -0.s = 0.
(_27'[1)11(”71) il,...znl_zn (Oce ) ;

(2) Ifi = n, then

B -1 j{ “e_g(zi\/\i) I
N (—271’1')‘1("71) Z1,00Zn—1=2Zn il

Proof. Without loss of generality, we assume o« = p (Fmp) © By where (T, m, 1) is a Feynman

graph. We can also assume T} # (), t(e1) = i.

LetT” C Tbea subgraph, such that Fé =T, F{ =T - {e1}. Let

) . . me)y L (zilA)
W' = b,y (—e Iy, —e Gl (2 |y dy)es ™ @ B
When 1 < [, we have
azﬁxe"i(m) _ _x;x?ﬁ(m).

Let’s prove

(ze1 7)) 58 (zeyl7e)  zm(e1)
/ / ef }eo ! d(zﬁ)ef %el ! d(zel )W/
S*((O,-i—oo)‘rl‘ﬂ) (A?)I~{n} t te,

€0

 (zeq|7ep) Zm(el) 5
L ).
5+ ((0,+00)) J(aty=0) t,

When F{ # 0, let

S = $*((0,+00)11) x (0, +00)% C (0, +00)MI*1.
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Note the natural map from S to (0, +-00)I"*1 /R, is a diffeomorphism, we have

C(eplze) 55 (eylzey)  sm(en)
/ / e tgo d(ﬁ)e t“l d(zel )WI
$H((0,400) 1T J(ad) -t} t te,

€0

(6 ViV
S+((0,+oo)ﬂ1,) /(Ad)l{,,} l(xel)l(xel )W

- s / m(el) !
N /S+((0,+oo)|:{) /(Ad)]{n} azi (l(xel ))W

_ (Zfl \iq) Zm(el) B
:_/ ) / o[ B dZa )| W
§+((0,400)") J(A®)I={n} te;

When F{ = (), this can be proved by directed computation.

We can use similar arguments to prove the case when | = 1.

Now, (1) follows from the fact that the integral of a total derivative is zero. By dom-
inated convergence theorem for derivatives, we can interchange the order of taking de-
rivative and integration. So we proved (2). O

2.4. Construction of the unit chiral algebra on A“. We culminate this section with a
construction of an Ly, chiral algebra structure on wya[d — 1] by using residues. This is
precisely the unit chiral algebra in dimension d.

We first introduce the following definition.
Definition 2.21. Let a € J}, ((w,a[d])™"), the shifted 1 operation

fr s Tha((wpald)™) = wpald) @ KA1, - Al

) e W) () L (zl%)
__—c i=1
H—I(‘X) (—Zﬂl)d(nil) il,"‘an_Zn .

n
where A, = ¥ A,
i=1

1

is given by

7

Zyp =W

Remark 2.22. By proposition 2.15, we know fi;(«) is a well-defined element of w ya[d] @z,
k[A1,..., An), ie., fir(«) is a polynomial with respect to {A; }iec;.

As mentioned in Remark 1.11, the Jouanolou model has the advantage that it carries a
GL;-action. Here we give the detailed definition.

Definition 2.23. The Jouanolou model J} , ((w q[d])*) and the push forward wa[d] @]
k[A1, ..., An] carry a natural GLy action which can be described as follows

(z},...,zfl) — (zz-l,...,zfl)A, i=1,...,n,
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where A € GL;.

The following proposition says that fi;(«) defines a degree 1 GL;-equivariant chiral
operation.

Proposition 2.24. [i;(«) defines a cohomological degree 1 element of

Homp, ,, (Fha((wpeld])™), a7 (wpld)))

which is furthermore GLj-equivariant.

Proof. We first prove that fi; is a D44 -module map. First, observe that functions act in
the following way:
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Similarly, derivatives act as

fir (e - 8
/\*\w (Z;I?\)
= a e/ 1
27‘(1 (% ©Zp—1=2Zn ( )
Zp=w
—(Ax w zi|A;
B \ 0. (ae” 1( A ))
27‘(1 e Zp_1=Zn “
Zp=w
A*|w (Z]‘A )
f{ A ae’™!
27Tl Zp—1=2Zn
Zp=w
A*‘w (Zl‘/\ )
:W (f 3z (el )) + fir () - By
21, Zn—1=2n

Using proposition 2.20, the first term is 0 when i # n. When i = n, the first term is

e - 7170
A+ 0p)———~L— % =
( + )(—27Ti)d(n_l) < 21, Zp—1=2Zn e >

which is zero as an element in

4

Zp =W

Wpa [d] ®k[)\*] k[Al, ey An].

We next check that fi is of cohomological degree 1. Assume
x = p ® ﬁ € ]II&d ®O(Ad)1 (wAd [d])‘Z\I’

we use |p| and || to denote the homological degree of p and 3 respectively. To make
sure the integral
¥ (zjlA))
f p®Be” 5
21,7 Zn-1=2n

is non-zero, we have

|B| = —d|To|
So |fj(«)| = —d = |p| + |B| +1 = |af + 1.

{rl +1pl = d(To| — 1) + |1y | —1

For the GL;-equivariance, we use Proposition 2.15 (2). In that explicit formula, we
can formally treat Z; and Z; as independent variables and declare that under the action
A e GLy
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.., 5) — (3,..., ) a0,

¥ (zilA)
), we see that both of p= (@izaiz,) and

=1

Then in the expression of W((ﬁ,m, 1), Bei

d
Y (9xs + Z;) o dy; are invariant and for e € T

s=1
d9s,...,d93) — (dg;,...,dgd) (A7)
U]

has the expected transformation rule.

Thus, {fi;} defines a chiral operation of the appropriate degree. In order for such
operations to define a chiral algebra, we need to check that fi; satisfy the following shifted

L relations. This is the main result of this section.

Theorem 2.25. {fi;} satisfies the following properties:
(1) @ = fiy,, o oy, where oy is the permutation of i # i’ € I (recall it is defined in

Definition 1.6).
(2) For any finite set I one has (recall the notation in the proof of Theorem 1.7)

—fiyod =Y fieyur_r © firci
Il

where the sum is over subsets I' C I.

Proof. Let’s prove (1) first. When i,i’ # n, it is trivial. Let’s assume i < i = n. Since fiy is
a D yay-module morphism, we only need to prove this in the case when

a=p(x,dx}) @ [[d"z.

i=1

In this case,
_ o~ (Aulw) 3 (2114
aei=1

~ a) =
“I( ) (_27-[1)61(71—1) él,mzn]—zn
Zy=w

By using the coordinate transform
zj :z;-—l—Zw—z;—z;,

we have
X (ZA)+ (Al (2 ~24)

fir(a) = —_e_(MW) 7{ (—1)% ae ™
! (—27i)dn=1) \ J

I
Z.=w
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By Proposition 2.15 and the fact that d%w - A3 = 0, we have

@) e (AJw) @) L (1)
i) = — o, x)e=
HI (—Zﬂi)d(n_l) ji’l,m,z/. Z0 20 2 =2 "

[ R A

= fi, o 0in().

m

zﬁzw
Now, let’s prove (2). Assume & = pz , , © B, where (T, m, 1) is a Feynman graph. Let

. . T (zilA)
W =P (—e C Y, —e= ) (2, |dy, )dye' D)es ™ @

By Stokes’ theorem and Proposition B.7,

Z sgn(ffﬁ{cﬁ)/er((O +Oo)r1 1) /5+((0,+00)F{)

— fy(da)
e~ () (—1)2(INI=D(R[=1+1) ( i} ~>
— (—272i) A1) /S+((O,+oo)r~1)/(M),{n}(a—i-dt)w .
—(Adlw) (12 (IR [=D) (P | =1+1) .
= o ™)
(—27i)d(n=1) S+ ((0+00))  \J(ad)i- 0 —
(- 1)%<m| 1)<m 1+1)
(—27i)dln

rcr

/Ad {ouly—T) - n}/ |r/\ 1 )

= Z fieyur—r o fiyrcy(e).

rci

Finally, using the canonical décalage isomorphism
Sym™! (wpald]) = A (wyald —1])[n],

the shifted Ly, chiral algebra structure {fi; }jcfset On wya[d] corresponds to an L, chiral
algebra structure on wy[d — 1].

