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Abstract. We introduce a dg Lie superalgebra which we conjecture to be present as a

symmetry in the holomorphic twist of any six-dimensional N = (2, 0) superconformal

QFT. It is closely related to Kac’s exceptional Lie superalgebra 𝐸 (3|6). We justify this ex-

pectation by presenting this symmetry in the twist of the abelian superconformal QFT,

or “tensor multiplet” theory. Finally, we prove that the further localization of our sym-

metry algebra to a two-dimensional chiral plane is the universal symmetry algebra of

two-dimensional chiral CFT; the Virasoro algebra.
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1 Introduction

(Super)conformal algebras are finite dimensional for spacetimes of dimension 𝑑 > 2. On

the other hand, we will provide evidence that the holomorphic twist of a six-dimensional

N= (2, 0) superconformal field theory has an infinite-dimensional symmetry akin to the

Virasoro algebra in conformal field theory. It is a particular enhancement of the finite-

dimensional twisted six-dimensional superconformal algebra. The purpose of this paper

is to describe this enhancement and to study its realization in the holomorphic twist of

the free N = (2, 0) theory. The enhanced symmetry is governed by a local version of

Kac’s exceptional linearly compact Lie superalgebra 𝐸 (3|6). After a further deformation

and localization to a complex curve, this exceptional symmetry reduces to the Virasoro

symmetry of a chiral conformal field theory.

This gives a six-dimensional counterpart of a familiar feature of two-dimensional

conformal field theory. Infinitesimal conformal transformations on a formal complex disk

form the Witt algebra, whose quantum central extension is the Virasoro algebra. In the

present setting, 𝐸 (3|6) plays the role of the formal infinitesimal symmetry algebra, while

its sheaf-theoretic versions provide the local symmetries required for field theory.



The exceptional local symmetry

Let 𝑋 be a complex threefold, let R be a rank-two holomorphic vector bundle on 𝑋 , and

fix an isomorphism

Ω : ∧2 R
�−→ K𝑋 . (1.1)

We associate to this data a holomorphic Lie superalgebra whose even and odd parts split

as:

E(3|6)R = AtΩ (R) ⊕ Π
(
Ω1

𝑋 ⊗ R∗) . (1.2)

Here AtΩ (R) consists of first-order differential operators on R whose induced action on

det(R) � K𝑋 is the Lie derivative along their symbol. It is the even part of E(3|6)R. The

odd part is Ω1

𝑋
⊗ R∗

(note that Π(−) denotes parity shift), and its symmetric bracket is a

first-order differential operator in AtΩ (R). The Dolbeault resolution

E(3|6)R = Ω0,• (𝑋,E(3|6)R) (1.3)

is a local dg Lie superalgebra in the sense of [CG21].

On the formal three-disk, after trivializing R compatibly with Ω, formal sections of

E(3|6)R recover the standard linearly compact Lie superalgebra 𝐸 (3|6) [Kac98; CK99].

Polynomial sections give its polynomial form, while holomorphic sections give the cor-

responding analytic version.

Section 3 provides a supergeometric origin for this exceptional Lie superalgebra. The

relevant symbol is the two-step nilpotent graded Lie superalgebra

𝔪−2 = 𝐴, 𝔪−1 = Π(𝐴∗ ⊗ 𝐵∗), (1.4)

where dim𝐴 = 3, dim𝐵 = 2, and the bracket is determined by an identification

∧2𝐵 � ∧3𝐴∗ .

The full Tanaka prolongation of this symbol and its degree-zero derivations is 𝐸 (3|6).
Equivalently, 𝐸 (3|6) is the algebra of formal infinitesimal automorphisms of the flat rank-

0|6, bracket-generating distribution on the associated 3|6-dimensional formal superman-

ifold. We also construct global examples of this Tanaka geometry, including a homoge-

neous structure over ℙ3
.

The appearance of 𝐸 (3|6) after holomorphic twisting is explained by the derived

superconformal-symmetry calculation of [Hah+24], recalled in Theorem 3.1: on flat space

the twisted local symmetry algebra is quasi-isomorphic to E(3|6)R. This motivates the

expectation that E(3|6)R acts on the holomorphic twist of any N = (2, 0) superconfor-

mal theory. We do not prove that general statement here. Instead, we construct the action

explicitly for the abelian theory.

The free tensor multiplet and its anomaly

The abelian N= (2, 0) theory, or tensor multiplet, is the one six-dimensional example for

which the holomorphic twist can be described directly. It is not a conventional Lagrangian
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theory because of the self-dual tensor field. Following [SW23a], we formulate its twist as

a free Poisson-degenerate BV theory.

Our first field-theoretic result is an explicit classical action of the exceptional local

symmetry. More precisely, in Theorem 4.10 we construct an 𝐿∞ local current

T : E(3|6)R ⇝ Oloc (V) [−1] (1.5)

which satisfies the equivariant classical master equation. Thus the holomorphic twist of

the free tensor multiplet carries a classical E(3|6)R-symmetry. The higher Taylor com-

ponents of T are essential: the symmetry is naturally an 𝐿∞-action rather than a strict

action by Hamiltonian local functionals.

We then quantize both the observables and the current using factorization algebras.

The factorization form of Noether’s theorem produces a map

T𝑞 : UΘ𝑓 𝑟
(E(3|6)R) −→ ObsR, (1.6)

where ObsR is the factorization algebra of quantum observables and Θ𝑓 𝑟 is the one-loop

obstruction to quantizing the classical current. The source is the factorization enveloping

algebra of E(3|6)R, twisted by this anomaly.

We compute the restriction of Θ𝑓 𝑟 to the even symmetry algebra by equivariant

Riemann–Roch. It is a universal degree-eight polynomial in the Chern classes of T𝑋

and the residual 𝑆𝑈 (2)-bundle. After the characteristic classes are specialized accord-

ing to the holomorphic twist, the result agrees with the standard anomaly polynomial of

the six-dimensional free tensor multiplet. This comparison fixes the normalization of the

central extension used later in the localization calculation.

Localization to a curve

The second part of the paper studies a further deformation of the polarized theory and pro-

vides a factorization algebra refinement of the work of [BRR15] which associates a vertex

algebra to a six-dimensional superconformal QFT. By polarized we mean a Z-graded lift

of both the theory and symmetry which exists in the following geometric context. Let us

suppose that the threefold is a product

𝑋 = 𝐶 × 𝑆

where 𝐶 is a complex curve and 𝑆 a complex surface. The natural choice of a rank two

vector bundle for this geometry is

R = 𝜋∗
𝐶K𝐶 ⊕ 𝜋∗

𝑆K𝑆 (1.7)

This spliting allows E(3|6)R to admit consistent ℤ-grading. We denote the resulting

graded holomorphic Lie algebra by Ẽ(3|6), and its Dolbeault resolution by Ẽ(3|6).
A holomorphic vector field 𝑣 on 𝑆 determines a Maurer–Cartan element of Ẽ(3|6). It

therefore deforms both the exceptional symmetry algebra and every factorization algebra

equipped with the corresponding current. For

𝑆 = C2, 𝑣 = Eu = 𝑤1

𝜕

𝜕𝑤1

+𝑤2

𝜕

𝜕𝑤2

,
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the deformation is supported at the unique zero of 𝑣 . Pushing forward along

𝜋 : 𝐶 × C2 −→ 𝐶

therefore produces a factorization algebra on the curve.

To state the result, we call a factorization algebra on𝐶×C2 Dolbeault-conformal if it is

equipped with a quantum current for the centrally extended algebra Ẽ(3|6). Its coefficient

𝑐 𝑓 𝑟 is called the free central charge.

Theorem (Theorem 6.11). Let Fbe a Dolbeault-conformal factorization algebra on𝐶 ×C2

of free central charge 𝑐 𝑓 𝑟 (this is the coefficient of the anomaly Θ𝑓 𝑟 ). Deformation by the
Euler vector field followed by pushforward,

Loc𝜋,Eu (F) = 𝜋∗ (F, dF+ T(Eu) ★ (−)) , (1.8)

is a chiral conformal factorization algebra on 𝐶 of central charge

𝑐2𝑑 = 𝑐 𝑓 𝑟 .

At the level of symmetry algebras, the deformed exceptional local Lie algebra local-

izes to holomorphic vector fields on 𝐶 , together with a locally constant 𝔰𝔩(2)-factor. At

the quantum level, Proposition 6.13 identifies the localization of the twisted factorization

enveloping algebra with the Virasoro factorization algebra, tensored with the factoriza-

tion enveloping algebra of that locally constant 𝔰𝔩(2)-symmetry. The six-dimensional

anomaly Θ𝑓 𝑟 maps to the Virasoro cocycle with the same coefficient, which accounts for

the equality of central charges. We note that the anomaly associated to the free theory

Θ𝑓 𝑟 is only one of two linearly independent central anomalies for E(3|6)R. The classifica-

tion of such anomalies and their role in constructing the holomorphic twist of the higher

rank superconformal theories will appear in future work.

For the polarized free tensor multiplet, the localization can be computed directly:

Loc𝜋,Eu (Õbs) ≃ Bos, (1.9)

where Bos is the chiral-boson factorization algebra on 𝐶 . This equivalence preserves the

conformal structure and has central charge one. When 𝐶 = C, extraction of a vertex

algebra gives the Heisenberg vertex algebra (or chiral boson vertex algebra) of central

charge one.

Organization of the paper

Section 2 constructs the holomorphic Lie superalgebra E(3|6)R, its Dolbeault local Lie

algebra E(3|6)R, and the polarized versions used on product threefolds. It also relates the

construction to divergence-free vector fields and closed forms on the Calabi–Yau fivefold

Tot(R).
Section 3 gives the supergeometric interpretation of 𝐸 (3|6) in terms of Tanaka struc-

tures. It identifies the formal automorphisms of the flat model and constructs homoge-

neous and elliptic examples.
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Section 4.4 recalls the holomorphic twist of the free tensor multiplet and constructs

the classical 𝐿∞ current.

Section 5 quantizes the free theory and its symmetry. It constructs the quantum

current, computes the one-loop anomaly by Riemann–Roch, and describes the resulting

currents on a punctured formal three-disk.

Section 6 develops holomorphic localization. It studies the deformation by a vec-

tor field on the surface, proves the localization theorem above, computes the localized

anomaly and free theory, and extracts the Heisenberg vertex algebra.

Finally, Section A records the parallel localization calculation for holomorphic twists

of four-dimensional N= 2 theories.
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Notation and conventions

For a vector bundle 𝐸 on a manifold 𝑋 , we write E for its sheaf of smooth sections and E

for its sheaf of holomorphic sections when 𝐸 is holomorphic. If 𝐸 and 𝐹 are bundles on 𝑋

and 𝑌 , respectively, then

𝐸 ⊠ 𝐹 = 𝑝∗𝑋𝐸 ⊗ 𝑝∗𝑌 𝐹

denotes their external tensor product on 𝑋 × 𝑌 .

Our cochain complexes are cohomologically graded: 𝐸𝑖 lies in degree 𝑖 , and the dif-

ferential has degree +1. The symbol Π denotes reversal of super parity. Cohomological

degree and super parity are kept separate unless a consistent ℤ-grading is explicitly in-

troduced.

A local dg Lie algebra is the sheaf of smooth sections of a graded vector bundle

equipped with a differential operator and a bidifferential bracket satisfying the dg Lie

identities [CG21]. If L is a holomorphic Lie algebra or Lie superalgebra, its Dolbeault

resolution

Ω0,• (𝑋,L)

is a local dg Lie algebra or local dg Lie superalgebra. We use E(3|6)R for the holomorphic

exceptional Lie superalgebra and E(3|6)R for its Dolbeault resolution; tildes denote the

consistently graded polarized versions.
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2 An exceptional sheaf of Lie superalgebras

In this section we introduce the enhanced exceptional symmetry governing the holomor-

phic twist of six-dimensional N= (2, 0) superconformal theories. Such twists are defined

on any complex threefold equipped with additional geometric data that we describe be-

low. The symmetry takes the form of a local Lie algebra on 𝑋 , in the sense of [CG21,

Definition 3.1.3.1]. On 𝑋 = C3
, polynomial sections give the polynomial form of the

exceptional Lie superalgebra, while formal completion at the origin gives the standard

linearly compact Lie superalgebra 𝐸 (3|6) discovered in [Kac98; CK99]. Entire holomor-

phic sections give the corresponding analytic version.

Following the construction of this exceptional local Lie algebra, we provide an explicit

realization of it as a symmetry of the holomorphic twist of the free six-dimensional N=

(2, 0) superconformal field theory (otherwise known as the tensor multiplet, the abelian

N= (2, 0) theory, or the worldvolume theory of a single fivebrane in M-theory).

2.1 An exceptional holomorphic Lie superalgebra

By a holomorphic Lie algebra on a complex manifold 𝑋 , we mean a holomorphic vector

bundle L equipped with a holomorphic bidifferential operator

[−,−] : L × L → L (2.1)

on its sheaf L of holomorphic sections that makes it into a sheaf of Lie algebras. Sim-

ilarly, a holomorphic Lie superalgebra is a super vector bundle equipped with a parity-

preserving bidifferential operator that satisfies the super Jacobi identity and hence defines

a sheaf of Lie superalgebras. Given a holomorphic Lie (super)algebra L, its Dolbeault

complex Ω0,• (𝑋,L) is a local dg Lie (super) algebra in the sense of [CG21].

We turn to the geometric context of this section. For𝑋 a complex threefold (a complex

manifold of complex dimension three), let R be a rank-two holomorphic vector bundle

on 𝑋 equipped with a bundle isomorphism

Ω : ∧2 R → K𝑋 . (2.2)

(Thus R is a “rank-two square root of the canonical bundle.”) In what follows, we will

work in the context of such a triple (𝑋,R,Ω); there is a natural site of complex threefolds

equipped with such geometric structure that we do not explicitly develop further here. We

comment on the relation of these geometric data to the holomorphic twist of N = (2, 0)
supersymmetry below.

Let At(R) be the holomorphic Atiyah algebroid of the bundle R (see [Mac87] for a

textbook reference). By definition, its sections are first-order differential operators on

sections of R with central symbol. It fits into the commutative diagram

0 End(R) At(R) T𝑋 0

0 End(R) Diff
≤1 (R) T𝑋 ⊗ End(R) 0

=

#

𝟙

symb

(2.3)
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of sheaves of Lie algebras, where # is the anchor map. Indeed, (2.3) is also a diagram

of holomorphic vector bundles on 𝑋 , but we forewarn the reader that this structure will

require some modification in what follows.

Given any 𝐷 ∈ At(R), we can define a first-order differential operator acting on

sections of det(R) = ∧2R by the formula

det(𝐷) (𝑟1 ∧ 𝑟2)
def

= 𝐷 (𝑟1) ∧ 𝑟2 + 𝑟1 ∧ 𝐷 (𝑟2). (2.4)

This differential operator has the same symbol as𝐷 , so it determines a section ofAt(det(R)).
Recall that we have fixed an isomorphism Ω : det(R) �−→ K𝑋 , and that any vector field

on 𝑋 canonically determines a first-order differential operator on K𝑋 , the Lie derivative.

This leads us to the following definition.

Definition 2.1. The subsheaf AtΩ (R) ⊂ At(R) is defined by the condition

AtΩ (R)
def

= {𝐷 ∈ At(R) | Ω ◦ det(𝐷) ◦ Ω−1 = 𝐿#𝐷 }. (2.5)

In other words, a first-order differential operator 𝐷 (with symbol proportional to 𝟙) is a

section of AtΩ (R) if, upon using the identification Ω, the operator det(𝐷) acts by the Lie

derivative along its symbol.

It is immediate that AtΩ (R) is a sheaf of sub Lie algebras. Moreover, the kernel of

# restricted to AtΩ (R) consists of those O-linear operators 𝐴 ∈ End(R) for which the

endomorphism of det(R) induced via (2.4) is zero. But this induced action of𝐴 on det(R)
is just multiplication by tr(𝐴). Therefore we have a short exact sequence

0 𝔰𝔩(R) AtΩ (R) T𝑋 0
#

(2.6)

of sheaves of Lie algebras.