Definition 2.26. The L, algebra structure on wya[d — 1] is called the unit Ly, chiral al-
gebra structure. We denote it by w . The corresponding L, operations are denoted by
{1} retset.
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3. EXAMPLES OF HIGHER CHIRAL ALGEBRAS

We provide examples of chiral algebras in the Jouanolou model. These include com-
mutative chiral algebras and free ghost chiral algebras. Additionally, we provide a con-
struction of a chiral algebra enhancement of the higher-dimensional Kac-Moody alge-
bra as constructed in [5]. This is generalization of the relationship between the (univer-
sal) WZW /current chiral algebras and affine Kac-Moody algebras. We will assume that
k = C in this section. However, everything works for the general ground field k if one
accepts the existence of a unit chiral algebra over k.

For simplicity of notation, we write w instead of w,. throughout this section.

3.1. Commutative chiral algebras. Following [2], we define the notion of commutative
chiral algebras.

Definition 3.1. Let A be a chiral algebra with zero differential on A?. We say that A is
commutative if the composition

(AT, A% < 7L (A) & A @y, K(A]

vanishes for all I with |I| > 2. Here, the first map is the inclusion of global sections into
derived global sections.

A graded commutative D,q-algebra B is a left D,s-module with a commutative prod-
uct
m: BB — B

which is a D ys-module map.

Proposition 3.2. Let B be a commutative D yq-algebra. There is a chiral algebra structure on
B:=B ®0,, w’v which makes B into a commutative chiral algebra.

Proof. We define
up : Jha (B = B @y, k[AL]

to be the composition of the following sequence of maps
V3 (B = T ((wh)®) @0
= @by @ AL @iy (B @ k[Al]) = @l @, (B @ k([A)])

m(D

2wty i (BRK[A]) = B @y, k[AL.

1 H'®ld ¢ X1
(ad)! B — (wAd k(.| k[)\l]) B0y B

Here m(! is the iterated commutative product. The fact that {¢P} satisfy the L, relations
follows immediately from the L -relations of the unit chiral algebra. O
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3.2. Free ghost chiral algebras. The following set of examples are immediate generaliza-
tions of familiar d = 1 ghost-type chiral algebras (of 3 — y or b — ¢ type). Let F be sheaf
of locally free Z-graded O,s-modules and Fp = F ®p D the induced dg D,s-module.
We assume that F is equipped with a non-degenerate, graded skew-symmetric, pairing
of graded O-modules

(3.1) (=, —): F®o F — wld—1].
We introduce the following graded commutative D-algebra
F = Sym (Pp ® w_l)

Remark 3.3. In the case that F = wy« @ O[1 — d|, with the obvious pairing, the chiral
algebra we are about to define is associated to the following first-order action functional
in physics

(3.2) Boy
(Cd

where f3 is a form of Dolbeault type (d,d — 1) and y is a smooth function. Indeed, when
d = 1 this returns the ordinary 3 — ¥ system used in superstring theory. To obtain the
b — c system we must introduce an additional Z/2 grading and consider the parity shift
of this example. The same generalization can be made in the higher-dimensional setting
as well, though we will not pursue it here.

Definition 3.4. Define the D-module map
&P I (F2) = 31 (F2)
by extending the (—, —) pairing
Pio=(——) Po: (Few HYRF1-d -] 0rO)

by the Leibniz rule. Here we define the element
d ——
Py = Z(—l)s_lxiz ~dxqy - dxg, dxf,,
s=1

which under the map xj, — % is exactly the Bochner-Martinelli kernel.

Denote

fI1=1r l_l I”, we write 73[ = Z P{i/,i”}'

Z'/ EI’,i,, c I//
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Definition 3.5. We define the chiral operations {uf } on F = F®¢ d ’d as follows. Let

] oM be the commutative chiral operations as constructed in proposition 3.2. Then,

define the new chiral operations pf” by the composition:
[JI = [,1'17: comi o, oPr . JIIM (Agl) — A@k[,\*] k[A]].
We have the following lemma.

Lemma 3.6. Let oy € J1, ((w?,)®0), 0" € F¥ and b € F¥!". We have

3.3) m'") (g () (P (0 RV f))) =
eltoy (1) (u?&’(ocp)(b/ X b’ f)) c J{ rurr (B&B&I ) ®iaa] k[Ar]

forall f € ]g;)’ﬁ/((’)@[' X (w®,)¥!") (recall the notation in the proof of Theorem 1.7).

Proof. Since e”r'1” is a D-module map, we have

m ) (i (o) (P (0 V" - £))) = m®) (P10 (it () (0 BV - f)))
Then the lemma follows from the fact that (recall the proof of Propostition 3.2)

m(I/) (epl’ul”—) — ep{-}ul”m(ll) (_) .

O]
We can now prove the following.

Proposmon 3.7. The chiral operations {p] } define an Loo-chiral algebra structure on F =
F®p,, w Ad for any graded vector space F.
Proof. From the definition of {1{ } and the above lemma, we have

uf (d(apt' ®D" - f))

= uf o (Pl ®B - f)) = O (AP (b @8 £))

= Y i o upmm (Pre i P (b WY - £))

-y ufua;m';z o (PPl "™ (P ay b Wb - f))

= Z PL.|_|171’ o iy (ard'®D" - f),
which proves the theorem. O]

Remark 3.8. This is the Wick theorem in higher dimensions, which may be more familiar
in the context of the operator product expansion for vertex algebras. See [10, 11] for the
d = 1 Wick theorem in the language of chiral algebras.
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Remark 3.9. Note that while we used the commutative chiral operations as part of the
definition of {yf }, this new chiral algebra is not commutative.

From proposition 1.12 we know that the de Rham functor applied to F yields an Ly
algebra h(F). In this case, this L, algebra is, in fact, a graded Lie algebra. Explicitly, this
graded Lie algebra has underlying graded vector space

(3.4) Sym (Fo w ™) @ w(d —1].

The bracket is the natural extension of (—, —) by the graded Leibniz rule. In particular,
h(F) is a graded Poisson algebra.

3.3. The Faonte-Hennion-Kapranov central extension via chiral operations. In this sec-
tion, denote A} := J;, the Jouanolou model of punctured affine space A = A%\ {0}.
Equivalently, this is the quotient of the Jouanolou model of two points in A? by the trans-
lations. It is a commutative dg algebra model for the derived global sections of the struc-
ture sheaf of the punctured affine space A%. For a Lie algebra g, introduce the following
dg Lie algebra
g7 = 9 Qk Al

This dg Lie algebra was introduced in [5] as a higher-dimensional generalization of cur-
rent algebras which appear in symmetries of chiral conformal field theory [12]. One of the
main results of [5] is that invariant polynimials of degree (d + 1) on the Lie algebra g give
rise to nontrivial L., central extensions of this dg Lie algebra. The centrally extended al-
gebras provide higher-dimensional, or multivariate, generalizations of the famous affine
Kac-Moody algebras.

Tied to the usual affine Kac-Moody algebra is a well-known chiral (and vertex) alge-
bra. In fact, it is a special case of a general enveloping algebra construction of a chiral
algebra from any Lie* algebra. The notion of a Lie* algebra can be generalized to higher
dimensions. While we do not purse the construction here, we do expect a universal
enveloping-type construction which associates to such a higher-dimensional Lie* alge-
bra a higher chiral algebra in the sense of this work. We leave this problem to future
work.

Instead, we will give a more direct interpretation of the higher-dimemnsional Kac-
Moody algebra in terms of its “free field realization” using the higher Wick’s theorem of
the previous section.

Let V be a g-representation and consider the graded O-module

F=V'oVowd-1=V'@0aVewd-1]
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equipped with the obvious pairing in the sense of (3.1). (We will assume that V is an
ordinary vector space, rather than a graded one, for simplicity.) The free ghost chiral
algebra F associated to V, as defined in the previous section, can be identified, as graded
D-module, with

(3.5) F=Sym(Vpw aV[l-dow @w ') wd-1].
The g-representation V defines the cochain map
p: s — (VY @ V) @i A} C hHe(F) := (h®¥1) (J55(FRO))

Proposition 3.10. The map p: g§ — h¢(F) is a map of dg Lie algebras.

Proof. This follows from L -relations. We have
Y 20 p (a1 Ray Raz - og.an,03.) = w3 (d(ay Ka; Raz) - ag.on,06.) = 0.
O

Now, we move onto the central extension. Following [5], we consider the following

graded skew-symmetric functional yp : (gt;[l])(@kd+1 Sk

vp ((x0® fo) @ (x1® f1) @ @ (x4 ® fa)) = P(x0,...,xa) "Res (fo-dft A--- Adfa).
Here P is given by

1
(d+1)!

Yty (%) Xot)

O-GSV’+1

P(xo,...,xd) =
Where try is the trace taken in the representation V.

Proposition 3.11. Define the map

Y (P(FRO))
by sending (f(z1,z)a1 ¥ 1) ® - -+ @ (f (2441, 2)a441 X 1) to

@ed+1 k[zr]lgrgn

Res (tgy1(a1X---Wag1) - fi(z1,2) - far1(za41,2))

where .1 is the (d 4 1)st chiral operation underlying F as defined in the previous section. Then
the cocycle yp defined in [5] is given by the composition Y™ o .

Proof. The only Feynman graph which contributes non-trivially to the residue is the
wheel graph with (d + 1)-vertices, where there is a single Wick contraction between
neighboring vertices. In [12] we have evaluated the weight of this diagram in line with
the stated result. For another computation of the case when d = 2, see section 4.4. O
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3.4. Higher Virasoro structures. Let witt] denote the Jouanolou model of the derived
global sections of the tangent sheaf on punctured affine space AY. When d = 2, a two-
dimensional space of central extensions of witt; is studied in [21]; the resulting algebras
are higher-dimensional analogs of the ordinary Virasoro algebra. This two-dimensional
space is naturally identified with span of the universal characteristic classes c3,c1c; €
H®(BU(2)). Here is an explicit construction of the Virasoro central extensions when d = 2
using chiral operations and a similar free-field realization as above.

Recall that witt; ~ J§, - 0,1 ©]%, - 0,2. We take V. = C - v to be a one-dimensional
vector space and denote F to be the corresponding free ghost chiral algebra defined by
(3.5). We construct the following map

poir: Wit — hH(F) = (hK1) (J25(FRO))

defined by
2 2
pvir(z T°(z)0z) = Z T(z—w) - (v'®0s) -vX1, T(z) € ]:&2.
s=1 s=1

Parallel to the previous section, we define
Yoir: A3 witt — C
by the formula
Yoir(T1, Ta, Ts) = Res (13 (poir(T1) B poir (T2) B poir (T3)) ) -
Using the explicit result in the next section, v, can be computed explicitly.

Proposition 3.12. ;. is a cocycle and

1 . . .
Vvir(Tlr Tz, T3) = ﬁReS(le(Tl) . <8T1,8T2> + le(Tz) . <8T1,8T2> + le(Tg) . <8T1, 8T2>)

~ > Res(div(Ty) - adiv(Ty) - adiv(Ts)).

2
Here div(T) = Y. 0,:T%(z) is the divergence and
s=1

2 2
(T,R) := ; ;aZ,TS(z) L3R (2).

2
In the above, we extend (—, —) to one form valued vector field dT := Y, 9T°(z)0s.
=1

S

Proof. Direct computation by using the result in section 4.4. O
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Remark 3.13. This result is compatible with a local universal index theorem in the spirit
of [3]. Indeed, up to an overall factor, this central extension corresponds to the degree six
part of the universal Todd class Tdg = 21—461 Cr = i (c? — ¢1 chy), where chy; is the second
component of the universal Chern character.

pvir(Tl)

¢ Res(—)

FIGURE 1. Virasoro central extension via the chiral operation

Remark 3.14. More generally, in dimension d, we expect an isomorphism H>*+2(BU(d)) =
H2, (witty). Thus, we conjecture a complete characterization of central extensions of the
d-dimensional Witt algebra in terms of universal characteristic classes.

4. THE UNIT CHIRAL ALGEBRA IN A? IN DETAIL

In this section we unpack the two-dimensional chiral operations in greater detail. For
simplicity, we denote by p the k-ary chiral operation for the unit chiral algebra wy2[1]
as defined in section 2.4. We will assume that k = C in this section. However, the main
theorem (Theorem 4.13) works for the general ground field k if one accepts the existence
of a unit chiral algebra over k.
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4.1. The propagator. First, we begin with the definition.
Definition 4.1. The propagator P, is an element of ]1{;2’2}, which is given by

1 2 2 1
P12 - xlzd.xlz - xlzdxlz.

From now on, we will use the notation

(f18) = f'8" + f28%, fng=f'¢g—rfg

for variables f, ¢ with superscript 1,2. For variables (A!, A%), (x!,x?), (z!,2%), we define

the antisymmetric symbols
ANz =A22 - A2z = 2201 1A% = 2 A
and
ANx = A2 = A% = A 4 alw? — A% — a2 = —x A
We will denote by dzi’, i € I the shifted top form
dz¥ = dz} NdZ?[1], dz? = Wi dz?.

Our first result is the simplest nontrivial computation of the chiral two-ary operation.

Proposition 4.2. We have the following identity:
pz(Plzdzl‘ X dzg) = dz*.

Proof. Note Pj; contains two terms. We first find the Feynman graphs which correspond

to these two monomials. Let T be the directed graph constructed as follows:

° ﬁo = {1,2} and ﬁl = {61,62}.
o t(er) =t(ex) = 1and h(ey) = h(ey) = 2.