Remark 2.2. If we choose a local frame {𝑒1, 𝑒2} for R, then Ω0 = Ω(𝑒1 ∧ 𝑒2) becomes a

local holomorphic volume form on 𝑋 , and the condition that 𝐷 = (𝑋,𝐴) is a section of

AtΩ (R) becomes

tr(𝐴) = divΩ0
(𝑋 ). (2.7)

2.1.1. The sequence (2.6) suggests that AtΩ (R) should admit the structure of a holomor-

phic Lie algebroid, and indeed it does. However, viewing it as such requires a modification

to the O𝑋 -module structure, since the determinant condition (2.5) is not O𝑋 -linear. For 𝑓

a holomorphic function and𝐷 ∈ AtΩ (R), the appropriate O𝑋 -module structure is defined

by

𝑓 · 𝐷 def

= 𝑓 𝐷 + 1

2

#𝐷 (𝑓 )𝟙. (2.8)

In the first term, we use the standard O𝑋 -module structure on differential operators (left

multiplication). Using (2.4), one quickly checks that

det(𝑓 · 𝐷) = 𝑓 det(𝐷) + #𝐷 (𝑓 ), (2.9)
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just as is true for the Lie derivative acting on sections of K𝑋 .
1

Thus the condition defin-

ing AtΩ (R) becomes O𝑋 -linear with respect to the corrected O𝑋 -module structure. One

further observes that the Lie bracket and anchor from above obey the Lie–Rinehart prop-

erty with respect to the corrected module structure, so that AtΩ (R) acquires the structure

of a holomorphic Lie algebroid. In particular, it is a holomorphic Lie algebra on 𝑋 .

2.1.2. We proceed with the construction of the holomorphic Lie superalgebra E(3|6)R
which is the main goal of this section. Its even part is what we have just discussed

E(3|6)0

R

def

= AtΩ (R). (2.10)

The odd part is the locally free O𝑋 -module

E(3|6)1

R

def

= Ω1

𝑋 ⊗O𝑋
R∗ . (2.11)

In the following paragraphs, we will complete the description of the local Lie superalgebra

structure on E(3|6)R.

We begin by equipping E(3|6)1

R
with the structure of an E(3|6)0

R
-module. For 𝐷 a

section of E(3|6)0

R
and 𝛼 = 𝜔 ⊗ 𝜌 a (decomposable) section of E(3|6)1

R
, consider the map

E(3|6)0

R → Diff
≤1 (E(3|6)1

R), 𝐷 ↦→ 𝐿𝐷 (2.12)

that associates to 𝐷 the first-order differential operator 𝐿𝐷 on sections of E(3|6)1

R
defined

by the formula

𝐿𝐷 (𝜔 ⊗ 𝜌) def

= 𝐿#𝐷𝜔 ⊗ 𝜌 + 𝜔 ⊗ 𝐷∗𝜌. (2.13)

Here, 𝐷∗ ∈ Diff
≤1 (R∗) denotes the dual first-order differential operator defined by the

formula

(𝐷∗𝜌) (𝑟 ) = #𝐷 (𝜌 (𝑟 )) − 𝜌 (𝐷𝑟 ), (2.14)

where 𝑟 is a section of R. In particular, one has the useful formula

(𝐿𝐷𝛼) (𝑟 ) = 𝐿#𝐷𝛼 (𝑟 ) − 𝛼 (𝐷𝑟 ), (2.15)

which also characterizes 𝐿𝐷 .

Lemma 2.3. For all sections 𝐷,𝐷 ′ of E(3|6)0

R
one has

𝐿[𝐷,𝐷 ′ ] = [𝐿𝐷 , 𝐿𝐷 ′ ] (2.16)

as first-order differential operators acting on sections of E(3|6)1

R
.

Proof. Let 𝛼 be a section of E(3|6)1

R
= Ω1 ⊗O R∗

, and 𝑟 a section of R. Then

𝐿𝐷 (𝐿𝐷 ′𝛼) (𝑟 ) = 𝐿#𝐷𝐿#𝐷 ′𝛼 (𝑟 ) − 𝐿#𝐷𝛼 (𝐷 ′𝑟 ) − 𝐿#𝐷 ′𝛼 (𝐷𝑟 ) + 𝛼 (𝐷 ′𝐷𝑟 ), (2.17)

1
More generally, if 𝑅 is rank 𝑟 then this compatible O𝑋 -module structure is 𝑓 𝐷 + 1

𝑟 #𝐷𝑓 𝟙. We

remark that the formula defines a one-parameter family of O𝑋 -module structures on the Atiyah

algebroid, each of which fits into a Lie algebroid structure with the same bracket and anchor.
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from which we see that Taking the supercommutator and cancelling the mixed terms

gives

[𝐿𝐷 , 𝐿𝐷 ′ ] (𝛼) (𝑟 ) = [𝐿#𝐷 , 𝐿#𝐷 ′ ]𝛼 (𝑟 ) − 𝛼 ( [𝐷, 𝐷 ′]𝑟 ). (2.18)

Since the anchor and the Lie derivative preserve brackets, the right-hand side is𝐿[𝐷,𝐷 ′ ]𝛼 (𝑟 ).
□

We will also need the following easy lemma.

Lemma 2.4. Let 𝛼, 𝛽 be sections of E(3|6)1

R
. Then there exists a unique vector field 𝜇𝛼,𝛽 =

𝜇𝛽,𝛼 on 𝑋 such that

𝜄𝜇𝛼,𝛽Ω(𝑟 ∧ 𝑠) = 𝛼 (𝑟 ) ∧ 𝛽 (𝑠) + 𝛽 (𝑟 ) ∧ 𝛼 (𝑠) (2.19)

for arbitrary sections 𝑟, 𝑠 of R.

Proof. Given the sections 𝛼 and 𝛽 , the formula

(𝑟, 𝑠) ↦→ 𝛼 (𝑟 ) ∧ 𝛽 (𝑠) + 𝛽 (𝑟 ) ∧ 𝛼 (𝑠) (2.20)

is clearly alternating and O𝑋 -bilinear. Thus it determines a bundle map from ∧2R to Ω2

𝑋
;

this is equivalently a section of ∧2R∗ ⊗ Ω2

𝑋
, which is in turn isomorphic to T𝑋 via the

(inverse dual of the) bundle isomorphism Ω. □

To a pair of sections 𝛼, 𝛽 of E(3|6)1

R
as above, we can symmetrically associate a dif-

ferential operator 𝐷𝛼,𝛽 = 𝐷𝛽,𝛼 ∈ Diff
≤1 (R) by requiring that

Ω(𝐷𝛼,𝛽 (𝑟 ) ∧ 𝑠) = d𝛼 (𝑟 ) ∧ 𝛽 (𝑠) + d𝛽 (𝑟 ) ∧ 𝛼 (𝑠) (2.21)

for all sections 𝑟, 𝑠 of R.

Proposition 2.5. For any sections 𝛼, 𝛽,𝛾 of E(3|6)1

R
, the following are true concerning the

differential operator 𝐷𝛼,𝛽 :

(a) 𝐷𝛼,𝛽 is a section of E(3|6)0

R
.

(b) For 𝐷 a section of E(3|6)0

R
, one has

[𝐷, 𝐷𝛼,𝛽 ] = 𝐷𝐿𝐷𝛼,𝛽 + 𝐷𝛼,𝐿𝐷𝛽 . (2.22)

In other words, the assignment 𝛼, 𝛽 ↦→ 𝐷𝛼,𝛽 is AtΩ (R)-equivariant.

(c) For all sections 𝛼, 𝛽,𝛾 of E(3|6)1

R
one has:

𝐿𝐷𝛼,𝛽
𝛾 + cyclic = 0. (2.23)

Proof. We begin with (a). For 𝑓 ∈ O𝑋 and 𝑟, 𝑠 sections of R one has

Ω(𝐷𝛼,𝛽 (𝑓 𝑟 ) ∧ 𝑠) = 𝑓 Ω(𝐷𝛼,𝛽𝑟 ∧ 𝑠) + d𝑓 ∧
(
𝛼 (𝑟 ) ∧ 𝛽 (𝑠) − 𝛼 (𝑠) ∧ 𝛽 (𝑟 )

)
= 𝑓 Ω(𝐷𝛼,𝛽𝑟 ∧ 𝑠) + d𝑓 ∧ 𝜄𝜇𝛼,𝛽Ω(𝑟 ∧ 𝑠),

(2.24)
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the latter equality by definition of 𝜇𝛼,𝛽 (see lemma 2.4). Since d𝑓 ∧ 𝜄𝜇Ω = 𝜇 (𝑓 )Ω for any

section Ω of K𝑋 , this can be written as

Ω(𝐷𝛼,𝛽 (𝑓 𝑟 ) ∧ 𝑠) = 𝑓 Ω(𝐷𝛼,𝛽𝑟 ∧ 𝑠) + 𝜇𝛼,𝛽 (𝑓 )Ω(𝑟 ∧ 𝑠). (2.25)

Since Ω is an isomorphism and 𝑠 is arbitrary, we conclude that

𝐷𝛼,𝛽 (𝑓 𝑟 ) = 𝑓 𝐷𝛼,𝛽𝑟 + 𝜇𝛼,𝛽 (𝑓 )𝑟 . (2.26)

Thus 𝐷𝛼,𝛽 is a first-order differential operator with scalar principal symbol, and so a sec-

tion of At(R). Its symbol is precisely the vector field 𝜇𝛼,𝛽 .

We now check the determinant condition. Antisymmetrizing (2.21) in 𝑟 and 𝑠 , we see

that

Ω(𝐷𝛼,𝛽𝑟 ∧ 𝑠) + Ω(𝑟 ∧ 𝐷𝛼,𝛽𝑠) =
𝑑𝛼 (𝑟 ) ∧ 𝛽 (𝑠) + 𝑑𝛽 (𝑟 ) ∧ 𝛼 (𝑠) − 𝑑𝛼 (𝑠) ∧ 𝛽 (𝑟 ) − 𝑑𝛽 (𝑠) ∧ 𝛼 (𝑟 ). (2.27)

But the right hand side is a total derivative, which we rewrite as d𝜄𝜇𝛼,𝛽Ω(𝑟 ∧ 𝑠) recalling

lemma 2.4. Since Ω(𝑟 ∧ 𝑠) is a top form, we conclude that

Ω(𝐷𝛼,𝛽𝑟 ∧ 𝑠) + Ω(𝑟 ∧ 𝐷𝛼,𝛽𝑠) = 𝐿#𝐷𝛼,𝛽
Ω(𝑟 ∧ 𝑠) . (2.28)

This is precisely the determinant condition, so that 𝐷𝛼,𝛽 is a section of AtΩ (R). This

proves (a).

For (b) we will prove equation (2.22) by pairing both sides with Ω(− ∧ 𝑠). Applying

the determinant condition to 𝐷 , we have

Ω( [𝐷, 𝐷𝛼,𝛽 ]𝑟 ∧ 𝑠) = 𝐿#𝐷Ω(𝐷𝛼,𝛽𝑟 ∧ 𝑠) − Ω(𝐷𝛼,𝛽𝑟 ∧ 𝐷𝑠) − Ω(𝐷𝛼,𝛽 (𝐷𝑟 ) ∧ 𝑠) (2.29)

Using (2.21), the Leibniz rule, and the fact that [𝐿𝜇, d] = 0, we can write the first term as

𝐿#𝐷Ω(𝐷𝛼,𝛽𝑟 ∧ 𝑠) = (d𝐿#𝐷𝛼 (𝑟 )) ∧ 𝛽 (𝑠) + d𝛼 (𝑟 ) ∧ 𝐿#𝐷𝛽 (𝑠)
+ (d𝐿#𝐷𝛽 (𝑟 )) ∧ 𝛼 (𝑠) + d𝛽 (𝑟 ) ∧ 𝐿#𝐷𝛼 (𝑠). (2.30)

Thus equation (2.29) becomes

Ω( [𝐷,𝐷𝛼,𝛽 ]𝑟 ∧ 𝑠) = d((𝐿𝐷𝛼) (𝑟 )) ∧ 𝛽 (𝑠) + d(𝛽 (𝑟 )) ∧ (𝐿𝐷𝛼) (𝑠)
+ d(𝛼 (𝑟 )) ∧ (𝐿𝐷𝛽) (𝑠) + d((𝐿𝐷𝛽) (𝑟 )) ∧ 𝛼 (𝑠). (2.31)

Rearranging, we arrive at

Ω( [𝐷, 𝐷𝛼,𝛽 ]𝑟 ∧ 𝑠) = Ω((𝐷𝐿𝐷𝛼,𝛽 + 𝐷𝛼,𝐿𝐷𝛽 )𝑟 ∧ 𝑠) (2.32)

Item (b) follows.

Finally, we prove (c). We must show that

𝐿𝐷𝛼,𝛽
𝛾 + 𝐿𝐷𝛽,𝛾

𝛼 + 𝐿𝐷𝛾,𝛼
𝛽 = 0.
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It is enough to evaluate this expression on an arbitrary local section 𝑟 of R. We write

𝜇𝛼,𝛽 = #𝐷𝛼,𝛽 as before. By (2.15), or by definition, we have

(𝐿𝐷𝛼,𝛽
𝛾) (𝑟 ) = 𝐿𝜇𝛼,𝛽 (𝛾 (𝑟 )) − 𝛾 (𝐷𝛼,𝛽𝑟 ).

Applying Cartan’s magic formula, the cyclic sum becomes∑︁
cyc

(𝐿𝐷𝛼,𝛽
𝛾) (𝑟 ) =

∑︁
cyc

(
𝜄𝜇𝛼,𝛽 d(𝛾 (𝑟 )) − 𝛾 (𝐷𝛼,𝛽𝑟 )

)
+ d

∑︁
cyc

𝜄𝜇𝛼,𝛽𝛾 (𝑟 ). (2.33)

We will show that both terms vanish independently, starting with the second term. The

claim is local in 𝛼, 𝛽,𝛾 , so it suffices to check it for decomposable sections

𝛼 = 𝜔 ⊗ 𝜏, 𝛽 = 𝜂 ⊗ 𝜈, 𝛾 = 𝜃 ⊗ 𝜆,

where 𝜔,𝜂, 𝜃 are one-forms and 𝜏, 𝜈, 𝜆 are sections of R∗
.

Choose a local frame 𝑒1, 𝑒2 of R, so that Ω0 = Ω(𝑒1 ∧ 𝑒2) is a locally defined holomor-

phic volume form. Let 𝜖 ∈ ∧2R∗
be such that Ω(𝑢 ∧ 𝑣) = 𝜖 (𝑢, 𝑣)Ω0 for any sections 𝑢, 𝑣

of R. For 𝜌, 𝜎 ∈ R∗
, define the locally defined function [𝜌, 𝜎] by the formula

𝜌 ∧ 𝜎 = [𝜌, 𝜎]𝜖.

Then the defining property of 𝜇𝛼,𝛽 gives 𝜄𝜇𝛼,𝛽Ω0 = [𝜏, 𝜈] 𝜔 ∧ 𝜂.

Now we consider the term 𝜄𝜇𝛼,𝛽𝛾 (𝑟 ) appearing in the cyclic sum. Multiplying by Ω0

and applying the above, we get

𝜄𝜇𝛼,𝛽𝛾 (𝑟 ) Ω0 = 𝜆(𝑟 ) [𝜏, 𝜈] 𝜃 ∧ 𝜔 ∧ 𝜂.

Taking the cyclic sum gives(
𝜄𝜇𝛼,𝛽𝛾 (𝑟 ) + 𝜄𝜇𝛽,𝛾𝛼 (𝑟 ) + 𝜄𝜇𝛾,𝛼 𝛽 (𝑟 )

)
Ω0

= 𝜔 ∧ 𝜂 ∧ 𝜃 (𝜆(𝑟 ) [𝜏, 𝜈] + 𝜏 (𝑟 ) [𝜈, 𝜆] + 𝜈 (𝑟 ) [𝜆, 𝜏]) .