We consider two Feynman graphs (F, m1,2) and (F, my,2), where my and my is defined

by

— 1 qy2 B — 2 dql . , .
Then we have P(Fmy2) = x7,dxi, and P(F o) = x7,dx7,. The graphical Green’s function
is:
-1 _ _ty
di* (Denn = Foy Hiey’

-1 o t
dﬁ (t)Ezl - telj’ltez.
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By proposition 2.15, we have

“2(p(F,m1,2)dZ1‘ X dzg)
- (/s+((o +00)T) "eadh

2
yel Zl aAs + Ze2 (o} dy€2> e} dygz) (dzzl X d2zz))

Zl 20,22 =w

= (/ . tel ( tel d( tfz ) _ tfz d( tel ))) dzw.
S+((0,+OO)F1) tel + t62 tE] + t€2 tE] + tez t€1 + t€2 tel + t@z

Similarly, we have

“2(_p(f“,m2,2)dzl’ X dzg)

— (/ . tez ( té’l d( tﬂ’z )_ tfz d( té‘l )>> dzw.
ST((0,400)11) te; - te, \toy +te, “tey Lo, tey +te, “te e,

Combining these computations, and using proposition 2.17, we can get

Ho (Plzdzl’ X dzg)

R
S+((0,400)'1) tel + tez tel + tez tel + tez tel + tez

-(/ (o agte - Lot )) ) o
{(tey tey)€(0,400)2|te, +oy =1} \ey +Fe, " Hey F 1o, te, +1te, fey +te,

The integral above produces 1, as desired. O

Remark 4.3. This element is closed. In fact, any closed 2-operation is a multiple of p,.

4.2. Residues as two-ary chiral operations. Our next result is to compute the value of
the two-ary chiral operation on arbitrary derivatives of the propagator. To do this, we will
introduce a generating function expression for derivatives of the propagator Pj,. Instead
an explicit Feynman diagram calculation, we will characterize the expression by using
the D-module relations (together with the computation from the previous section).

Introduce new formal variables 312 = (31,,33,) and form the generating series
1

Pip(312) := ), Ts,(az})’(azg)splz(ﬁz)r(ﬁz)s-
r,s>0 """
Lemma 4.4. We have
Prp X1
Pi2(312) = , X50G1)=—7—4—, s=1,2.
(1+ (x12]312))° 1+ (x12[312)"

The above equalities are understood as power series expansion of 312.
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Proof. From proposition 1.2, we have

di -0 Py 0 -++0 ;x5
z zf i ik L zf 712

(_x?z) o (=adfy) - Pra = Ty (=xfy) - (=xy) - xip = — 5= 1,2
and the lemma follows. O

Proposition 4.5. We have the following explicit formula for o
M2 (P12(312) . dzl’ X dzg) — dz* ® e~ Mls2)

Proof. We only need to determine the value of
o ((xfp)™ - ()" duly - dad Kdzd), i ma > 1
Note that
9,1 ((x%z)ml_l : (x%z)"”dxh)
= (=(m1 = 1) —may —2) - (x]p)™ - (x},)"dx].

We find
-1 -1

1 mq 2 my 1 —
X - (x dxy, =
(x12)™ - (x12) I | My + 1

o7 ((x%z)mzdx%z) .

If my > 1, we can further reduce  ((x3,)"2dxi,) to —my - i (xi, - (x3,)™ " 1dx%,). Re-
peat the same calculation, we have

1 2 \ma—2 g2
az% (x12 - (x12) dxlz)

=(-1-my+2-2)- (x%z : (X%z)mrldxﬁ) :

Thus
—1 -1

m,+1 3

(x%z : (x%z)mz_ldx%z) = 82?_1 (x%z : dx%z) .
Proposition 4.6 (Arnold relation).
PioPi3 + P12Po3 + P13Pa3 = d (P13 - x12 A x93 + Pio - x13 A X23 + Pz - x12 A X13)
Proof.
P1oPri3 = PioPi3(x33235 + X33233)

= PiaPi3 (x%3(z%3 — 21) + 133215 — Z%z))

= Pi3- dx1o N\ Xo3 + Pqo - dx13 N X23.



47
Corollary 4.7.
Py Pi3Po3 = d (Pa3Pi3 - x12 A X23 + Pa3Pia - x13 A Xx23) .

Remark 4.8. The (derived) Arnold relation holds for general C*,n > 2 as well. This is

proved in [6] for the polysimplicial model. To compare, one can replace x! ; with :—51 to
obtain the Arnold relation in the Jouanolou model. ’
4.3. Formulas for chiral operations. In section 2, we constructed a series of chiral oper-
ations using Feynman integrals and show that they satisfy a L.,-relation-this was pre-
cisely the L, relations underlying the unit chiral algebra on A?. In the case of A?, the
L-relation puts a very strong constraint on the chiral operations and sometimes can
sometimes completely fix them. In this section, we derive recursive formulas for chiral
operations purely from the L-relation and find a perfect match with numerous calcula-
tions that have appeared in the work of physics [4].

4.3.1. Recursive formula for Type 1 Laman graphs. For the standard graph terminology used
in this section we refer the reader to [9]. Here we change our convention of graphs used
in section 2, now a graph T is simply a pair I'= (V(I), E(T)) of vertices and edges (we do
not allow multiple edges between two vertices anymore).

Definition 4.9 (Laman). Let I' = (V(I), E(T)) be a graph with vertices V(I') and edges
E(T). We say T is a Laman graph if |E(T")| = 2|V(TI')| — 3 and |E(T")| < 2|V(I")| — 3 for
every subgraph I’ of T.

Remark 4.10. When d = 2, the concept of Laman graph originate from Laman’s charac-
terization of generic rigidity of graphs embeded in two dimensional real linear space (see
[15]). Our definition appears in [4].

Starting with a single edge, a Laman graph can be constructed by a sequence of the
following two types of Henneberg operations (see Fig. 2):

e Henneberg I: the new vertex is connected via two new edges to two old vertices.
e Henneberg II: remove an edge and add a new vertex connected to its two end-
points and to some other vertex.

In this section we consider the following variant of Henneberg I.
Definition 4.11 (Henneberg I'). We define the following type operation:

e Henneberg I: the new vertex is connected via two new edges to two old vertices
which are end points of an old edge.
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Henneberg 1 Henneberg 11

FIGURE 2. Two types of Henneberg operations

See Fig. 3.

FIGURE 3. Henneberg I” operation

We will mainly focus on a special class of Laman graphs which we call Type I'.
Definition 4.12 (Type I" Laman graphs). A Laman graph is called Type I’ if it can be
constructed by a sequence of Henneberg I operations.

Suppose ' is a Type I’ Laman graph. We fix a vertex 0 € V(T') and an edge e = [0v] €
E(T). Then, I" can be constructed by a following sequence of Hennerberg operations

Hr(o,e) = [(eo = ¢,v1), (e1,02), ..., (ex_1, k)]

Here, the vertex set of the graph is V(TI) = {o,v,v1,...,v¢}. From the edge g = ¢ =
[ov] we add a new vertex v; and draw two edges connecting v and o, v. Repeating, at
the ith stage we add a new vertex v; and choose an edge ¢;_; of the graph (we allow
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ei—1 = ey, i’ < i—1)and then connect v; and the vertices of ¢;_1 by two edges. This can
be illustrated by the picture as follows.

[4
2 Uy

V4

01 (63, U4)

FIGURE 4.

A Type I’ Laman graph can be constructed from different sequences of Hennerberg
moves Hr (o, e), H} (0, e) starting from o, e. Using the Arnold relation, we can show Wr is
exact in the Jouanolou model and thus by the L.,-relation for chiral operations we reduce
to the chiral operation for small graphs. The Type I’ condition ensure that the smaller
graphs are still Type I’ Laman. In this section, we will give the detailed construction of
this outline thus providing an explicit recursive formula for the chiral operation on Type
I’ Laman graphs.