The coefficient in parentheses is the contraction of 𝜏 ∧𝜈 ∧𝜆 with 𝑟 . Since R has rank two,

this coefficient vanishes. Thus the last term in (2.33) vanishes.

It remains to show that∑︁
cyc

(
𝜄𝜇𝛼,𝛽 d(𝛾 (𝑟 )) − 𝛾 (𝐷𝛼,𝛽𝑟 )

)
= 0. (2.34)

Again, this is local, so we use the same decomposable notation. Set 𝑓 = 𝜏 (𝑟 ), 𝑔 = 𝜈 (𝑟 ),
ℎ = 𝜆(𝑟 ), and 𝑎 = [𝜏, 𝜈], 𝑏 = [𝜈, 𝜆], 𝑐 = [𝜆, 𝜏]. Thus

𝜄𝜇𝛼,𝛽Ω = 𝑎 𝜔 ∧ 𝜂, 𝜄𝜇𝛽,𝛾 Ω = 𝑏 𝜂 ∧ 𝜃, 𝜄𝜇𝛾,𝛼Ω = 𝑐 𝜃 ∧ 𝜔.

For a two-form 𝜌 and a one-form𝜅, write [𝜌, 𝜅]Ω for the unique function satisfying 𝜌∧𝜅 =

[𝜌, 𝜅]ΩΩ0.
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Since 𝛾 (𝑟 ) = ℎ𝜃 , the first term is 𝜄𝜇𝛼,𝛽 d(ℎ𝜃 ). For the second term, the defining formula

for 𝐷𝛼,𝛽 gives

Ω(𝐷𝛼,𝛽𝑟 ∧ 𝑠) = d(𝑓 𝜔) ∧ 𝜈 (𝑠)𝜂 + d(𝑔𝜂) ∧ 𝜏 (𝑠)𝜔.

Equivalently,

𝜖 (𝐷𝛼,𝛽𝑟, 𝑠)Ω0 = 𝜈 (𝑠)d(𝑓 𝜔) ∧ 𝜂 + 𝜏 (𝑠)d(𝑔𝜂) ∧ 𝜔.

Pairing 𝐷𝛼,𝛽𝑟 with 𝜆, and using [𝜆, 𝜈] = −[𝜈, 𝜆] = −𝑏 and [𝜆, 𝜏] = 𝑐 , we obtain

𝜆(𝐷𝛼,𝛽𝑟 ) = −𝑏 [d(𝑓 𝜔), 𝜂]Ω + 𝑐 [d(𝑔𝜂), 𝜔]Ω .

Therefore, if we set

𝑆𝛼,𝛽,𝛾 (𝑟 )
def

= 𝜄𝜇𝛼,𝛽 d(𝛾 (𝑟 )) − 𝛾 (𝐷𝛼,𝛽𝑟 ) (2.35)

then we have the identity

𝑆𝛼,𝛽,𝛾 (𝑟 ) = 𝜄𝜇𝛼,𝛽 d(ℎ𝜃 ) + 𝑏 𝜃 [d(𝑓 𝜔), 𝜂]Ω − 𝑐 𝜃 [d(𝑔𝜂), 𝜔]Ω . (2.36)

Similarly,

𝑆𝛽,𝛾,𝛼 (𝑟 ) = 𝜄𝜇𝛽,𝛾 d(𝑓 𝜔) + 𝑐 𝜔 [d(𝑔𝜂), 𝜃 ]Ω − 𝑎 𝜔 [d(ℎ𝜃 ), 𝜂]Ω, (2.37)

and

𝑆𝛾,𝛼,𝛽 (𝑟 ) = 𝜄𝜇𝛾,𝛼 d(𝑔𝜂) + 𝑎 𝜂 [d(ℎ𝜃 ), 𝜔]Ω − 𝑏 𝜂 [d(𝑓 𝜔), 𝜃 ]Ω . (2.38)

We now add (2.36), (2.37), and (2.38). We use the following elementary identity: if 𝜇

is the unique vector field such that 𝜄𝜇Ω = 𝑞 𝜅1 ∧ 𝜅2, then for every two-form 𝜌 ,

𝜄𝜇𝜌 = −𝑞 𝜅2 [𝜌, 𝜅1]Ω + 𝑞 𝜅1 [𝜌, 𝜅2]Ω . (2.39)

Indeed, both sides are one-forms, and after wedging with an arbitrary one-form 𝜒 , both

give 𝜌 ∧ 𝜒 ∧ 𝜄𝜇Ω/Ω.

Apply (2.39) to 𝜌 = d(𝑓 𝜔) and to the vector field 𝜇𝛽,𝛾 , for which 𝜄𝜇𝛽,𝛾 Ω = 𝑏 𝜂 ∧ 𝜃 . We

get

𝜄𝜇𝛽,𝛾 d(𝑓 𝜔) = −𝑏 𝜃 [d(𝑓 𝜔), 𝜂]Ω + 𝑏 𝜂 [d(𝑓 𝜔), 𝜃 ]Ω .

These two terms cancel exactly with the two terms involving d(𝑓 𝜔) in (2.36) and (2.38).

Similarly, applying (2.39) to 𝜌 = d(𝑔𝜂) and 𝜇𝛾,𝛼 , where 𝜄𝜇𝛾,𝛼Ω = 𝑐 𝜃 ∧ 𝜔 , gives

𝜄𝜇𝛾,𝛼 d(𝑔𝜂) = −𝑐 𝜔 [d(𝑔𝜂), 𝜃 ]Ω + 𝑐 𝜃 [d(𝑔𝜂), 𝜔]Ω .

These cancel exactly with the terms involving d(𝑔𝜂).
Finally, applying (2.39) to 𝜌 = d(ℎ𝜃 ) and 𝜇𝛼,𝛽 , where 𝜄𝜇𝛼,𝛽Ω = 𝑎 𝜔 ∧ 𝜂, gives

𝜄𝜇𝛼,𝛽 d(ℎ𝜃 ) = −𝑎 𝜂 [d(ℎ𝜃 ), 𝜔]Ω + 𝑎 𝜔 [d(ℎ𝜃 ), 𝜂]Ω .

These cancel exactly with the terms involving d(ℎ𝜃 ). Hence

𝑆𝛼,𝛽,𝛾 (𝑟 ) + 𝑆𝛽,𝛾,𝛼 (𝑟 ) + 𝑆𝛾,𝛼,𝛽 (𝑟 ) = 0,

which proves (2.34). This proves (c). □
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2.1.3. Proposition 2.5, together with Lemma 2.3, brings us to the main definition of this

section.

Definition 2.6. Let 𝑋 be a complex threefold, 𝑅 → 𝑋 a rank two holomorphic vector

bundle, and Ω : ∧2 𝑅 → K𝑋 an isomorphism. Define the super O𝑋 -module

E(3|6)R
def

= AtΩ (R) ⊕
(
Ω1

𝑋 ⊗O𝑋
ΠR∗) . (2.40)

Then the following formulas endow E(3|6)R with the structure of a holomorphic Lie

superalgebra on 𝑋 :

[𝐷,𝐷 ′] = commutator of differential operators;

[𝐷, 𝛼] = −[𝛼, 𝐷] = 𝐿𝐷𝛼 ;

[𝛼, 𝛽] = 𝐷𝛼,𝛽 .
(2.41)

Here 𝐷, 𝐷 ′
denote even sections and 𝛼, 𝛽 denote odd sections.

2.1.4. Polarized version. Suppose that 𝔤 = 𝔤0 ⊕ Π𝔤1
is a Lie superalgebra. A consistent

Z-grading on 𝔤 is a decomposition 𝔤 = ⊕𝑖∈Z𝔤𝑖 with the property that

𝔤0 =
⊕
𝑖

𝔤2𝑖 , 𝔤1 =
⊕
𝑖

𝔤2𝑖+1, (2.42)

and such that the bracket is degree zero for this grading.

Given a consistent Z-grading on a Lie superalgebra 𝔤 we let 𝔤̃ be the Z-graded Lie

algebra whose degree 𝑖 part is 𝔤𝑖 . In other words, 𝔤̃ = ⊕𝑖∈Z𝔤𝑖 [−𝑖].
For any R with ∧2R � 𝐾𝑋 we obtain a holomorphic Lie superalgebra E(3|6)R on 𝑋 .

We point out a variant of this definition: If R splits as the sum of two line bundles, this

Lie superalgebra admits a consistent Z-grading, hence leads to a Z-graded holomorphic

Lie algebra on 𝑋 . We obtain this grading by placing one of the lines in degree +1 and the

other in degree −1.

For threefolds 𝑋 that are a product of a complex curve and a complex surface, a

natural choice of such a pair of line bundles is available. Indeed, suppose 𝐶 is a complex

curve and 𝑆 a complex surface. Define the holomorphic vector bundle

R = 𝜋∗
𝐶K𝐶 ⊕ 𝜋∗

𝑆K𝑆 (2.43)

on 𝑋 = 𝐶 × 𝑆 . Let Ω be the apparent isomorphism ∧2R � K𝐶 ⊠K𝑆 = K𝐶×𝑆 .

Lemma 2.7. Let R be as in (2.43). Then E(3|6)R admits a consistent Z-grading.

Proof. With R as in (2.43), AtΩ (R) acquires a grading by thinking of the integer grading

on R as defining a 𝔤𝔩(1) action, which then induces an action on differential operators.

Explicitly, we see that 𝔰𝔩(R) decomposes as

𝔰𝔩(R) = T𝐶 ⊠K𝑆 ⊕ O𝐶×𝑆 ⊕ K𝐶 ⊠ ∧2T𝑆 , (2.44)

with the summands in degrees −2, 0, and 2 respectively,

The grading on R induces a grading on Ω1

𝑋
⊗O𝑋

R∗
in obvious fashion. One checks

immediately from the form of the brackets (2.41) that this is a consistent Z-grading. □
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From this lemma, we obtain a holomorphic Z-graded Lie algebra on 𝑋 = 𝐶 × 𝑆 that

we denote Ẽ(3|6). From the proof of the lemma we see that Ẽ(3|6) is concentrated in

cohomological degrees −2, . . . , 2.

The degree 1 part of Ẽ(3|6) is

O𝐶 ⊠ T𝑆 ⊕ Ω1

𝐶 ⊠ ∧2T𝑆 . (2.45)

2.1.5. A local dg Lie algebra L on a smooth manifold 𝑀 , in the sense of [CG21], is the

sheaf of smooth sections of a Z-graded smooth vector bundle equipped with a differential

operator

d : L→ L[1] (2.46)

of degree one and a bidifferential operator

[−,−] : L×L→ L (2.47)

which turn L into a sheaf of Lie algebras on 𝑀 . Given any holomorphic Lie algebra L

we obtain a local dg Lie algebra through its Dolbeault complex

L = Ω0,• (𝑋,L)

where d = 𝜕 is the 𝜕-operator underlying L and [−,−]L is extended to a bracket on L

using the wedge product of Dolbeault forms. The analogous construction can be made

for local dg Lie superalgebras.

Applied to our situation, we see that

E(3|6)R
def

= Ω0,• (𝑋,E(3|6)R) (2.48)

is naturally a local dg Lie superalgebra on 𝑋 .

Similarly, when 𝑋 = 𝐶 × 𝑆 we apply the Dolbeault complex to the Z-graded holo-

morphic Lie algebra Ẽ(3|6) (and then totalize the two Z-gradings) introduced in 2.1.4 to

obtain the local dg Lie algebra

Ẽ(3|6) def

= Ω0,• (𝐶 × 𝑆, Ẽ(3|6)) . (2.49)

2.2 The relationship to Calabi–Yau fivefolds

In this section, we quickly sketch the relationship of our geometric site to the geometry

of complex three-dimensional submanifolds of Calabi–Yau fivefolds. This indicates how

our constructions connect to fivebranes in the holomorphic twist of eleven-dimensional

supergravity [RSW23].

Let (𝑋,R,Ω) be as in the previous section. Then we can form the local fivefold Tot(R).
We let 𝐸R denote the fiberwise Euler vector field.

There is a natural sequence

0 → 𝜋∗𝑅 → 𝑇 Tot(R) → 𝜋∗𝑇𝑋 → 0 (2.50)
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of vector bundles on Tot(R). From this, we deduce that

𝐾Tot(R) = 𝜋
∗ (K𝑋 ⊗ det(R)−1

)
, (2.51)

so that the isomorphism Ω : ∧2 R → K𝑋 gives Tot(R) the structure of a local Calabi–Yau

fivefold. Thus we have a notion of divergence-free vector field on Tot(R); we will denote

the sheaf of these by VectΩ (Tot(R)). We note further that the Calabi–Yau form Ω has

homogeneous 𝐸R-weight +2.

We have the diagram of injections of sheaves of Lie algebras

VectΩ (Tot(R)) (0) VectΩ (Tot(R))

Vect(Tot(R)) (0) Vect(Tot(R)),

(2.52)

where the subsheaves in the left-hand column is defined by the condition of having

𝐸𝑅-weight zero, and the subsheaves at top are defined by the condition of divergence-

freeness. We note that 𝜋∗ Vect(Tot(R)) (0) is precisely the sheaf At(R) on 𝑋 consisting

of sections of the Atiyah algebroid; indeed, this is one of its standard descriptions. Fur-

thermore, one identifies 𝜋∗ Vect(Tot(R)) (0) = AtΩ (R).

Proposition 2.8. The pushforward𝜋∗ VectΩ (Tot(R)) (0) of the sheaf of weight-zero divergence-
free vector fields on Tot(R) along the projection to 𝑋 defines a locally free sheaf of Lie–
Rinehart algebras, and thus a holomorphic Lie algebroid, on 𝑋 .

Proof. This is essentially immediate via the identification with AtΩ (R), but we sketch

the proof for convenience. Consider the subsequence of (2.50) of 𝐸R-weight zero. The

divergence-free weight-zero vector fields form a subsheaf of the sheaf of sections of the

middle term, and 𝐸R itself defines a globally nonvanishing section of the first term.

For sections 𝜒 of 𝜋∗ VectΩ (Tot(R)) (0) , the formula

𝑓 · 𝜒 ≔ 𝑓 𝜒 − 1

2

𝜒 (𝑓 )𝐸𝑅, (2.53)

where we implicitly view a function on 𝑋 as a weight-zero function on Tot(R), defines

an O𝑋 -module structure. To see this, one notes that

𝑓 · (𝑔 · 𝜒) = 𝑓 ·
(
𝑔𝜒 − 1

2

𝜒 (𝑔)𝐸𝑅
)
= 𝑓 𝑔𝜒 − 1

2

𝑓 𝜒 (𝑔)𝐸𝑅 −
1

2

𝑔𝜒 (𝑓 )𝐸𝑅 = (𝑓 𝑔) · 𝜒,

since 𝐸𝑅 (𝑓 ) = 0. Furthermore, the right-hand side of (2.53) is divergence-free, since

div(𝐸R) = 2 and 𝜒 (𝑓 ) has weight zero.

Since 𝐸𝑅 is vertical, the natural map 𝐷𝜋 : 𝑇 Tot(R) → 𝜋∗𝑇𝑋 defines a map of 𝐶∞
𝑋

-

modules (and Lie algebras) from 𝜋∗ VectΩ (Tot(R)) (0) to Vect(𝑋 ). Taking it to define the
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anchor, we obtain a sheaf of Lie–Rinehart algebras; one observes that

[𝜒 ′, 𝑓 · 𝜒] = [𝜒 ′, 𝑓 𝜒] − 1

2

[𝜒 ′, 𝜒 (𝑓 )𝐸𝑅]

= 𝑓 [𝜒 ′, 𝜒] + 𝜒 ′ (𝑓 )𝜒 − 1

2

𝜒 ′ (𝜒 (𝑓 ))𝐸𝑅

= 𝑓 [𝜒 ′, 𝜒] − 1

2

[𝜒 ′, 𝜒] (𝑓 )𝐸𝑅 + 𝜒 ′ (𝑓 )𝜒 −
1

2

𝜒 (𝜒 ′ (𝑓 ))𝐸𝑅

= 𝑓 · [𝜒 ′, 𝜒] + 𝜒 ′ (𝑓 ) · 𝜒,

which is the last of the Lie–Rinehart properties. □

Consider now the sheaf of holomorphic closed two-forms on Tot(R) of 𝐸𝑅-weight

one, which we denote Ω2,cl (Tot(R)) (1) .

Proposition 2.9. There is an isomorphism

Ω1

𝑋
⊗ R∗ 𝜋∗Ω2,cl (Tot(R)) (1)�

of sheaves of locally free O𝑋 -modules on 𝑋 .

Proof. Two-forms of weight one on Tot(R) can be identified with sections of the bundle

(𝑅∗ ⊗ ∧2𝑇 ∗𝑋 ) ⊕ (𝑇 ∗𝑋 ∧ 𝑅∗). Working locally, a section of this bundle takes the form

𝑤𝑖𝛽𝑖 + 𝑑𝑤𝑖 ∧ 𝛼𝑖 ,

where𝑤𝑖 is a local basis of sections of 𝑅∗ (linear fiberwise coordinates on Tot(R)), 𝛽𝑖 are

two-forms on 𝑋 , and 𝛼𝑖 are one-forms on 𝑋 . Demanding that such an element is closed

means that 𝛽𝑖 = 𝑑𝛼𝑖 . □

Armed with these two sheaves, we can make the following observation, whose proof

is straightforward.

Proposition 2.10. On any threefold (𝑋,R,Ω) equipped with geometric structure as above,
the sheaf

𝜋∗
[
VectΩ (Tot(R)) (0) ⊕ ΠΩ2,cl (Tot(R)) (1)

]
(2.54)

admits the structure of a holomorphic super Lie algebra on𝑋 , with bracket defined as follows:

• The bracket of even elements is the Lie bracket of divergence-free vector fields of weight
zero on Tot(R).

• The action of even elements on odd elements is the Lie derivative of closed two-forms
of weight one along divergence-free vector fields of weight zero.

• The bracket of odd elements is the wedge product, followed by the use of Ω to identify
closed four-forms of weight two on Tot(R) with divergence-free vector fields of weight
zero.

The result is equivalent to the holomorphic super Lie algebra E(3|6)R from Definition 2.6.
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Remark 2.11. In [RSW23], we remarked on the relation of holomorphic eleven-dimensional

supergravity to the exceptional super Lie algebra 𝐸 (5|10). Kac observes the existence of

a consistent Z-grading on 𝐸 (5|10) whose weight-zero subalgebra is precisely 𝐸 (3|6). Our

observations here recover Kac’s construction in the case C3 ⊂ C5
, and we see them as a

globalization of his results in a geometric context arising in M-theory.

3 Tanaka structures and exceptional geometry

In this section we present 𝐸 (3|6) as the infinitesimal automorphisms of a precise super-

geometric structure. Recall that a super Riemann surface is a complex supermanifold of

dimension 1|1 equipped with a rank-0|1 distribution D ⊂ T𝑀 whose Levi bracket is an

isomorphism

D⊗2
�−→ T𝑀/D.

The distribution is therefore maximally nonintegrable. Its symbol algebra is locally con-

stant, and the infinitesimal automorphisms of its flat model form the superconformal

algebra. This familiar example is the simplest instance of a Tanaka structure: the filtra-

tion generated by D, its graded Levi bracket, and the allowed changes of adapted frame

together encode the superconformal geometry.

The 𝐸 (3|6)-structures considered here are an exceptional higher-dimensional ana-

logue. The odd line of a super Riemann surface is replaced by a rank-0|6 distribution on

a 3|6-dimensional complex supermanifold. Its Levi bracket has a fixed two-step nilpotent

symbol 𝔪 = 𝔪−2 ⊕𝔪−1, and a reduction to the group𝐺0 records the compatible degree-

zero tensorial data. The Tanaka prolongation of this symbol together with its 𝐺0-action

is 𝐸 (3|6), just as the prolongation of the super Riemann surface symbol recovers its local

superconformal symmetries.

We first review the required Tanaka terminology, then define 𝐸 (3|6)-structures and

study their flat and homogeneous models. This geometric reformulation complements

the exceptional sheaf of Lie superalgebras constructed in Section 2, but is not needed in

the later field-theoretic arguments.

3.1 Prolongation in context

We briefly recall the role of prolongation in geometry and explain why the particular

prolongation used below appears in the holomorphic twist of a six-dimensional super-

conformal theory. For an ordinary flat 𝐺0-structure, one begins with the translations

𝑉 and the infinitesimal structure group 𝔤0 ⊆ 𝔤𝔩(𝑉 ). Its algebra of infinitesimal auto-

morphisms can contain positive-degree polynomial vector fields in addition to the affine

algebra 𝑉 ⋊ 𝔤0. These higher terms are determined recursively by the requirement that

they preserve the flat structure; this is the classical prolongation construction [GS64]. For

example, the prolongation of an orthogonal structure stops at the Euclidean or Poincaré

algebra, whereas the conformal structure in dimension at least three acquires the spe-

cial conformal transformations. In complex dimension one the conformal prolongation

is infinite-dimensional and gives the formal holomorphic vector fields.
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Tanaka’s construction is the nonintegrable analogue of this procedure. The abelian

translation algebra 𝑉 is replaced by a fundamental negatively graded nilpotent Lie alge-

bra 𝔪 =
⊕

𝑗<0
𝔪𝑗 , called the symbol, and 𝔤0 acts on it by grading-preserving derivations.

The maximal transitive graded Lie algebra with prescribed nonpositive part 𝔪 ⋊ 𝔤0 is its

Tanaka prolongation. In supergeometry the symbol is often a supertranslation algebra.

Altomani and Santi classified the maximal transitive prolongations of the super-Poincaré

algebras [AS14]; in the dimensions in which finite-dimensional superconformal symme-

try exists, their results recover the familiar algebras in Nahm’s classification [Nah78;

Shn88]. Thus the passage from a supertranslation algebra to a larger superconformal

algebra is itself a Tanaka-prolongation phenomenon.

Infinite-dimensional linearly compact Lie superalgebras provide a second, excep-

tional manifestation of the same construction. Kac’s classification shows that, besides

the Cartan-type series and their filtered deformations, there are exactly five exceptional

simple linearly compact Lie superalgebras [Kac98, Theorem 6.3]:

𝐸 (1|6), 𝐸 (3|6), 𝐸 (3|8), 𝐸 (4|4), 𝐸 (5|10).

The notation records the dimension of a supermanifold on which each algebra has a tran-

sitive formal realization. Cheng and Kac exhibited a consistent grading of 𝐸 (3|6) whose

nonpositive part is

𝔪−2 = 𝐴, 𝔪−1 = Π(𝐴∗ ⊗ 𝐵∗), 𝔤0 = 𝔰𝔩(𝐴) ⊕ 𝔰𝔩(𝐵) ⊕ ℂ, (3.1)

where dim𝐴 = 3 and dim𝐵 = 2, and identified its maximal transitive prolongation with

𝐸 (3|6) [CK99, case (C4), §4.4]. The definitions below make the bracket on 𝔪 precise,

and Theorem 3.9 realizes this algebra as the formal infinitesimal automorphisms of the

corresponding flat Tanaka structure.

The classification result alone does not explain why this exceptional prolongation

should govern a holomorphically twisted six-dimensional theory. That connection is sup-

plied by the derived local formulation of superconformal symmetry developed in [Hah+24].

We record the result that motivates the geometry of this paper.

Theorem 3.1 ([Hah+24]). Let 𝑄hol be a holomorphic supercharge in the six-dimensional
N = (2, 0) supersymmetry algebra. The 𝑄hol-twist of the local Lie superalgebra underlying
the N= (2, 0) superconformal stress-tensor multiplet on ℝ6 is quasi-isomorphic to the local
Lie superalgebra E(3|6)R on ℂ3. Here R = O⊕2

ℂ3
, together with the standard identification

∧2R � Kℂ3 , supplies the flat determinant data entering the definition of E(3|6)R.

Thus 𝐸 (3|6) is not merely an abstract enlargement of the residual finite-dimensional

symmetry: it is the formal infinitesimal symmetry algebra of the flat local geometry ob-

tained after twisting. The theorem motivates the expectation that the holomorphic twist

of any N = (2, 0) superconformal theory carries E(3|6)R-currents. In this paper that

action is constructed directly only for the free tensor multiplet.
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3.2 Tanaka structures and the 𝑬 (3|6) symbol

We begin by fixing terminology for (super/graded) Tanaka structures on supermanifolds.

Let

𝔪 = 𝔪−ℓ ⊕ · · · ⊕ 𝔪−1 (3.2)

be a negatively graded nilpotent Lie superalgebra generated by its degree −1 piece 𝔪−1.

We call the integer ℓ the depth. Let𝐺0 ⊂ Aut(0) (𝔪) be a subgroup of its grading preserv-

ing automorphisms.

Definition 3.2. A Tanaka structure of type (𝔪,𝐺0) on a supermanifold 𝑀 consists of:

(a) A filtration on the tangent bundle

T𝑀 = T
−ℓ
𝑀 ⊃ · · · ⊃ T

−2

𝑀 ⊃ T
−1

𝑀 , (3.3)

compatible with the Lie bracket of supervector fields on 𝑀 . This bracket induces

an O𝑀 -linear Lie bracket making

gr T𝑀 =

−1⊕
𝑖=−ℓ

T
𝑖
𝑀/T

𝑖+1

𝑀 . (3.4)

into a weight-graded super Lie algebra in vector bundles on 𝑀 . We require that

this bundle be a locally trivial bundle of graded Lie superalgebras with fiber 𝔪.

(b) An adapted frame over an open set𝑈 is a choice of isomorphism𝑈 ×𝔪 → gr T𝑀 |𝑈 .

These fit together to define a principal Aut(0) (𝔪)-bundle of adapted frames, which

we denote Aut(0) (𝔪). The further datum of a Tanaka structure is a reduction

of structure group of this principal Aut(0) (𝔪)-bundle to 𝐺0, which we denote by

Fr(𝔪,𝐺0).

We call the O𝑀 -linear bracket on gr T𝑀 the Levi bracket. In particular, the first Levi

bracket associated to such a filtration is defined to be the canonical map

𝔏 : S
2 (gr

−1
T𝑀 ) → gr

−2
T𝑀 (3.5)

One way to specify a filtration on the (super) tangent bundle is to provide a (super)

distribution D ⊂ T𝑀 . The filtration is then defined by setting T
−1

𝑀
= D and recursively as

T
− 𝑗−1

𝑀
= T

− 𝑗
𝑀

+ [D,T− 𝑗
𝑀
] . (3.6)

When this filtration is complete, we say that D is bracket-generating; a bracket-generating
Tanaka structure is one whose filtration arises in this manner from the distribution T

−1

𝑀
. In

the sequel, we will only be concerned with bracket-generating Tanaka structures induced

by purely odd distributions.

Denote by 𝑋 = 𝑀red
the underlying reduced manifold; it is defined at the level of

structure sheaves by taking the quotient of O𝑀 by the ideal J𝑀 generated by all odd

elements. As such, there is a canonical inclusion 𝑖 : 𝑋 → 𝑀 . When D is a purely odd
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distribution of maximal odd rank, restriction of even derivations to the reduced structure

sheaf induces a canonical isomorphism

𝜌 : (T𝑀/D) |𝑋
�−→ T𝑋 . (3.7)

A bracket-generating Tanaka structure of maximal odd rank with 𝐺0 = Aut(0) (𝔪) is

called a superconformal structure.

We turn to our main example. Let 𝐴 be a three-dimensional complex vector space

and 𝐵 a two-dimensional complex vector space. Fix an identification

Ω0 : ∧2 𝐵
�−→ ∧3𝐴∗

and define

𝔪−2 = 𝐴, 𝔪−1 = Π(𝐴∗ ⊗ 𝐵∗) . (3.8)

Let Ω∨
0

: ∧3 𝐴 → ∧2𝐵∗ be the dual isomorphism. Endow 𝔪 = 𝔪−2 ⊕ 𝔪−1 with the

symmetric super bracket

[𝜉 ⊗ 𝛼, 𝜂 ⊗ 𝛽] def

= 𝜄𝜉∧𝜂
(
(Ω∨

0
)−1 (𝛼 ∧ 𝛽)

)
∈ 𝐴 = 𝔪−2. (3.9)

As our group 𝐺0 we take all grading preserving automorphisms

𝐺0 = Aut(0) (𝔪) = {(𝑔, ℎ) ∈ GL(𝐴) ×𝐺𝐿(𝐵) | detℎ = det𝑔−1}. (3.10)

Its Lie algebra is

𝔤0 = Der(0) (𝔪) � 𝔰𝔩(𝐴) ⊕ 𝔰𝔩(𝐵) ⊕ ℂ. (3.11)

Lemma 3.3. There are natural identifications

Aut(0) (𝔪) �
{
(𝑔, ℎ) ∈ 𝐺𝐿(𝐴) ×𝐺𝐿(𝐵)

��
det(ℎ) = det(𝑔)−1

}
, (3.12)

Der(0) (𝔪) � {(𝑎, 𝑏) ∈ 𝔤𝔩(𝐴) ⊕ 𝔤𝔩(𝐵) | tr(𝑎) + tr(𝑏) = 0} . (3.13)

In particular,
Der(0) (𝔪) � 𝔰𝔩(𝐴) ⊕ 𝔰𝔩(𝐵) ⊕ ℂ. (3.14)

Proof. The displayed subgroup acts on 𝔪−2 = 𝐴 through 𝑔, and on 𝔪−1 = Π(𝐴∗ ⊗ 𝐵∗)
through (𝑔−1)∗ ⊗ (ℎ−1)∗. It preserves the bracket (3.9) exactly when it preserves the

determinant identification

Ω0 : ∧2 𝐵 −→ ∧3𝐴∗,

which is the relation det(ℎ) = det(𝑔)−1
.

It remains to see that these are all the grading-preserving automorphisms. Let

𝑞 : 𝐴∗ ⊗ 𝐵∗ −→ 𝐴, 𝑞(𝑢) = 1

2
[𝑢,𝑢] .

The projectivized zero locus of 𝑞 is the locus of rank-one tensors, hence the Segre variety

ℙ(𝐴∗) × ℙ(𝐵∗) ⊂ ℙ(𝐴∗ ⊗ 𝐵∗).
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Every graded automorphism of 𝔪 preserves this variety. Since its two factors have dif-

ferent dimensions, its projective automorphism group is 𝑃𝐺𝐿(𝐴∗) × 𝑃𝐺𝐿(𝐵∗). Lifting the

two projective transformations and absorbing their scalar ambiguity shows that the ac-

tion on 𝔪−1 is of the form (𝑔−1)∗ ⊗ (ℎ−1)∗. Compatibility with 𝑞 then fixes the action

on 𝔪−2 and imposes the determinant relation above. This proves the first identification.

Differentiating that relation gives tr(𝑎) + tr(𝑏) = 0, and separating traceless and scalar

parts gives the final decomposition. □

Definition 3.4. Let𝑀 be a complex supermanifold of dimension 3|6. An 𝐸 (3|6)-structure
on 𝑀 is a holomorphic geometric Tanaka structure of type (𝔪,𝐺0) (as in equations (3.8),

(3.9), and (3.10)).

3.2.1. The next proposition gives a more explicit description of the geometric data needed

for an 𝐸 (3|6)-structure. To state it, we recall a construction used above. If R is a rank

two vector bundle, and Ω is an isomorphism Ω : ∧2 R → K𝑋 then there is a natural

composition

S
2 (Ω1 ⊗ R∗) ∧⊗∧−−−→ Ω2

𝑋 ⊗ ∧2R∗ Ω−→ T𝑋 (3.15)

which we denote by ∧Ω∧.