Theorem 4.13. Given a Type I' Laman graph T and a sequence of Henneberg I’ operations
Hr (o, ) which constructs T, there are polynomial functions

I Hr(o, , icV(—{o},1=12
{fv,g e e)}veV(l")—{o} € Clre, silk=1,.., [V (r)|—2 Grr,er(o,e) € Clry, sk, Aﬂ;;,(...),\v{(or}B\Q ,
such that
W 7,5
vy (Wrse) = | Mgy N (dnndsy)
([0,1]x[0,1])Hr (o)l r(oe) b1, T (00)
where
I, Hr (o,
Wrr’fH(o,e) = w?,SH(o,e)(A?Z)E) = (Av’ Z v rle 6)35)-

veV (I —{o} ecE(T)

We can construct a new graph T'* using a Henneberg I’ operations Hr+(0,e) = [Hr (o, e), (", *)].
Then we have the following recursive formulas for py r+) (Wr+(3z)):
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1) If % is connected to i, j (i.e., & =i j), then we introduce new variables

377 = 3ij (1= 74) (3j — 3+ — 3ij),

3 = 3o ife #ij,
A? — A] + S*A*,

\)\;:Av, ifo#i,j.

W?f,Hr* (0,) — W?,SH(O,Q)(AD; 3?) - (A*|(1 — 54 )3ui T 5*5*]')

= Y X A (A= s s i)

veV(l—o ecE(T)

G?f,Hr*(o,e) - (a?’fiwrrl,er(Ore)(A;%) A A*) A Grr,’er(o’e)()W)

= (9, Wi, (00N 30) AA) T4 Gl o) A A (=50 Ak A+ 50A

DIf x is connected to i, 0 (i.e., ¢® = i0), then we introduce new variables

3?0 = dio + (1 - r*)(5*0 —dxi T 5i0)/

3; = der Zfé,# io,
A=A, ifo£i

Wi b (00) = WiH(oe) (A7732) = (Al(1 = 5431 + Su3s0)
= Y Nl Y AT = (A1 = 5030 + Sedwo) -

veV(N—o ecE(T)

Gl i (o) = ( e Wik (o) (A732) AA) Ty Gl (0) (A7)
= (aZfaWrr',er(o,e)(A;aa) AAL)Tes G0 A A+ (T =50k o, An)-

Remark 4.14. The parameters r and s here are closely related to the Schwinger parameters
in the previous section. However, the precise relation is complicated, which we left to
future investigation.

Using the above formula, we can write the formulas for some loop diagrams and match
with results in [4]. The remarkable thing is that, the chiral operation on Type I’ Laman
graph is completely constrained by the L. -relations and can be solved recursively with-
out knowing Feynman integrals. In other words, the recursive formula gives another way
to compute the complicated Feynman integrals. We provide some explicit examples.



51

1 (e,2) 1 2
¢ e
0 0
FIGURE 5.

4.4. Example: one-loop diagrams. We start from

W._.()\,' 55) = _(/\1 |510)'

By the recursive formula, we have

WA(A;&?) = —(M310) — (1 = 52) (A2[321) — 52 (A2]320)
= — (A + (1 —52)Al310 + (1 —72) (320 — 321 — 310)) — (1 —52) (A2321) — 52 (A2]320)
= — (Ml310) = (M[(1 = 72) (320 — 321 — 310)) — (1 —52)A2| (1 —72) (320 — 321 — 310))
— (1 =s2)A20310) — (1 = 52) (A2]321) — 52 (A2[320)
= —(Ml310) = (A20320) — (1 = 72) (M320 — 321 — 310) + 72(1 — 82) (A2[320 — 321 — 310) ,

GA =12+ (05, We—s) AAg = 12- A1 A Ag.

The 3-operation is given by the formula

H{0,1,2} (Plo(zlo)Pu(ﬁlz)PzO (320)072?0,1,2})
W s (A3e)

- AN G s - dradsy - dz?

/[o,ux[o,l]e AN

1 e—(Ml3) e(M2l3) )
— o~ (R2l320) = (M310) — — - dz*
=—e AL AA dz,
L ((/\1!3)(/\2|5) (M) (A +A2)[5)  (Als) (A1 +A2)[3)

— o (Mali)=(hilsw) L Ay A A - / e~ h )+ 8) g, - dz,
Lh+1<1

where 3 = 320 — 321 — 310-
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2 1 ’
1
([20],3)
_— e
e
0
, 3
FIGURE 6.

4.5. Example: two-loop diagrams. Now, we start from the expression

W<I> WA — (A3](1 — s3)332 + 53330)

—(Ml310) = (Aals20) = (Aalsz0) + (M| = (1= r2)3210) — (1 = 73)(1 = r2)3(30])
+ (Ml (1= 73) (r2(1 = 52) = 13320 + 72(1 = 52)3210])
+ (7\3\72(1 —52)(1 = 53)3210) + (1 —53)(1 = (1 —73) (1 —7r2(1 — 52))>3[320])

Here, we have defined the loop momentum 3210] = 321 — 320 — 310/ for example.

G.®:(8320WA)/\A3'73'GA(A)

— (((1 — 1’2)A1 + (1 — 1’2(1 — Sz))Az) A Ag) - T3ty - (/\1 A (/\2 + (1 — 53)/\3))

We have the following result

K{o,1,2,3} (P3o (330)P32(332) P10(310) P12(312) P2o (320)‘11?0,1,2,3})

w
:/ e @ -G a_ - drodsydrsdss - dzg.
(011%[0.1])2 <

In particular, the constant term (when 37 = 0) is

H{01,2,3} (P30P32P10P12P20d2?0 12 3})

_ / o dradsndradss dz?
0,1]x[0,1])2

24(A1 A (A3 +2A2)) ’ (A3 A (Al +2A2)) : dz(?'
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2
2 3
1 1
([30],4)
e _ >
e 4
0
3
0
FIGURE 7.

4.6. Example: 3-loop diagrams. By the same but tedious computation, one can obtain
the formula for W =X Here we only compute G =X We have

G@ =7y G'<I>'( ") - (aaagw,@,) A Ay

= —7Trar3¥y - (((1 — 7’2)A1 + (1 — 1’2(1 — 52))/\2) VAN (/\3 + (1 — S4)A4))

. (Al A (Az + (1 — 53)/\3 + (1 — S3)(1 — S4)A4))

. ((1 — 7’3)(1 — TQ)Al — (1 — 7’3)(1’2(1 — Sz) — 1)/\2 + (53 + (1 — 53)(1 — 7’3)(1 — 7’2(1 — SQ)))Ag) A 7\4
The constant term (when 37 = 0) is

H{01,2,3,4} (P4oP43PaoP32P10P12P20dzgo,112,3/4})
= G_a_ - dradsodradssdrydsy - dz?
/ 1jx(o1)y ey " r2dsadrsdsydradsy - dz,

= F(A1, Ao, As, Ag) - dz8.

The polynomial F(A1, Az, A3, Ag) can be computed using computer and matches the com-
putation in [4].

4.7. Proof of theorem 4.13. Now we turn to the proof of theorem 4.13. To begin, we start
with the following lemma.

Lemma 4.15. We have the following integral formula for the product of derivatives of x',(3) and
PlZ (m)

G(2.1,92)312(5) - (F(21,92) - Pra(w))

= G(a 1,8 2)F(am1,am2)(—ami) /01 P12 ((1 — 5)5 +sm) ds

= / 1 —s) (1 —s)az%)F(sE)Z},saz%) (—saz,i)Plz((l—s)g,—i—sm)ds,

where F, G are arbitrary polynomials in two variables.
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Proof. The lemma follows from the following direct computation
G(3.1,9:2)x12(3) - (F(921,022) - Pra(w) )
= G(9y1,02)F(9u1,02) (xu(é)Plz(m))

) x5 (3)P12(3) >
= G(0,1,0,2)F (01, 02 =
(951,92 ) F( ><(1+(x12(3)!m—5))2

G(9;1,0;2)F (941, 9p2) io(—xu(?:) o — 3)" (m + 1)x(3) P12 (5)
0 —d.P
= G(azuaéz)F(am]/amz) Z—’O(aZ] ’m _5)mml,z(lml2_|_(32))

—_

= G(0y1,02) F(O1, 0yz) | € %1I™ s+ (=0,1) Pra(3)dls

1
= G(0,1,0,2)F(O1, 2) (—ami)/o Py ((1— 8)3 + sto) ds

= / 1 —s) (1 - s)az%) F (saz%,saz%) (—sazg)Plz ((1—s)3 +sm)ds.
OJ

The next lemma is an immediate consequence of the above formula. It relates the
weights of Feynman diagrams when one modifies an edge by multiplying by a coordinate
function.