Proposition 3.5. Let (𝑀, D,Fr(𝔪,𝐺0)) be an 𝐸 (3|6)-structure on a 3|6 complex super-
manifold 𝑀 and denote 𝑋 = 𝑀𝑟𝑒𝑑 . This data canonically determines:

1. a holomorphic rank two vector bundle R on 𝑋 together with an isomorphism

Ω : ∧2 R
�−→ K𝑋 ; (3.16)

2. an isomorphism
𝛽 : D|𝑋

�−→ Π(Ω1

𝑋 ⊗ R∗) (3.17)

such that the following diagram commutes

S
2 (D|𝑋 ) (T𝑀/D) |𝑋

S
2 (Ω1

𝑋
⊗ R∗) T𝑋

S
2(Π−1𝛽 )

𝔏

𝜌

∧Ω∧

. (3.18)

Conversely, given such data (D,R,Ω, 𝛽) satisfying these properties there exists an 𝐸 (3|6)
structure in the sense of definition 6.9.

Proof. Define the vector bundle R by the associated bundle construction

R
def

= Fr(𝔪,𝐺0) ×𝐺0 𝐵 (3.19)

where 𝐵 is the defining representation as in equation (3.10). Similarly, by construction,

the map 𝜌 from equation (3.7) defines an isomorphism

Fr(𝔪,𝐺0) ×𝐺0 𝐴 � gr−2
T𝑀 |𝑋 � T𝑋 . (3.20)
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Passing to the associated graded gives the isomorphism

Ω : ∧2 R = Fr(𝔪,𝐺0) ×𝐺0 ∧2𝐵

= Fr(𝔪,𝐺0) ×𝐺0 ∧3𝐴∗

� K𝑋

It is similar to produce 𝛽 . Indeed, since 𝔪−1 = Π(𝐴∗ ⊗ 𝐵∗) we have

𝛽 : gr−1
(T𝑀 ) � Π

(
Ω1

𝑋 ⊗ R∗) .
It is immediate to see that, locally, the map ∧Ω∧ is identified with the local 𝐸 (3|6) symbol

bracket.

The converse direction is immediate. □

3.3 The flat 𝑬 (3|6)-structure

Let 𝑁𝔪 be the connected, simply connected complex Lie supergroup integrating 𝔪. Since

𝔪 is two-step nilpotent, the exponential map identifies its underlying supermanifold with

𝔪, with multiplication

𝑥 ★𝑦 = 𝑥 + 𝑦 + 1

2

[𝑥,𝑦] . (3.21)

Let Dflat ⊂ T𝑁𝔪
be the left-invariant distribution determined by 𝔪−1:

(Dflat)𝑔 = (𝐿𝑔)∗𝔪−1 . (3.22)

Left translation identifies the graded symbol bundle with 𝑁𝔪 ×𝔪, and hence supplies the

canonical reduction

𝑁𝔪 ×𝐺0 ⊂ IsogrLie

(
𝔪, gr(T𝑁𝔪

)
)
.

The resulting Tanaka structure is called the flat 𝐸 (3|6)-structure. Its symbol algebra at

every point is 𝔪.

The grading of 𝔪 determines a ℂ×
-action

𝛿𝑡 |𝔪−1
= 𝑡, 𝛿𝑡 |𝔪−2

= 𝑡2. (3.23)

Because the bracket is homogeneous, every 𝛿𝑡 is a Lie supergroup automorphism pre-

serving Dflat and its canonical 𝐺0-reduction.

Let 𝑁𝔪,𝑒 denote the formal completion at the identity.

Definition 3.6. The Lie superalgebra of formal infinitesimal automorphisms of the flat

structure is

𝔞𝔲𝔱(𝑁𝔪, Dflat) =
{
𝑉 ∈ Dercts (O𝑁𝔪,𝑒

)
��� [𝑉 , Γ̂(Dflat)] ⊆ Γ̂(Dflat)

}
. (3.24)

Here Γ̂(Dflat) is the module of formal sections of the completed distribution. Since 𝐺0 =

Aut(0) (𝔪), preserving the distribution also preserves the induced 𝐺0-structure.
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We recall the algebraic construction that controls this symmetry algebra.

Definition 3.7. Let 𝔪 =
⊕−1

𝑗=−ℓ 𝔪𝑗 be a fundamental negatively graded Lie superalgebra

and let 𝔤0 ⊆ Der(0) (𝔪). Set

prol𝑗 (𝔪, 𝔤0) = 𝔪𝑗 ( 𝑗 < 0), prol
0
(𝔪, 𝔤0) = 𝔤0 .

For 𝑘 > 0, define prol𝑘 (𝔪, 𝔤0) recursively to be the space of homogeneous linear maps

𝜑 : 𝔪 −→
⊕
𝑟<𝑘

prol𝑟 (𝔪, 𝔤0)

such that 𝜑 (𝔪𝑗 ) ⊆ prol𝑗+𝑘 (𝔪, 𝔤0) and, for homogeneous 𝑢, 𝑣 ∈ 𝔪,

𝜑 ( [𝑢, 𝑣]) = [𝜑 (𝑢), 𝑣] + (−1) |𝜑 | |𝑢 | [𝑢, 𝜑 (𝑣)] . (3.25)

The algebraic Tanaka prolongation and its completion are respectively

prol(𝔪, 𝔤0) =
⊕
𝑘≥−ℓ

prol𝑘 (𝔪, 𝔤0), p̂rol(𝔪, 𝔤0) =
∏
𝑘≥−ℓ

prol𝑘 (𝔪, 𝔤0). (3.26)

Equivalently, prol(𝔪, 𝔤0) is the maximal transitive graded Lie superalgebra with negative

part 𝔪 and degree-zero part 𝔤0. Transitivity means that if 𝑋 has nonnegative degree and

[𝑋,𝔪−1] = 0, then 𝑋 = 0.

Proposition 3.8 (Flat realization). The dilation action gives a complete grading

𝔞𝔲𝔱(𝑁𝔪, Dflat) =
∏
𝑘≥−2

𝔤𝑘 . (3.27)

Under this grading, the map

𝔪 −→ 𝔞𝔲𝔱(𝑁𝔪, Dflat), 𝑥 ↦−→ −𝑥R, (3.28)

identifies𝔪𝑗 with 𝔤𝑗 for 𝑗 = −2,−1, and commutator with the negative part gives a canonical
identification

𝔤0 � Der(0) (𝔪).

Moreover, there is an isomorphism of complete graded Lie superalgebras

𝔞𝔲𝔱(𝑁𝔪, Dflat) � p̂rol

(
𝔪,Der(0) (𝔪)

)
. (3.29)

Proof. Choose exponential coordinates 𝑧1, 𝑧2, 𝑧3 on 𝔪−2 and odd coordinates 𝜃𝐴, 𝐴 =

1, . . . , 6, on 𝔪−1. They have weights two and one, respectively. Formal coefficients are

power series in the 𝑧𝑖 and polynomials in the 𝜃𝐴, so every formal vector field has a

unique completed homogeneous expansion, with no weights below −2. The distribution-

preserving equation is homogeneous, which proves (3.27).

Right translations preserve every left-invariant distribution. Since [𝑥R, 𝑦R] = −[𝑥,𝑦]R
,

the map 𝑥 ↦→ −𝑥R
is a homomorphism. To see directly that it exhausts the negative terms,
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choose a basis 𝑞𝐴 of 𝔪−1 with [𝑞𝐴, 𝑞𝐵] = 𝑐𝐴𝐵𝑖𝑒𝑖 . The left- and right-invariant odd vector

fields are

𝑄𝐴 =
𝜕

𝜕𝜃𝐴
+ 1

2

𝑐𝐴𝐵
𝑖𝜃𝐵

𝜕

𝜕𝑧𝑖
, 𝑄𝐴 =

𝜕

𝜕𝜃𝐴
− 1

2

𝑐𝐴𝐵
𝑖𝜃𝐵

𝜕

𝜕𝑧𝑖
. (3.30)

A homogeneous symmetry of weight −2 is a constant linear combination of the 𝜕/𝜕𝑧𝑖 ,
while substitution in [𝑉 ,𝑄𝐴] ∈ Γ(Dflat) shows that a weight −1 symmetry is a constant

linear combination of the 𝑄𝐴. Thus the negative part is 𝔪.

A weight-zero symmetry acts by commutator on the negative part. The Jacobi identity

shows that this action is a grading-preserving derivation, giving

𝔤0 −→ Der(0) (𝔪).

If the action is trivial, the symmetry commutes with every right-invariant vector field.

It is therefore left-invariant and determined by its value at the identity. That value must

vanish because 𝑇𝑒𝑁𝔪 has only weights −2 and −1, so the map is injective. Conversely,

every graded derivation of 𝔪 exponentiates formally to graded automorphisms of 𝑁𝔪

preserving Dflat, which proves surjectivity.

It remains to identify the positive terms. We proceed inductively on 𝑘 > 0, assuming

that the components of degree less than 𝑘 have already been identified with the corre-

sponding prolongation components. For 𝑉 ∈ 𝔤𝑘 , define

𝜄𝑘 (𝑉 ) (𝑢) = [𝑉 ,−𝑢R], 𝑢 ∈ 𝔪.

The Jacobi identity is precisely the derivation identity in (3.25), so

𝜄𝑘 : 𝔤𝑘 −→ prol𝑘

(
𝔪,Der(0) (𝔪)

)
.

This map is injective: a vector field in its kernel commutes with all right-invariant fields,

hence is left-invariant; a nonzero left-invariant field has negative weight.

For surjectivity, filter the equation [𝑉 , Γ(Dflat)] ⊆ Γ(Dflat) by weighted order. Once

all terms of weights less than 𝑘 have been fixed, the equation for the weight-𝑘 term is

exactly (3.25). Thus every element of the 𝑘-th prolongation determines, recursively and

uniquely, a homogeneous weight-𝑘 polynomial vector field preserving Dflat. This is the

standard flat-realization argument for Tanaka prolongations and proves that 𝜄𝑘 is surjec-

tive. Taking the product over all weights gives (3.29). □

We can now identify the flat symmetry algebra.

Theorem 3.9. The Lie superalgebra of formal infinitesimal automorphisms of the flat
𝐸 (3|6)-structure is the exceptional linearly compact Lie superalgebra 𝐸 (3|6):

𝔞𝔲𝔱(𝑁𝔪, Dflat) � 𝐸 (3|6). (3.31)

Proof. By Proposition 3.8 and Lemma 3.3,

𝔞𝔲𝔱(𝑁𝔪, Dflat) � p̂rol

(
𝔪, 𝔰𝔩(𝐴) ⊕ 𝔰𝔩(𝐵) ⊕ ℂ

)
.

Cheng and Kac identify the corresponding graded prolongation with 𝐸 (3|6); see [CK99,

case (C4), §4.4]. Completing in the positive grading gives its linearly compact formal

form. □
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Remark 3.10. The preceding result concerns formal vector fields. Polynomial vector fields

give the algebraic graded form of 𝐸 (3|6), while convergent holomorphic vector fields

give its analytic form. Passing from the formal result to a statement about a sheaf of

holomorphic infinitesimal automorphisms requires either the explicit analytic coordinate

realization of 𝐸 (3|6) or a separate convergence argument.

3.4 A homogeneous 𝑬 (3|6)-structure over ℙ3

We next construct a compact homogeneous example. Let 𝑉 be a four-dimensional com-

plex vector space with a volume form, and let𝑊 be a two-dimensional complex symplectic

vector space. The volume form equips ∧2𝑉 ∨
with its standard quadratic form and gives

𝔰𝔬(∧2𝑉 ∨) � 𝔰𝔩(𝑉 ).

Set

𝐺 = OSp(∧2𝑉 ∨ |𝑊 ∨), 𝔤 = 𝔬𝔰𝔭(∧2𝑉 ∨ |𝑊 ∨).

Thus

𝔤
0̄
= 𝔰𝔩(𝑉 ) ⊕ 𝔰𝔩(𝑊 ), 𝔤

1̄
= ∧2𝑉 ∨ ⊗𝑊 ∨ . (3.32)

Fix a line ℓ ⊂ 𝑉 , put 𝑄 = 𝑉 /ℓ , and let

𝐿ℓ = ∧2𝑄∨ ⊂ ∧2𝑉 ∨ .

This is a maximal isotropic subspace. Define

𝔭
0̄
= stab𝔰𝔩 (𝑉 ) (ℓ) ⊕ 𝔰𝔩(𝑊 ), (3.33)

𝔭
1̄
= 𝐿ℓ ⊗𝑊 ∨, (3.34)

and set 𝔭 = 𝔭
0̄
⊕ 𝔭

1̄
.

Lemma 3.11. The subspace 𝔭 ⊂ 𝔤 is a Lie subsuperalgebra. Moreover, 𝔤
1̄
/𝔭

1̄
⊂ 𝔤/𝔭 is

invariant under the isotropy action of 𝔭.

Proof. The even part preserves 𝐿ℓ . If 𝑢, 𝑣 ∈ 𝐿ℓ , then 𝑞(𝑢, 𝑣) = 0, so the 𝔰𝔩(𝑊 )-component

of [𝑢 ⊗ 𝜆, 𝑣 ⊗ 𝜇] vanishes. Its 𝔰𝔩(𝑉 )-component is the orthogonal endomorphism 𝑢 ∧ 𝑣 ,

which preserves 𝐿ℓ , and hence lies in stab𝔰𝔩 (𝑉 ) (ℓ). This proves that 𝔭 is closed under the

bracket.

More generally, if 𝑢 ∈ 𝐿ℓ , 𝑣 ∈ ∧2𝑉 ∨
, and 𝑥 ∈ 𝐿ℓ , then

(𝑢 ∧ 𝑣) (𝑥) = 𝑞(𝑣, 𝑥)𝑢 − 𝑞(𝑢, 𝑥)𝑣 = 𝑞(𝑣, 𝑥)𝑢 ∈ 𝐿ℓ .

Thus [𝔭
1̄
, 𝔤

1̄
] ⊆ 𝔭

0̄
, which proves the isotropy-invariance of the indicated odd subspace

of 𝔤/𝔭. □

Let 𝑃 ⊂ 𝐺 be the subsupergroup integrating 𝔭.
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Proposition 3.12. The homogeneous supermanifold

𝑀 = 𝐺/𝑃

carries a canonical 𝐺-invariant 𝐸 (3|6)-structure. Its reduced space is 𝑋 = ℙ(𝑉 ), and the
rank-two bundle associated to its 𝐺0-reduction is

R = Oℙ(𝑉 ) (−2) ⊗𝑊, det(R) � 𝐾ℙ(𝑉 ) . (3.35)

Proof. The reduced homogeneous space is

𝑀red = 𝐺
0̄
/𝑃

0̄
� 𝑆𝐿(𝑉 )/Stab(ℓ) � ℙ(𝑉 ).

At the base point 𝑜 = 𝑒𝑃 , the even tangent space is

(𝔤/𝔭)
0̄
� 𝔰𝔩(𝑉 )/stab𝔰𝔩 (𝑉 ) (ℓ) � Hom(ℓ,𝑄),

which is 𝑇ℙ(𝑉 ),[ℓ ] . The odd tangent space follows from the exact sequence

0 −→ ∧2𝑄∨ −→ ∧2𝑉 ∨ −→ ℓ∨ ⊗ 𝑄∨ −→ 0 :

namely,

(𝔤/𝔭)
1̄
� ℓ∨ ⊗ 𝑄∨ ⊗𝑊 ∨ .

Lemma 3.11 therefore gives a well-defined 𝐺-invariant rank 0|6 distribution

D = 𝐺 ×𝑃 (𝔤
1̄
/𝔭

1̄
) ⊂ 𝐺 ×𝑃 (𝔤/𝔭) = T𝑀 . (3.36)

Globalizing the preceding description over ℙ(𝑉 ), the tautological sequence gives

ℓ∨ = Oℙ(𝑉 ) (1), 𝑄∨ � Ω1

ℙ(𝑉 ) (1).

Consequently

D|ℙ(𝑉 ) � Π
(
Ω1

ℙ(𝑉 ) (2) ⊗𝑊
∨) � Π

(
Ω1

ℙ(𝑉 ) ⊗ R∨), (3.37)

whereR is given by (3.35). The chosen symplectic form trivializes det𝑊 , while the volume

form on 𝑉 identifies 𝐾ℙ(𝑉 ) with Oℙ(𝑉 ) (−4). Hence

det(R) = Oℙ(𝑉 ) (−4) ⊗ det𝑊 � 𝐾ℙ(𝑉 ) .