Lemma 4.16. Suppose that we have a graph with vertices {0,1,...,n}andleti, j € {0,1,...,n}
be vertices such that (i, j) € Er is an edge. Then

1
Hiod,..n} (Wr(36)~xf]-) 8351/0 F(Ar, ..o, Ansenn, 133, ... )dr,

where F(All sy Aﬂ;ﬁe) = Hio1,...n} (Wr(ﬁe))

FIGURE 8.
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Proof. Using Lemma 4.15, we have

z] z] 31] a / ij 7’31]
Then

1
oty (Wrae) - %) = Bot,.m) (-3551,/0 Wr(... -,raij,~~-)dr>

1
= _aaﬁ'j/o “{0,1 ,,,,, n} (WF(---/VZijr---)) dr

1

E)z (Al,...,An;...,i’ji]',...)di’.
ij 0

Lemma 4.17. Suppose that we have a graph with vertices {o0,1,...,n} and i, j € {o,1,...,n}
such that (i, j) € Er. Set o1, ny (&) = Fa(A). Then

1
‘U.{*,.}OFL{OJ ..... f’l} ((Xxilp*]) - A F(X(Al,..-,Ai_l_(]._S*)A*,...,A]‘"’S*A*,An;jg)‘S*AidS*

1
Hpoay 0 o,y (X P) = /O FaAts - At (1= 5)As, oo Ai A0, Awise) - (1— 5, )ALds,
Similarly, if % is joint with (o,i) € Er, then

1
IJ,{*,.} o ”{o,l,...,n} ((X . Xilp*o) == ‘/0 F[X(A]_, e /Al + (1 _ S*)A*, ey An;jg) . S*AidS*
1
Hixe} © Hioa,. ) (oc . xZ*OP*i) = /0 FaAr, oo A+ (T =5)A0 .., Ansze) - (1 —s,)ALds,

See Fig. 9 for an illustration of [1(, ey © tigo1, . ny (- xL;Psj).

Proof. Write
Hioa,..n} (& < Z G

where we formally separate the variables )\i, Aj. Then
Hix,e} © Hi{o1,..,n} (‘X ’ xiiP*j) = Hix,e} (Z G(/\l - aZ*)xit ’ H(A] - az*)P*')
1
. ( / Y G — (1—5)- ) H(A; — 50-,) (s, )P*.ds> using Lemma 4.15
_/ Y G(Ai+ (1 —$)A)H(A; + sA.) (sAL)ds

— / Al, + (1 - S*)A*, . ,A] —‘I— S*A*, An;ag) . (S*Ai)dS*.

Now we are ready to prove theorem 4.13.
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FIGURE 9. g, 4} © Hio1, . n} (- XL,Py))

Proof. We will only prove the formula in the case when « is joint with i, j € V(T') — {o} as
the proof for the other case is similar. We first notice that

1o, mxy Wre(3e)) = bon,nx} (Wr(3e) - Pei(34i) Puj(34j))
= H{o,...,nx} (WF (36) : P*ip*j) - e(ilai) +(Ajlaj)

here

e = 3o+ bxis ifi e V(e),e #ij,
e = de T 3xjs if j e Ve), e #ij,
Je =3 —3xi — 3+, ie=ij,

3o = 3es otherwise.

Using Lemma 4.7, we have

PyiP,Pij(3i7) = d (Pij(3ij) Paj - %si A xij + Prj(3i) Pai - Xuj A i)



FIGURE 10. Wr(3,) - P,;P,; is exact by the Arnold relation

Substituting this into ti1 4.} (Wr(3e) - PiiPsj), we obtain (see Fig. 10 and Fig. 11)

Fl{o,l,...,n,*} (WF (36) : P*ip*j)
= tgo1,..mx) (A (Wr(Ge) Paj - xsi A Xij + Wr(3e) Pui - X4 A Xi))

= Hise} © Hio1,.ny (Wr(Fe) - (xij A Xaj) Pai) + Hpsop © Hprny (WRGe) - (xij A i) i)
+ 1o, n1 © By (Wr(3e) - (xij A Xij) Pai) 4 Bgo1,.. 01 © g, iy (Wr(Ge) - (xij A Xui) Pyj) -
=0 =0

We will prove a stronger statement by induction. In fact, we will prove that

1,5 _
Z aﬁEWF,Hr(o,e) = Ao

evee

57
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FIGURE 11. Some cancellations

Assume the above is true for Hr (o, ¢), we have

Wlller(o e)</\; .. .,7’*51']‘, .. )

- WI}:‘SHF(O E) (A’ 36) - (1 - r*) (aﬁrjw?sH(g € (A;?)E’) |31])

= Wiy, <Z a&w;SHr (00) |3*z> ( ) a;,ew;er (00) |;,*]> (1—r,) (aéuwpsﬂr (00) y;,*]

giee ¢ je?
= Wk (00) — (Ailawr) — (Ajlasj) + (1= 10) (az,llwfrer(o o)ldxj = 34 — 3ij)
- Wrrer(o e)(/\;Za?) — (Ail3xi) — (7\]‘\3*]') .

- 31']‘)
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For simplicity of notation, we write [ » instead of f ([0,1] x [0,1]) Hr @l A\k=1,....|H (0,e)] (dri A
r(oe yeeer
dsy). By Lemma 4.16, we have (for I = 1,2)

.‘l{o,l ..... n} (WT(ZE) : xf])
o W (o) (Ao i3iiseer) 7,5
N _855] / /DH et j ‘ GFIHF(OIG) ’ dr*
ro
W (0,) (i s3is ) 7,5 7,5
/ /:‘H e " a WF JH(o,e) GF,Hr(o,e) Tl
r(o

Wik (00) X35)— (Nilsni) = (Ajlssj) . s 1,
FH( &)= (Ailgwi) = (Ajlaxj , )
/ /D e T Gruoe) "0 Wkty(oe) T+
Hr (o

Now we Lemma 4.17 to get
..... n} (Wr(ﬁe) : (xij A x*i)P*j)

WS (A"532) = (X321 ) — (A%]3,
— / / /]H e FHr 0e) 3?) ( P13 ) ( ]|3 ]) GFSHF(O N (AD) . (aﬁljwi's He(0) (AD) /\A*) . r*S*dT’* A ds*
r(o

Hixe} O Ko

— W?SHF(M)(ADJQE) (Ail3si) (A ‘5*]) ((1*5*)3*i+5*3*/‘|}\*) X (8 WTS A A*) Ty - Sy
(10,1]x[0,1] [Hp(0,e)|+1 3ij Hr(o,e)

G’I:‘SHF(OE)(AII"'IAi+(1_S*)A*/'"IA]._{_S*A*/"'/AT’Z).(dr*/\ds*)' A (drk/\dsk)

k=1,...,|Hr(o,e)|

Here we use d;, Wiy ) (A7) A A = 05, Wy

tion in A. Similarly, we have

(A) A Acas 05, Wiy ) is alinear func-

r(o.e)