It remains only to identify the Levi symbol. At 𝑜 , it is induced by the odd-odd bracket

S
2 (ℓ∨ ⊗ 𝑄∨ ⊗𝑊 ∨) −→ Hom(ℓ,𝑄).

The bracket in 𝔬𝔰𝔭(6|2), together with the chosen volume and symplectic forms, takes the

wedge product in the 𝑄∨
-factors and the wedge product in the𝑊 ∨

-factors. Under (3.37),

this is exactly the map

S
2 (Ω1

ℙ(𝑉 ) ⊗ R∨) ∧Ω ∧−−−−→ Tℙ(𝑉 ) .

Since the construction is homogeneous, checking this at 𝑜 suffices. Thus D has the stan-

dard 𝐸 (3|6) symbol and defines the claimed structure. □
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4 Free field realization of the exceptional symmetry

4.1 Free non-Lagrangian theories in the BV formalism

The field space of a Lagrangian field theory in the Batalin–Vilkovisky formalism is nat-

urally equipped with a (local) (−1)-shifted symplectic structure. On the other hand, the

six-dimensional superconformal theory is famously not Lagrangian, even in the abelian

case. Its structure as a classical field theory is nevertheless encoded by (a slight general-

ization of) the BV formalism [SW23a]. We recall that structure here.

The shifted symplectic structure on the space of fields of a Lagrangian theory is al-

ready present at the level of just the free theory. A free theory, in the usual BV formalism,

is encoded by a complex of vector bundles (𝐸,𝑄) on spacetime together with a pairing

𝜔 ∈ Γ(𝑀, 𝐸∗ ⊗ 𝐸∗ ⊗ Dens𝑀 ) [−1] . (4.1)

As indicated, this pairing has cohomological degree −1; it is required to satisfy 𝑄𝜔 = 0,

and is taken to be nondegenerate, and thus invertible, when restricted to any fiber over

𝑥 ∈ 𝑀 . The inverse defines a section

𝜋 = 𝜔−1 ∈ Γ
(
𝑀, 𝐸 ⊗ 𝐸 ⊗ Dens

−1
)

= Γ
(
𝑀,Hom(𝐸!, 𝐸)

)
.

More generally, one can consider the sheaf Diff (𝐸!, 𝐸) of differential operators from sec-

tions of 𝐸!
to sections of 𝐸. Notice that the differential 𝑄 induces a differential on this

sheaf, which we will denote by the same letter.

The following definition encapsulates free, but non-Lagrangian, theories within the

BV formalism.

Definition 4.1 (Compare [BY16, Definitions 2.30 and 2.34]). A (Poisson degenerate) free
BV theory on a manifold 𝑀 is an elliptic complex of vector bundles (𝐸,𝑄) together with

a graded skew-symmetric section

𝜋 ∈ Γ
(
𝑀,Diff (𝐸!, 𝐸)

)
[−1]

that satisfies 𝑄𝜋 = 0.
2

The section 𝜋 allows one to define an important object in the BV formalism: the BV

bracket on local functionals. We spell out this bracket at the level of the local functionals

of the free theory. The construction mimics the usual definition of the Poisson bracket

in classical mechanics. Given a local functional 𝐹 (𝜑) of the fields E = Γ(𝑀, 𝐸) we can

formally define the one-form valued local functional d𝐹 (𝜑). Contraction with 𝜋 then

defines a local vector field 𝑋𝐹 (𝜑) on the space of fields. The BV bracket between two

local functionals is

{𝐹,𝐺} = 𝑋𝐹 (𝐺). (4.2)

2
Since we only consider cases in which 𝜋 is a constant-coefficient Poisson bivector, the condition

[𝜋, 𝜋] = 0 is satisfied automatically.
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For more details we refer to [BY16; CG21].

We will refer to 𝜋 as the (local) 1-shifted Poisson structure of the theory. When for-

mulated in terms of curvatures or field strengths, the N= (2, 0) abelian tensor multiplet

(and all of its twists) provide examples of such a structure [SW23a], as we will recall at

greater length presently.

4.2 Holomorphic twists of theN= (2, 0) theory

Neither the N = (2, 0) superconformal theory nor its holomorphic twist admits a local

Lagrangian description. In the supersymmetric theory, this arises due to the presence

of a two-form field 𝐵 ∈ Ω2 (R6) whose curvature 𝐶 = d𝐵 is required to be self-dual: in

Euclidean signature, it satisfies ★𝐶 =
√
−1𝐶 . In [SW23a], we show that the self-duality

constraint means that the theory formulated in terms of the two-form field 𝐵 is slightly

degenerate: it admits a (−1)-shifted presymplectic structure. To place the theory into the

context of the Poisson-degenerate BV theories defined above, we must formulate it in

terms of the curvature 𝐶 .

At a heuristic level, the dynamics of this field can be thought of as arising from the

non-local action functional ∫
𝐶dd

−1𝐶. (4.3)

Since 𝐶 , being a curvature, is necessarily closed, it locally admits a primitive form, and

we can make sense of the resulting Euler–Lagrange equations. In [SW23a] we develop

a more robust method and rigorously construct this theory as a Poisson-degenerate free

BV theory with fundamental field 𝐶 .

In any holomorphic twist of the N = (2, 0) theory, there is a similar field. It is a

complex two-form b with components of type (0, 2) + (1, 1)

𝜕b0,2 + 𝜕b1,1 = 0

𝜕b0,2 = 0.

These equations are not variational in the usual sense. If we treat the curvature c = 𝜕b as

the fundamental field, such equations can be heuristically reproduced from the non-local

Lagrangian ∫
c𝜕𝜕−1c. (4.4)

Again, we can make sense of the resulting Euler–Lagrange equations: Since c, being

a holomorphic curvature, is necessarily 𝜕-closed, we can locally find a primitive for

c. In [SW23a], we construct the twisted theory rigorously, again as a local Poisson-

degenerate free BV theory with fundamental field c. We recall that result now.

We will not provide details of twisting or the extraction of the holomorphic twist

from the fully supersymmetric theory; we refer to [SW23a] for details.

Definition 4.2 (generalization of [SW23a]). Let 𝑋 be a complex threefold, R a rank two

holomorphic vector bundle, and Ω : ∧2 R → K𝑋 an isomorphism. Define the complex of
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holomorphic super vector bundles on 𝑋 :

−1 0

0 Ω2

𝑋
Ω3

𝑋

1 R

𝜕
(4.5)

which we will denote by (V•
R
, 𝑄). We define the Poisson-degenerate free BV theory with

sheaf of fields

V•
R

def

= Ω0,• (𝑋,V•
R)

differential 𝜕 +𝑄 , and local (even) (−1)-shifted Poisson structure given on the even part

by the holomorphic differential operator

𝜋0 = 𝜕 : Ω≤1

𝑋
→ Ω≥2

𝑋
, (4.6)

and on the odd part by the zeroth-order operator

𝜋1 = Ω : R! � R. (4.7)

We will write Dolbeault-valued fields of the bundle in the first line of (4.5) with the

letter c and in the bottom line 𝜙 . Some comments on the BV structure are warranted. The

even part of the complex of fields is simply

V0

R = Ω≥2,• (𝑋 ) [1] (4.8)

The differential 𝑄 acting is a sum 𝜕 + 𝜕. In particular, one has

(V0

R)
! = Ω≤1,• (𝑋 ) [2] . (4.9)

The holomorphic de Rham differential defines a natural map of degree +1

𝜕 : (V0

R)
! → V0

R . (4.10)

The odd part of the complex of fields is

V1 = Ω0,• (𝑋,R) [1] . (4.11)

Note that (V1

R
)! = Ω0,• (𝑋,R∗) [2], so that the isomorphism Ω defines a natural map of

degree +1

Ω : (V1

R)
!
�−→ V1

R [1] . (4.12)

Together, these two maps constitute 𝜋 .

At the heuristic level of the discussion in the previous subsection, this free BV theory

can be thought of as modelled by the non-local Lagrangian

1

2

∫
𝑋

c𝜕𝜕−1c + 1

2

∫
𝑋

Ω(𝜙 ∧ 𝜕𝜙). (4.13)
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The first term corresponds to the twist of the “N = (1, 0) tensor multiplet.” It has the

anticipated form (4.4), reflecting the fact that the field c must be 𝜕-closed. There is also an

ordinary, local, term in the Lagrangian, describing just the fields 𝜙 which originate from

the N= (1, 0) hypermultiplet (which is nondegenerate).

4.2.1. Polarized version. This section parallels 2.1.4. Namely, on the product manifold

𝑋 = 𝐶 ×𝑆 , where𝐶 is a complex curve and 𝑆 a complex surface, there is a consistent way

to lift the Z × Z/2 grading of the free theory introduced above to a Z-graded BV theory.

As in section 2.1.4 we take R = 𝜋∗
𝐶
K𝐶 ⊕ 𝜋∗

𝑆
K𝑆 .

Definition 4.3. Let 𝑋 be a complex threefold, R a rank two holomorphic vector bundle,

and Ω : ∧2 R → K𝑋 an isomorphism. Define the complex of holomorphic super vector

bundles on 𝑋 : −2 −1 0

Ω2

𝑋
Ω3

𝑋

O𝐶 ⊠ Ω2

𝑆
Ω1

𝐶
⊠ O𝑆

𝜕

(4.14)

which we will denote by (Ṽ•, 𝑄). We define the Poisson-degenerate free BV theory with

sheaf of fields

Ṽ• def

= Ω0,• (𝑋, Ṽ•)

differential 𝜕 + 𝑄 , and local (−1)-shifted Poisson structure given on the first line by the

holomorphic differential operator

𝜋0 = 𝜕 : Ω≤1

𝑋
→ Ω≥2

𝑋
, (4.15)

On the second line the (−1)-shifted symplectic structure is prescribed by Serre duality.

As before, we write the closed two-form fields by the symbol c. Now, in the polarized

version, the odd field odd 𝜙 has split into two fields

𝛾 ∈ Ω1,• (𝐶) ⊗̂ Ω0,• (𝑆), 𝛽 ∈ Ω0,• (𝐶) ⊗̂ Ω2,• (𝑆) [2] . (4.16)

The non-local form of the action is almost identical:

1

2

∫
𝑋

c𝜕𝜕−1c +
∫
𝑋

𝛽 ∧ 𝜕𝛾 . (4.17)

4.3 Recollection: symmetries in the BV formalism

Deformation theory and dg Lie algebras [Hin97; Lur11] have a longstanding and intercon-

nected relationship. To every classical (Lagrangian) field theory within the BV formalism,

one can associate a universal dg Lie algebra which controls the derived deformation the-

ory of the theory itself: all of its symmetries, deformations, obstructions, and so on.

Let Edenote the sheaf of fields of a BV theory, and let Oloc (E) denote its sheaf of local

functionals. As we have already explained, the BV bracket {−,−} endows Oloc (E) with
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the structure of a sheaf of graded shifted Lie algebras.
3

After shifting by one to account

for the degree of the BV bracket, Oloc (E) [−1] is hence a graded Lie algebra. Together

with the classical BRST differential, which we denote 𝑄 , the object

(Oloc (E) [−1], 𝑄, {−,−}) (4.18)

is a dg Lie algebra.

This dg Lie algebra governs the deformation theory of the BV theory E. To see that

this makes sense, note that a Maurer–Cartan element is a degree-zero local functional 𝑆 ′

satisfying the equation

𝑄𝑆 ′ + 1

2

{𝑆 ′, 𝑆 ′} = 1

2

{𝑆 + 𝑆 ′, 𝑆 + 𝑆 ′} = 0.

(Here 𝑆 is the BV action functional, so that𝑄 = {𝑆,−}.) Thus a Maurer–Cartan element is

precisely a deformation of the action functional that satisfies the classical master equation.

Following the general yoga of derived deformation theory, one sees that𝐻−1 (Oloc (𝐸)) en-

codes first-order symmetries of the theory,𝐻 0 (Oloc (𝐸)) encodes first-order deformations,

and 𝐻 1 (Oloc (𝐸)) is the home of obstructions, or anomalies.

Suppose that L is a local dg Lie superalgebra. A strict L-symmetry on a classical

field theory is a morphism of dg Lie algebras

J : L→ Oloc (E) [−1] . (4.19)

For each section 𝜇 of L the corresponding local functional J𝜇 is a local version of the

Noether current associated to the symmetry 𝜇. More generally, one should allow for 𝐿∞-

morphisms of this type; such morphisms are equivalently described as solutions to the

equivariant classical master equation

dLJ +𝑄J +
1

2

{J, J}𝐵𝑉 = 0, (4.20)

where dL is the Chevalley–Eilenberg differential associated to L.

We will provide a solution to the equivariant master equation in the case that L is

E(3|6)R introduced in 2 and where E is the Poisson-degenerate BV theory VR which

we have just introduced. In our situation, the Chevalley–Eilenberg differential dL has

two terms: one coming from the differential underlying the local dg Lie algebra and the

second coming from the local bracket.

4.4 Exceptional symmetry

We proceed to construct local Noether currents in the holomorphic twist of the free N=

(2, 0) theory for the exceptional local Lie superalgebra E defined in section 2. We use

the notations and conventions from that section. Throughout, |𝑥 | denotes the Dolbeault

degree.

3
In physics language, the grading is by the ghost number.
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4.4.1. We first consider the even symmetries E(3|6)0

R
. It is rather immediate how

𝐷 ∈ E(3|6)0

R = Ω0,• (𝑋,AtΩ (R))

acts on the fields of the free theory V. The differential operator 𝐷 acts on the even fields

through its associated vector field and on the odd fields by definition. The problem is if

we can find local Noether currents, or Hamiltonians, for such symmetries according to

the BV Poisson structure that we have just introduced.

Define

T(1)
𝐷

=
1

2

∫
𝑋

c ∧ 𝜄#𝐷c +
1

2

∫
𝑋

Ω(𝜙 ∧ 𝐷𝜙) ∈ Oloc (V) [−1] . (4.21)

It is immediate to see the linear term in the equivariant master equation for the even

symmetries:

(𝜕 +𝑄)T(1)
𝐷

+ T(1)
𝜕𝐷

= 0. (4.22)

Indeed, the 𝜕-parts are tautological and the 𝑄-part vanishes by type reasons.

The BV bracket against the c-part of T(1)
𝐷

generates the infinitesimal transformation

c ↦−→ 𝜕𝜄𝜇c.

On the other hand, the natural vector-field action on c is through Lie derivative 𝐿𝜇c. By

Cartan’s formula,

𝜕𝜄𝜇 + (−1) |𝜇 |𝜄𝜇𝜕 = 𝐿𝜇,
we see the difference between the Hamiltonian action and the bare vector-field action is

𝜕𝜄𝜇c − 𝐿𝜇c = −(−1) |𝜇 |𝜄𝜇𝜕c. (4.23)

Notice that when c is identically 𝜕-closed that the two actions agree. But, we are merely

resolving the condition that c be 𝜕-closed. We will exhibit explicit homotopy correction

terms which combined to result in a solution to the master equation.

4.4.2. The even stress tensor. Recall that 𝜕 + 𝑄 is the differential underlying the complex

of vector bundles V•
describing the free theory. Here 𝑄 is a holomorphic differential

operator which vanishes on the 𝜙 fields and 𝑄c = 𝜕c when c is a form of type (2, •) and

zero otherwise.

We define the following 𝐿∞ local current

T0
def

=
1

2

∫
𝑋

c ∧ 𝑒𝜄#𝐷 (1 − 𝜄#𝐷𝑃3)c +
1

2

∫
𝑋

Ω(𝜙 ∧ 𝐷𝜙) (4.24)

where 𝑃3 : Ω≥2,•
𝑋

→ Ω3,•
𝑋

[−1] is projection onto the (3, •) component. Notice that the

term linear in 𝐷 is precisely T(1)
𝐷

in (4.21).