Hr(o,e

..... nt (Wr(3e) - (xij A xyj) Pi)
— / ewlr:/SHr(U’L,)(Ab}ﬁg)f(Ai‘ﬁ*i)f(A]"ﬁ*j)*((175*)3*i+5*3*j|A*) (83 WI’S
0,1 0 1] [Hp(0,e)|+1 ij

Hix,e} © H{o1

(le)/\}\*)-r*'(l—s*)

GICSHr(oe)(/\l,...,Ai‘f’(l —S*)/\*,...,/\j‘f’s*/\*/---//\n) -(dry Ndsy) - /\ (e dse)
:1,...,‘HF(0/6)|

We get the final expression

Hioa,..nx} (Wr* (56))

= ‘ll{olll"'/n/*} (Wr(ge) . P*lP*]) . e(Ai|5i*)+(Aj‘3j*)

= (u{*,.} 0 tigo1,..mp (Wr(3e) - (xij A Xuj) Pi) 4 Hyne) © Hion,.ny (Wr(3e) - (xij A x*i)P*j)) - eWilai) +(Ajls)

= ewlr“l/SHr(a,e)(AD;?’;)7((175*)3*i+5*3*jm ) (a wrS
0 1 0 1] [Hp(0,e)[+1 dij ( )

Gl (o) M- A+ (L =8 Aj+sihi, o An) < (dreAdsy) -\ (dre Adsy)
:1,...,‘HF(0/6)|

/\/\*) Ty
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We finish the induction step by showing that

7,8 _ ) 7,8 . 7, _
Z aﬁe‘wr*,Hr*(o,e) = A Z aﬁ?wr*,Hr*(o,e) - A]’ Z aﬁ?wr*,Hr*(o,e) = Ay

ecE(I*),ice ecE(T*),jee ecE(T*) xee
here
Wrrli,Hr* (o) — wlr"’,er(o,e)(AD/‘ﬁg) - (A*|(1 — Sx)3xi + S*Z’*j) :

We can write
WE b0 = (1 (1 =500 +5:03) ) (14 (1= 1) (54 = 341 = 517105)) Wi (0

— (A*|(1 - 5*)3*1’ + 5*5*]')

Then we can compute

Z aagw?i,Hr* (0,6)

ecE(T~),iee

= (1 + (A*|(1 - S*)a/\l + S*aA])) (1 + (]. - 1’*)(3*] - 5*1 - 3Z]|831/)) aéé.wl{:/er(o’e) —'I_ (1 - S*))\*

ecE(l), iee
= (1+ (AJ (1 =509, +5.:04)) (=A) + (1 = s) A
= —A.

. . . 1,8 _
We have similar computation for Yzcp(r+) jecz az,gWr*,H = —A;. And

rx(0,e)

Y WE e = B+ JWE L= <A

ecE(Tx),xee

The proof is completed. u

APPENDIX A. GRAPH THEORY BACKGROUND

In this appendix, we introduce some concepts and facts from graph theory used in
section 2.

Definition A.1. A directed graph T consists of the following data:

(1) An ordered set Ty of vertices. We use |Ty| to denote the number of vertices.
(2) An ordered set Ty of directed edges. We use |I'| to denote the number of directed
edges.
(3) Two maps
t,h: Ty — T,

which are assignments of tail and head to each directed edge. We require that

t(e) # h(e)
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for any e € T}, i.e., the graph T has no self-loops.

Furthermore, we say T is decorated (Feynman) if we have a special edge ¢; € T} and a
map
m:T1 —{1,2,...,d}.

Definition A.2. Let ' be a directed graph. The incidence matrix p = (p,:), cF, ict, 1S given
by
1, ift(e) =1,
Pei = § —1, ifs(e) =1,

0, otherwise.

Definition A.3. Given a connected directed graph T, a tree T C T is said to be a spanning
tree if every vertex of I lies in T. We denote the set of all spanning tree by Tree(T).

Definition A.4. Given a connected directed graph I and two disjoint subsets of vertices
Vi, Vo C Ty, we define Cut(ﬁ; V1, V) to be the set of subsets C C T4 satisfying the fol-
lowing properties:

(1) The removing of edges in C from T' divides T" into exactly two connected trees,
which we denoted by I (C), T”/(C), such that V; C T}(C), Vo C TY(C).
(2) C doesn’t contain any proper subset satisfying property 1.

Definition A.5. Given a connected directed graph T', and a function maps each e € T} to
t, € (0, +00), we define the weighted laplacian of T' by the following formula:

1 .
Mg(t)ij =Y, PP 1< j< ol -1
e

EEF]
The following facts will be used to show the finitenes of Feynman graph integrals.

Theorem A.6 (Kirchhoff). Given a connected graph T', the determinant of weighted laplacian is

given by the following formula:

¥ gte
. TeTree(T)e¢T
det M (t) = B T

EEFl

Corollary A.7. The inverse of M(t) is given by the following formula:

Mf“)fflzlnte( 5 Hte)

TeTree(F)e¢ T CeCut(T{i,j},{|To|}) €€C
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Definition A.8. Let I be a connected directed graph. For any e € T, t, € (0, 400). The
graphic Green'’s function dﬁ_1 (t) = (df_l (t)Ei)eEﬁ,iGFOf{\Tol} is given by

. Mol -1 1 )
A= (t)ei = Zi 7 PeiMy (t)ji-
]:

Proposition A.9 (see appendix B of [16]). We have the following equality:

dt (b)ei
- Moecte
N Z Hte = . Z te
TETree(F)E¢T CECut(F;{z,t(e)},{\r0|,h(e)})

. Z [1e ecte
cecuin@)AnlHe))
In particular, every term of the numerator also appears in the denominator, so we have

-1
dﬁ (t)ei

Remark A.10. If we view graphs as discrete spaces, the incidence matrix can be viewed

< 2.

as de Rham differential. Then dF_ L(t),; can be viewed as the Green’s function of de Rham

differential on a graph. This might explains the importance of dﬁ_ 1 ()ei-

APPENDIX B. COMPACTIFICATION OF SCHWINGER SPACES

In this appendix, we review the construction of a compactification of Schwinger space

in [19, 20].

Definition B.1. Given a directed graph T, and L > 0, the Schwinger space is defined by
(0, L]". The orientation is given by the following formula:

/ T dte =Ll
(O,L]rl eeﬁ

Assume T is a connected directed graph, L > 0 is a positive real number. Let S C T} be
a subset of T}, we define the following submanifold with corners of Schwinger space:

AS:{(tlftzl-..,t“‘ll)e[0[L]F1|te:0 IfeGS}

The compactification of Schwinger space is obtained by iterated real blow ups of [0, L]ﬁl
along Ag forall S C I in a certain order (see [1, 14]). To avoid getting into technical
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details of real blow ups of manifolds with corners, we will use another simpler defini-
tion. Instead, we present a typical example of real blow up, which will be helpful to
understand our construction:

Example B.2. Let S = {1,2,...,k} C T}, the real blow up of [0, —|—oo)ﬁ1 along Ag is the
following manifold(with corners):

[[0 +OO) As] {(p,él,...,ék, tk+1r---t|l“]\) S [0, +OO)|F1‘+1

fg}:l}.

i=1
We have a natural map from [[0, +00)" 1 Ag] to [0, +-00)":

(0,81 &k tkrns - ny) = (B = P&, e = Pé tert - )
We also have a natural inclusion map from (0, —|—oo)Fl to [[0, —l—oo)ﬁ : Agl:

(tl,. . .,t‘m)

12,& L= t
lg% ir6l = V/————— k-—iQEii??§;k+lv--r|n\

For us, the most important property is that —- can be extended to a smooth function
p property Nk 2
Zl 1 t

& on [[0, —|—oo) : Ag].