Proposition 4.4. The local current T0 satisfies the E(3|6)0

R
equivariant classical master

equation

d
0

𝐶𝐸T
0 +𝑄T0 + 1

2

{T0,T0} = 0. (4.25)

where d
0

𝐶𝐸
is the CE differential for the local dg Lie algebra E(3|6)0

R
.
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Proof. We first consider the c-part. Split the full Dolbeault–de Rham complex as

Ω•,•
𝑋

= 𝐸 ⊕ 𝐾 [−2], 𝐸 = Ω≤1,•
𝑋

, 𝐾 = Ω≥2,•
𝑋

,

and denote the two projections by 𝑃𝐸 and 𝑃𝐾 . Denote𝐴 = 𝜄#𝐷 . On a threefold one has the

operator identities

𝑃𝐾𝑒
𝐴
��
𝐾
= 1 +𝐴𝑃3, (𝐴𝑃3)2 = 0.

It follows that

𝑇
def

= 𝑒𝐴 (1 −𝐴𝑃3)
��
𝐾
= 1 + 𝐵, 𝐵

def

= 𝑃𝐸𝑇 : 𝐾 −→ 𝐸. (4.26)

Thus 𝑒𝐴𝐾 = Graph(𝐵). If ⟨𝑘, 𝑒⟩ =
∫
𝑋
𝑘 ∧ 𝑒 denotes the shifted wedge pairing, then the

c-part of the current T0
is

𝐼c =
1

2

⟨c, 𝐵c⟩. (4.27)

Indeed, the 𝐾-component in (4.26) does not contribute since the wedge of two elements

of 𝐾 has holomorphic degree at least four. Also, 𝐴 is an even derivation in the total CE–

de Rham complex, so 𝑒𝐴 is an algebra automorphism. Since 𝐾 ∧ 𝐾 = 0 in holomorphic

degree three, the graph 𝑒𝐴𝐾 is Lagrangian. Equivalently, 𝐵 is cyclic for the shifted pairing,

as required for (4.27).

We now compute the two terms in the master equation directly from the BV bracket.

Relative to 𝐸 ⊕ 𝐾 , write the Dolbeault–de Rham differential in the form(
𝐷𝐸 0

𝜔 𝐷𝐾

)
, 𝜔 : Ω1,•

𝑋

𝜕−→ Ω2,•
𝑋
. (4.28)

The crossing term 𝜔 is precisely the Poisson operator defining the BV bracket on the c
fields. Cyclicity of 𝐵 gives d𝐼c = 𝐵c, and hence the Hamiltonian vector field is 𝑋𝐼c =

𝜔𝐵c. Therefore, using the definition {𝐹,𝐺} = 𝑋𝐹 (𝐺) and the shifted integration-by-parts

convention,

1

2

{𝐼c, 𝐼c} = −1

2

⟨c, 𝐵𝜔𝐵c⟩, (4.29)

(d0

𝐶𝐸 +𝑄)𝐼c =
1

2

〈
c,
(
d

0

𝐶𝐸𝐵 + 𝐷𝐸𝐵 − 𝐵𝐷𝐾
)
c
〉
. (4.30)

Consequently the c-part of the classical master equation is exactly the operator identity

d
0

𝐶𝐸𝐵 + 𝐷𝐸𝐵 − 𝐵𝐷𝐾 − 𝐵𝜔𝐵 = 0. (4.31)

It remains to verify (4.31). Let D denote the sum of the CE, Dolbeault, and holomor-

phic de Rham differentials on CE cochains with values in Ω•,•
𝑋

. By the definition of the

CE differential and the fact that the anchor preserves brackets,

[d0

𝐶𝐸 + 𝜕,𝐴] = −1

2

𝜄 [#𝐷,#𝐷 ] .

Together with the Cartan identities, this gives the finite conjugation formula

𝑒−𝐴D𝑒𝐴 = D + 𝐿#𝐷 . (4.32)
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In fact, in the Baker–Campbell–Hausdorff expansion the terms after the second commu-

tator vanish, while

[𝜕,𝐴] = 𝐿#𝐷 ,
1

2

[𝐿#𝐷 , 𝐴] =
1

2

𝜄 [#𝐷,#𝐷 ] .

The right-hand side of (4.32) preserves 𝐾 . Hence 𝑒𝐴𝐾 , or equivalently Graph(𝐵), is D-

invariant. Applying D to (𝐵c, c) and using (4.28), graph invariance says

d
0

𝐶𝐸𝐵 + 𝐷𝐸𝐵 = 𝐵(𝐷𝐾 + 𝜔𝐵),

which is (4.31). Equations (4.29)–(4.31) prove the c-part of the classical master equation

directly.

The exponential in (4.26) is finite. Inside the quadratic functional it gives

𝐼c =
1

2

〈
c,
(
𝐴 +𝐴2

(
1

2

− 𝑃3

)
− 1

3

𝐴3

)
c
〉
,

because 𝐴4 = 0 and 𝐴3𝑃3 = 𝐴3
on 𝐾 . Thus these are precisely the linear, quadratic, and

cubic homotopies, with no higher terms.

Finally, the 𝜙-part is the ordinary quadratic Hamiltonian for the action of 𝐷 on R.

Since this action preserves Ω, the definition of the BV bracket gives

d
0

𝐶𝐸𝐼𝜙 + 1

2

{𝐼𝜙 , 𝐼𝜙 } = 0, 𝑄𝐼𝜙 = 0.

The mixed bracket vanishes because the Poisson structure is block diagonal with respect

to the c and 𝜙 fields. Combining the two sectors proves the result. □

4.4.3. Odd and mixed components. We now add the Taylor components containing odd

inputs. For homogeneous 𝐷,𝐷 ′ ∈ E(3|6)0

R
and 𝛼 ∈ E(3|6)1

R
, write 𝜇 = #𝐷 and 𝜇′ = #𝐷 ′

,

and define

T(1)
𝛼

def

=

∫
𝑋

c(𝛼, 𝜙), (4.33)

T(2)
𝐷 ;𝛼

def

=

∫
𝑋

(𝜄𝜇c) (𝛼, 𝜙), (4.34)

T(3)
𝐷,𝐷 ′

;𝛼

def

= −2

∫
𝑋

(𝜄𝜇𝜄𝜇′c) (𝛼, 𝜙). (4.35)

When all inputs are even, T(𝑘 )
𝐷1,...,𝐷𝑘

denotes the polarized arity-𝑘 component of T0
. All

remaining components containing odd inputs are zero:

T(2)
𝛼,𝛽

= T(3)
𝐷 ;𝛼,𝛽

= T(3)
𝛼,𝛽,𝛾

= 0. (4.36)

The linear equation for (4.33) is immediate:

𝜕T(1)
𝛼 + T(1)

𝜕𝛼
= 0. (4.37)

It remains to check the nonlinear equations, which we organize by the parities of their

inputs.
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Lemma 4.5 (One even and one odd input). Let 𝐷 ∈ E(3|6)0

R
and 𝛼 ∈ E(3|6)1

R
be homo-

geneous. Then

(𝜕 +𝑄)T(2)
𝐷 ;𝛼

+ T(2)
𝜕𝐷 ;𝛼

+ (−1) |𝐷 |T(2)
𝐷 ;𝜕𝛼

= T(1)
[𝐷,𝛼 ] − {T(1)

𝐷
,T(1)
𝛼 }. (4.38)

Proof. The 𝜕-terms are tautological, so it remains to check the 𝑄-term. Since 𝑄𝜙 = 0 and

𝑄c = 𝜕c we have

𝑄T(2)
𝐷 ;𝛼

=

∫
𝑋

(𝜄𝜇𝜕c) (𝛼, 𝜙). (4.39)

We match this with the right hand side. Indeed, using Cartan’s formula again we get

{T(1)
𝐷
,T(1)
𝛼 } = T(1)

[𝐷,𝛼 ] −
∫
𝑋

(𝜄𝜇𝜕c) (𝛼, 𝜙). (4.40)

This is precisely (4.38). □

Lemma 4.6 (Two even and one odd input). Let 𝐷, 𝐷 ′ ∈ E(3|6)0

R
and 𝛼 ∈ E(3|6)1

R
be

homogeneous. Then

(𝜕 +𝑄)T(3)
𝐷,𝐷 ′

;𝛼
+ T(3)

𝜕𝐷,𝐷 ′
;𝛼
+ (−1) |𝐷 |T(3)

𝐷,𝜕𝐷 ′
;𝛼
+ (−1) |𝐷 |+|𝐷 ′ |T(3)

𝐷,𝐷 ′
;𝜕𝛼

= T(2)
[𝐷,𝐷 ′ ];𝛼 − T(2)

𝐷 ;[𝐷 ′,𝛼 ] + (−1) |𝐷 | |𝐷 ′ |T(2)
𝐷 ′

;[𝐷,𝛼 ]

− {T(1)
𝐷
,T(2)
𝐷 ′

;𝛼
} + (−1) |𝐷 | |𝐷 ′ | {T(1)

𝐷 ′ ,T
(2)
𝐷 ;𝛼

}

− (−1) ( |𝛼 |+1) ( |𝐷 |+|𝐷 ′ | ) {T(1)
𝛼 ,T(2)

𝐷,𝐷 ′ }. (4.41)

Proof. The 𝜕-terms are tautological, so we focus on the𝑄-term and the BV brackets. Write

𝐾𝜇;𝛼
def

=

∫
𝑋

(𝜄𝜇c) (𝛼, 𝜙), 𝐾𝜇,𝜇′ ;𝛼
def

=

∫
𝑋

(𝜄𝜇𝜄𝜇′c) (𝛼, 𝜙).

it is enough to show that the right-hand side of (4.41) is −2𝑄𝐾𝜇,𝜇′ ;𝛼 .

Since 𝑄c = 𝜕c and 𝑄𝜙 = 0, we have

𝑄𝐾𝜇,𝜇′ ;𝛼 =

∫
𝑋

(𝜄𝜇𝜄𝜇′𝜕c) (𝛼, 𝜙). (4.42)

Next, compute the two brackets involving even Hamiltonians and mixed quadratic

terms. Cartan’s formula gives

{T(1)
𝐷
, 𝐾𝜇′ ;𝛼 } = 𝐾[𝜇,𝜇′ ];𝛼 + 𝐾𝜇′ ;[𝐷,𝛼 ] −

∫
𝑋

(𝜄𝜇′𝜄𝜇𝜕c) (𝛼, 𝜙). (4.43)

Similarly, with 𝐷 and 𝐷 ′
exchanged,

{T(1)
𝐷 ′ , 𝐾𝜇;𝛼 } = 𝐾[𝜇′,𝜇 ];𝛼 + 𝐾𝜇;[𝐷 ′,𝛼 ] −

∫
𝑋

(𝜄𝜇𝜄𝜇′𝜕c) (𝛼, 𝜙). (4.44)
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Next, compute the bracket of the odd Hamiltonian with the even-even homotopy:

{T(1)
𝛼 ,T(2)

𝐷,𝐷 ′ } = −
∫
𝑋

(𝜄𝜇𝜄𝜇′𝜕c) (𝛼, 𝜙). (4.45)

We now substitute (4.43), (4.44), and (4.45) into the right-hand side of (4.41). The

terms

T(2)
[𝐷,𝐷 ′ ];𝛼 − T(2)

𝐷 ;[𝐷 ′,𝛼 ] + (−1) |𝐷 | |𝐷 ′ |T(2)
𝐷 ′

;[𝐷,𝛼 ]

cancel term-by-term with the corresponding terms coming from

−{T(1)
𝐷
,T(2)
𝐷 ′

;𝛼
} + (−1) |𝐷 | |𝐷 ′ | {T(1)

𝐷 ′ ,T
(2)
𝐷 ;𝛼

}.

The remaining terms are therefore only the two Cartan homotopy terms∫
𝑋

(𝜄𝜇′𝜄𝜇𝜕c) (𝛼, 𝜙) − (−1) |𝐷 | |𝐷 ′ |
∫
𝑋

(𝜄𝜇𝜄𝜇′𝜕c) (𝛼, 𝜙).

By graded anticommutativity of contractions, this is 2𝑄𝐾𝜇′,𝜇;𝛼 = 𝑄T(3)
𝐷,𝐷 ′

;𝛼
. □

Lemma 4.7 (Two odd inputs). Let 𝛼, 𝛽 ∈ E(3|6)1

R
be homogeneous. Then

{T(1)
𝛼 ,T(1)

𝛽
} = T(1)

[𝛼,𝛽 ] . (4.46)

Proof. An odd symmetry 𝛼 determines a bundle map

𝑚𝛼 : R → Ω1

𝑋 , 𝑟 ↦→ 𝛼 (𝑟 ).

We also write𝑚
†
𝛼 : Ω2

𝑋
→ R for its adjoint with respect to the pairing defined by Ω:

Ω(𝑟,𝑚†
𝛼𝜂) = 𝜂 ∧𝑚𝛼 (𝑟 ). (4.47)

Thus T(1)
𝛼 =

∫
𝑋
c ∧𝑚𝛼 (𝜙). By the definition of the odd-odd bracket in E(3|6)R, the even

element [𝛼, 𝛽] ∈ AtΩ (R) acts by

𝜄#[𝛼,𝛽 ]c = (𝑚𝛼𝑚
†
𝛽
+𝑚𝛽𝑚

†
𝛼 )c, (4.48)

[𝛼, 𝛽]𝜙 = (𝑚†
𝛼 𝜕𝑚𝛽 +𝑚†

𝛽
𝜕𝑚𝛼 )𝜙. (4.49)

The BV bracket splits according to which fields are contracted:

{T(1)
𝛼 ,T(1)

𝛽
} = 𝐼cc + 𝐼𝜙𝜙 , (4.50)

where the subscripts record the contracted fields. Using (4.47) and graded symmetrizing

in 𝛼, 𝛽 gives

𝐼cc =
1

2

∫
𝑋

Ω
(
𝜙 ∧ (𝑚†

𝛼 𝜕𝑚𝛽 +𝑚†
𝛽
𝜕𝑚𝛼 )𝜙

)
, (4.51)

𝐼𝜙𝜙 =
1

2

∫
𝑋

c ∧ (𝑚𝛼𝑚
†
𝛽
+𝑚𝛽𝑚

†
𝛼 )c. (4.52)

By (4.48) and (4.49), these are respectively the 𝜙- and c-quadratic terms in T(1)
[𝛼,𝛽 ] . This

proves (4.46). □
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Lemma 4.8 (One even and two odd inputs). Let 𝐷 ∈ E(3|6)0

R
and 𝛼, 𝛽 ∈ E(3|6)1

R
be

homogeneous. Then

T(2)
𝐷 ;[𝛼,𝛽 ] − (−1) |𝐷 | |𝛼 | {T(1)

𝛼 ,T(2)
𝐷 ;𝛽

}

+ (−1) |𝛽 | ( |𝐷 |+|𝛼 | ) {T(1)
𝛽
,T(2)
𝐷 ;𝛼

} = 0. (4.53)

Proof. The two BV brackets in (4.53) are

{T(1)
𝛼 ,T(2)

𝐷 ;𝛽
} =

∫
𝑋

(𝜄𝜇𝜕𝑚𝛼 (𝜙)) (𝛽, 𝜙) +
∫
𝑋

(𝜄𝜇c) (𝛽,𝑚†
𝛼c), (4.54)

{T(1)
𝛽
,T(2)
𝐷 ;𝛼

} =
∫
𝑋

(𝜄𝜇𝜕𝑚𝛽 (𝜙)) (𝛼, 𝜙) +
∫
𝑋

(𝜄𝜇c) (𝛼,𝑚†
𝛽
c). (4.55)

Substitute these expressions in (4.53). The adjointness relation (4.47), with the displayed

Koszul signs, combines the two brackets into∫
𝑋

(𝜄𝜇c) ( [𝛼, 𝛽], 𝜙) = T(2)
𝐷 ;[𝛼,𝛽 ] .

□

Lemma 4.9 (Three odd inputs). Let 𝛼, 𝛽,𝛾 ∈ E(3|6)1

R
be homogeneous. Then

Alt𝛼,𝛽,𝛾 T
(2)
[𝛼,𝛽 ];𝛾 = 0. (4.56)

Proof. The identity is pointwise and purely algebraic. Fix 𝑥 ∈ 𝑋 and write

𝐴 = 𝑇𝑥𝑋, 𝐵 = R𝑥 .