Let’s consider the following natural inclusion map:

i:(0,400)" = 1[0, +00)" : Ag]
Schhy

Definition B.3. We call the closure of the image of (0, L]Fl under i the compactified
f

Schwinger space of T'. We denote it by [0, L]

Remark B.4. Sometimes, by abusing of concept, we will also call the closure of the image

of (0, +oo)Fl under i the compactified Schwinger space, although it is not compact. We
I
will use [0, +00) " to denote it.

=

T
Proposition B.5 ([1]). [0, L] "isa compact manifold with corners.

The matrices My (t)i;1 and d 1(t).; defined in appendix A admit extensions to matrix-
valued smooth functions on [0, +oc0)/Ml:
Lemma B.6 ([19]). Given a connected graph T, The following functions can be extended to

B
smooth functions on [0, +00) :
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(1) Mp(t);;' for 1 <i,j < [T - 1.
(2) dM(H)eifore €Ty, 1< j< || — 1.

Let 5+((0, +00)™) be the closure of

. L nd
({0, +00)") = ({1 o) € O +00) | X £ =1)

T ) ;
in [0, +00) ' the following proposition give a description of the boundary of $*((0, +o00)™):

Proposition B.7. Given a connected graph T, the boundary of 5*((0, +oo)ﬁ1) has the following
decomposition:

[l
M
Proof. This follows from the construction of [0, +c0) . =

APPENDIX C. MATHEMATICA CODE FOR THE CHIRAL 5-OPERATION

Here is the Mathematica code for the chiral 5-operation (compare with [4, Section 4.8
4.67))).

(xDefine wedge*)
wedgel[a_, b_]1 := al[[1]1*b[[2]] - al[2]]1*b[[1]];

{r2, r3, r4, s2, s3, s4} =
Symbol /@ {"r2", "r3", "r4", "s2", "s3", "s4"};
\[Lambdalil {\[Lambdal11, \[Lambdali12};
\[Lambda]2 {\[Lambdal]21, \[Lambda]l22};
\[Lambda]3 {\[Lambdal31, \[Lambdal32};
\[Lambdal4 {\[Lambdal41, \[Lambdal42};
(*0ur formulax*)
Integrate [wedge [(1 - r2)*\[Lambdall + (1 - r2*x(1 - s2))=*\[
Lambdal3,
\[Lambdal4 + (1 - s4)*\[Lambda]2]*
wedge [\[Lambda]l, \[Lambdal3 + (1 - s3)*\[Lambdald +
(1 - s3)*(1 - s4)*\[Lambdal2]x*
wedge [(-(1 - r3))*(1 - r2)*\[Lambdall +



(1 - r3)*x(r2*(1 - s2) - 1)*\[Lambdal3 +

(-s3 - (1 -
r2*x(1 - s2)
r4, {s4, 0, 1},

s3)*(1 - r3)*x(1 -
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Y)*\[Lambdal4, \[Lambdal2]*r2*r3x*

{s3, 0, 1}, {s2, 0, 1}, {r4, O,

{r3, 0, 1}, {r2, 0, 1}]
(*Result in [4, Section 4.8

(4.67)]1x%)

F = (1/864) *wedge [\[Lambdall,

wedge [\ [Lambdall,
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
147
wedge [\ [Lambdal3,
wedge [\ [Lambdall,
1371
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
14]+*
wedge [\ [Lambdal3,
wedge [\ [Lambdall,
141=
wedge [\ [Lambdall,
wedge [\ [Lambdall,
131x*
wedge [\ [Lambdal]3,

\[Lambda]3]*
\[Lambdal3]"2 - (1/96)x*
\[Lambda]4] 2%
\[Lambda]l3] + (1/96)
\[Lambdal4]*
\[Lambdal3]"2 - (1/96)%
\[Lambda]3]*
\[Lambdal4]~2 - (1/96) *
\[Lambdal4] ~2x*
\[Lambdal4] + (1/96)*
\[Lambda]l3] 2%
\[Lambdal4] - (1/8)*
\[Lambdal3]*wedge [\ [Lambdal2,

\[Lambdal4] + (1/48)x
\[Lambda]4]*wedge [\ [Lambdal2,

\[Lambdal4] - (1/48)x
\[Lambdal4]*wedge [\ [Lambdal2,

\[Lambdal4] - (1/96) *
\[Lambdal3]*wedge [\ [Lambdal2,

\[Lambda]2] - (1/48)*

\[Lambdal3]*wedge [\ [Lambd3al2,

\[Lambdal4] + (1/16)x*

1},

\[Lambdal2]"3 + (1/96) %

\[Lambda

\ [Lambda

\[Lambda

\[Lambda

\[Lambda
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wedge [\ [Lambdall,
13]1=*
wedge [\ [Lambda]3,
wedge [\ [Lambdall,
141+
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
131
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
147«
wedge [\ [Lambdall,
wedge [\ [Lambdall,
141+
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
131+%
wedge [\ [Lambdall,
wedge [\ [Lambdall,
131=*
wedge [\ [Lambdall,
wedge [\ [Lambdall,
147
wedge [\ [Lambdall,
wedge [\ [Lambdal2,
14]+=
wedge [\ [Lambdall,
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
wedge [\ [Lambdal3,
wedge [\ [Lambdall,
wedge [\ [Lambdal2,
wedge [\ [Lambdall,
wedge [\ [Lambdall,
wedge [\ [Lambdall,

\[Lambdal4]l*wedge [\[Lambdal2,

\[Lambdal4] - (1/48)x*
\[Lambdal3]*wedge [\ [Lambdall,

\[Lambdal4] + (1/48)%*
\[Lambdal3]*wedge [\ [Lambdal2,

\[Lambdal4] + (1/144)*
\[Lambdal3]*wedge [\ [Lambdall,

\[Lambdal2] - (1/48)*
\[Lambda]3]*wedge [\ [Lambdall,

\[Lambda]l3] - (1/96)*
\[Lambda]l3]*wedge [\ [Lambdal2,

\[Lambdal2] - (1/96) *
\[Lambdal4]l*wedge [\[Lambdal2,

\[Lambdal2] - (1/96)*
\[Lambdal4]l*wedge [\[Lambdal2,

\[Lambdal2] + (1/144)*
\[Lambda]3]*wedge [\ [Lambda]2,

\[Lambdal2] - (1/288)*
\[Lambdal4]*
\[Lambdal2]~2 + (7/96)*
\[Lambdal4] 2%
\[Lambdal2] - (1/288)*
\[Lambda]3]*
\[Lambdal2]"2 + (1/288)*
\[Lambda]4] 2%
\[Lambda]2] + (1/288) *

\ [Lambda

\[Lambda

\[Lambda

\[Lambda

\ [Lambda

\[Lambda

\[Lambda

\ [Lambda

\[Lambda
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11.
12.

13.

14.

15.
16.

17.

18.
19.
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wedge [\ [Lambdall, \[Lambda]2] 2%

wedge [\ [Lambdall, \[Lambdal4] + (1/288)*

wedge [\[Lambdall, \[Lambdal]2] 2%

wedge [\ [Lambdall, \[Lambdal3] + (1/288)*

wedge [\ [Lambda]2, \[Lambda]3] " 2*wedge [\[Lambdall, \[
Lambda]?2];
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