The odd symbol is 𝐴∗ ⊗ 𝐵∗, so it is enough to check decomposable elements

𝛼 = 𝑎 ⊗ 𝑢, 𝛽 = 𝑏 ⊗ 𝑣, 𝛾 = 𝑐 ⊗𝑤,

where 𝑎, 𝑏, 𝑐 ∈ 𝐴∗
and 𝑢, 𝑣,𝑤 ∈ 𝐵∗.

By definition of the odd-odd bracket, the anchor of [𝛼, 𝛽] is the vector field corre-

sponding, under contraction with the volume form on 𝐴, to

(𝑎 ∧ 𝑏)𝜔 (𝑢, 𝑣) ∈ ∧2𝐴∗,

where 𝜔 is the symplectic pairing on 𝐵∗ induced by Ω : ∧2R � 𝐾𝑋 . Therefore, for any

local c-field and 𝜙-field, the value of the integrand of T(2)
[𝛼,𝛽 ];𝛾 at this point is proportional

to

𝑎 ∧ 𝑏 ∧ 𝑐 𝜔 (𝑢, 𝑣)𝑤 (𝜙).
Hence the graded alternating sum over 𝛼, 𝛽,𝛾 is proportional to

𝑎 ∧ 𝑏 ∧ 𝑐
(
𝜔 (𝑢, 𝑣)𝑤 (𝜙) + 𝜔 (𝑣,𝑤)𝑢 (𝜙) + 𝜔 (𝑤,𝑢)𝑣 (𝜙)

)
.

The expression in parentheses vanishes because 𝐵∗ is two-dimensional symplectic: for

any 𝑢, 𝑣,𝑤 ∈ 𝐵∗,
𝜔 (𝑢, 𝑣)𝑤 + 𝜔 (𝑣,𝑤)𝑢 + 𝜔 (𝑤,𝑢)𝑣 = 0.

Thus the integrand in (4.56) vanishes pointwise. □
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4.4.4. The full equivariant current.

Theorem 4.10. For any threefold𝑋 and holomorphic vector bundleR on𝑋 with∧2R � 𝐾𝑋 ,
the Taylor components above define an 𝐿∞ local current

T = T(1) + T(2) + T(3)
: E(3|6)R ⇝ Oloc (V) [−1] . (4.57)

It solves the equivariant classical master equation and hence defines a E(3|6)R-symmetry
of the free Poisson-degenerate BV theory V.

Proof. Proposition 4.4 proves the equation when all inputs are even. Equation (4.37)

proves its linear odd part. Lemmas 4.5 and 4.6 prove the components with one odd input,

while Lemmas 4.7, 4.8, and 4.9 prove those with at least two odd inputs. These exhaust

the nonzero Taylor components listed in (4.36), and therefore prove the full equivariant

classical master equation. □

4.4.5. Polarized stress tensor.
We finally record the stress tensor for the polarized theory of Definition 4.3. Write

R = R1 ⊕ R−1, R1 = K𝐶 ⊠ O𝑆 , R−1 = O𝐶 ⊠K𝑆 ,

and correspondingly write the regraded field as𝜙 = 𝛾+𝛽 , with𝛾 valued inR1 and 𝛽 valued

in R−1 [2], as in Paragraph 4.2.1. A section of Ẽ(3|6) coming from the two summands of

E(3|6)R will be written

𝐷 = 𝐷−2 + 𝐷0 + 𝐷2, 𝛼 = 𝛼−1 + 𝛼1.

Here𝐷𝑖 has degree 𝑖 , 𝛼 𝑗 has degree 𝑗 , and 𝜇 = #𝐷0. The components𝐷±2 have zero anchor

and exchange the two lines in R.

The current is obtained by making this decomposition in T. Its restriction to inputs

coming from AtΩ (R) is

T̃
���
AtΩ (R)

=
1

2

∫
𝑋

c ∧ 𝑒𝜄𝜇 (1 − 𝜄𝜇𝑃3)c +
∫
𝑋

𝛽 ∧ 𝐷0𝛾

+ 1

2

∫
𝑋

𝛽 ∧ 𝐷2𝛽 +
1

2

∫
𝑋

𝛾 ∧ 𝐷−2𝛾 . (4.58)

Indeed, the last three terms are precisely the decomposition of
1

2

∫
𝑋
Ω(𝜙 ∧ 𝐷𝜙). For an

input 𝛼 coming from Ω1

𝑋
⊗ R∗

, the nonzero Taylor components are

T̃(1)
𝛼 =

∫
𝑋

c ∧
(
(𝛼1, 𝛽) + (𝛼−1, 𝛾)

)
, (4.59)

T̃(2)
𝐷 ;𝛼

=

∫
𝑋

(𝜄𝜇c) ∧
(
(𝛼1, 𝛽) + (𝛼−1, 𝛾)

)
, (4.60)

T̃(3)
𝐷,𝐷 ′

;𝛼
= − 2

∫
𝑋

(𝜄𝜇𝜄𝜇′c) ∧
(
(𝛼1, 𝛽) + (𝛼−1, 𝛾)

)
, (4.61)
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where 𝜇′ = #𝐷 ′
0
. As before, all Taylor components containing two or more inputs from

Ω1

𝑋
⊗ R∗

vanish. In particular, the arity-one part of the polarized current is

T̃(1)
𝐷+𝛼 =

1

2

∫
𝑋

c ∧ 𝜄𝜇c +
∫
𝑋

𝛽 ∧ 𝐷0𝛾 +
1

2

∫
𝑋

𝛽 ∧ 𝐷2𝛽 +
1

2

∫
𝑋

𝛾 ∧ 𝐷−2𝛾

+
∫
𝑋

c ∧ (𝛼1, 𝛽) +
∫
𝑋

c ∧ (𝛼−1, 𝛾). (4.62)

Proposition 4.11. The Taylor components (4.58)–(4.61) define an 𝐿∞ local current

T̃ : Ẽ(3|6) ⇝ Oloc ( Ṽ) [−1] (4.63)

which satisfies the equivariant classical master equation.

Proof. Both Ẽ(3|6) and Ṽ are obtained from E(3|6)R and Vby the same consistent re-

grading. This changes only the integer degrees: the differential, the brackets, the Poisson

structure, and the formulas for the Taylor components are unchanged. Since the parity of

the new degree agrees with the original super parity, the Koszul signs are unchanged as

well. Consequently the equivariant master equation for T̃ is the regrading, term by term,

of the master equation for T proved in Theorem 4.10. □

For example, a holomorphic vector field 𝑣 ∈ T𝑆 ⊂ Ẽ(3|6)1
has only an 𝛼1-component,

and its current is

T̃(1)
𝑣 =

∫
𝐶×𝑆

𝛽 ∧ 𝜄𝑣c. (4.64)

5 Quantization of symmetries via factorization algebras

We now turn to the factorization algebra of quantum observables of the holomorphic

six-dimensional theory, as well as the factorization algebra of currents associated to sym-

metries of the six-dimensional theory. We recall how a factorization enhancement of

Noether’s theorem shows that symmetries can be encoded as a map between these fac-

torization algebras.

5.1 Observables of free QFT

In [CG21, §8], the factorization algebra associated to a nondegenerate free BV theory is

constructed. In this section, we elaborate this construction to handle the free theories of

Poisson type covered by definition 4.1. For other related discussions, see [BY16; GRW22;

SW23a].

Recall that the first piece of data which defines a free theory in the BV formalism is

an elliptic complex of vector bundles (𝐸,𝑄) on the spacetime manifold 𝑀 . To an open

set 𝑈 ⊂ 𝑀 , we associate a space of fields, which is the space of sections E(𝑈 ) = Γ(𝑈 , 𝐸).
The classical observables are O(E(𝑈 )), an appropriate algebra of functions on the space

of fields E(𝑈 ). Since E: 𝑈 ⊂ 𝑀 ↦→ E(𝑈 ) is a sheaf on spacetime, the assignment

𝑈 ↦→ O(E(𝑈 )) (5.1)
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is a precosheaf. The multiplication on O(E) endows this with the structure of a commuta-
tive factorization algebra [CG17]. This is the factorization algebra of classical observables

of a free theory.

For the purposes of this work, the appropriate algebra of functions on E(𝑈 ) is defined

by

O(E(𝑈 )) = Sym

(
Γ𝑐 (𝑈 , 𝐸!)

)
. (5.2)

This makes the cosheaf property of𝑈 ↦→ O(E(𝑈 )) obvious.

In general, the quantization of such factorization algebras to non-commutative fac-

torization algebras can be made rigorous using the Batalin–Vilkovisky (BV) formalism.

Classically, in the BV formalism, the space of fields is equipped with a local symplectic

form of degree −1. From this data, one constructs a shifted Poisson bracket on the factor-

ization algebra (5.2), endowing it with the structure of a so-calledℙ0 factorization algebra.

The BV Laplacian associated to this shifted Poisson bracket is essentially unique; deform-

ing the differential by the BV Laplacian defines the quantized factorization algebra [CG21,

§8].

A Poisson degenerate free BV theory is equipped with a local Poisson bivector of

degree +1. The construction of a BV Laplacian associated to a general ℙ0 algebra is very

difficult (even more difficult than the quantization of ordinary Poisson algebras). For the

class of Poisson structures we study, though, the quantization is no more difficult than in

the non-degenerate case. Let (𝐸,𝑄, 𝜋) be the data of a Poisson degenerate free BV theory.

Recall that this means that (𝐸,𝑄) is an elliptic complex of vector bundles on spacetime

𝑀 ; if we view 𝐸!
as an abelian local dg Lie algebra, then 𝜋 can be viewed as a quadratic

local cocycle of degree +1 on 𝐸!
. This local cocycle then defines, for each open set𝑈 ⊂ 𝑀 ,

a central extension of dg Lie algebras

0 → C[−1] → H𝑐 (𝑈 ) → E!

𝑐 (𝑈 ) → 0. (5.3)

Note that E!

𝑐 is a cosheaf of abelian dg Lie algebras.

The Chevalley–Eilenberg complex of H𝑐 (𝑈 ) is of the form

𝐶• (H𝑐 (𝑈 )) =
(
Sym(E!

𝑐 (𝑈 )) [𝑐], 𝑄 + 𝑐△𝜋
)

(5.4)

where △𝜋 is the piece of the Chevalley–Eilenberg differential involving 𝜋 . The variable 𝑐 ,

of cohomological degree zero, is dual to the central generator of H𝑐 (𝑈 ). The assignment

𝑈 ↦→ 𝐶• (H𝑐 (𝑈 )) is a special example of the enveloping factorization algebra of a local Lie

algebra [CG17].

Definition 5.1. Let (𝐸,𝑄, 𝜋) be a Poisson degenerate free BV theory. The free BV quan-

tization of the factorization algebra O(E) is the factorization algebra Obs which assigns

to an open set𝑈 ⊂ 𝑀 the cochain complex

Obs(𝑈 ) def

=

(
Sym(E!

𝑐 (𝑈 )), 𝑄 + △𝜋
)
. (5.5)

In other words, it is the specialization of the enveloping factorization algebra 𝐶• (H𝑐 )
obtained by setting 𝑐 = 1.
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We note that Obs of course depends on the input data (𝐸,𝑄, 𝜋) of which it is the free

BV quantization, but we suppress this from the notation.

The filtration by polynomial degree of an observable induces a filtration of the fac-

torization algebra Obs. Since 𝜋 is quadratic, there is an isomorphism of commutative

factorization algebras

gr Obs ≃ O(E). (5.6)

In particular, we have the natural “dequantization” map of factorization algebras Obs →
O(E).
5.1.1. Although neither the abelian N = (2, 0) theory nor its twists are Lagrangian the-

ories, they nevertheless fall into the class of Poisson degenerate free BV theories that

we have treated here. Thus the free BV quantization of these theories is defined by the

methods we have presented. We fix notation for the resulting factorization algebras in

the following definition.

Definition 5.2. Let 𝑋 be a complex three-fold equipped with a rank two holomorphic

vector bundle R, and an isomorphism Ω : ∧2 R � 𝐾𝑋 . Define the factorization algebra

ObsR on𝑋 to be the free BV quantization of the holomorphic twist of the six-dimensional

abelian N= (2, 0) theory as recalled in definition 4.2.

Similarly, let Õbs be the free BV quantization of the polarized holomorphic twist on

𝐶 × 𝑆 as defined in definition 4.3.

Note that the factorization algebra ObsR inherits a Z × Z/2-grading from the space

of fields VR underlying the holomorphic theory whereas Õbs is simply Z-graded.

5.2 Quantum currents from Noether’s theorem

We begin by quickly recalling the statement of the quantum Noether theorem for factor-

ization algebras following [CG21]. The input data include a local Lie algebra L, which

we think of as describing some symmetry of a classical field theory with space of fields

E. At the classical level, we recalled above that such a symmetry is encoded by the data

of a local functional

𝐽 ∈ Oloc (L[1] ⊕ E) (5.7)

satisfying the equivariant classical master equation

d𝐶𝐸 𝐽 +𝑄𝐽 +
1

2

{𝐽 , 𝐽 } = 0, (5.8)

where d𝐶𝐸 is the Chevalley–Eilenberg differential for L, 𝑄 is the BRST operator for E,

and {−,−} is the BV bracket. In [CG21] it is shown how this data can be used to construct

a map of factorization algebras

𝐽 : Sym(L𝑐 [1]) → O(E) (5.9)

with the property that 𝐽 preserves the brackets on the source and target. On the source,

the bracket is induced from the Lie bracket on L; on the target, the bracket is the BV

bracket.
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Note that polynomial degree also induces a filtration on the factorization algebra

UΘ (L) for any local Lie algebra L. If Θ is at least quadratic, then the associated graded

of this filtration is the factorization algebra which assigns to an open set 𝑈 the cochain

cochain complex

(Sym(L𝑐 (𝑈 ) [1]), dL) (5.10)

where dL is the linear differential on L.

5.2.1. The following is a corollary of the quantum factorization algebra Noether theorem,

as formulated in [CG21], in the case of a free quantum field theory.

Theorem 5.3 ([CG21]). Suppose that (𝐸,𝑄, 𝜋) is a free theory in the BV formalism with a
classical symmetry 𝐽 : L→ Oloc (E) and let Obs denote the factorization algebra of quantum
observables. There is a class

ΘE ∈ 𝐻 1

𝑙𝑜𝑐
(L) (5.11)

together with a filtration preserving map of factorization algebras

𝐽𝑞 : UΘ (L) → Obs (5.12)

whose associated graded is the classical symmetry gr 𝐽𝑞 = 𝐽 .

To quantize a theory in the BV formalism one must ensure that the quantum action

satisfies the so-called quantum master equation. For free theories this is a triviality; the

QME always holds. On the other hand, classically we have seen that the data of a symme-

try can be encoded by an equivariant version of the classical master equation (5.8). There

is an equivariant version of this equivariant quantum master equation. Heuristically, it is

of the form

d𝐶𝐸 𝐽
𝑞 +𝑄𝐽𝑞 + 1

2

{𝐽𝑞, 𝐽𝑞} + △𝐽𝑞 ?

= 0. (5.13)

This is a heuristic since to make sense of it rigorously we must apply renormalization to

the quantum Noether current 𝐽𝑞 . For free theories, the precise form of this equation al-

ways holds when we work modulo functions of L (more accurately, these are functionals

on the shift L[1]). Concretely, ΘE is the L-dependent part of this expression:

ΘE
def

= d𝐶𝐸 𝐽
𝑞 +𝑄𝐽𝑞 + 1

2

{𝐽𝑞, 𝐽𝑞} + △𝐽𝑞 . (5.14)

5.2.2. The obstruction can be explicitly described in the following relevant situation. Sup-

pose that (E, 𝑄, 𝜋) is a holomorphic free field theory (of Poisson degenerate type) on a

complex manifold 𝑋 of dimension 𝑛. (For the anomaly we will only look at 𝑋 = C𝑛 .) This

means that the sheaf of complexes (E, 𝑄) is of the form(
Ω0,• (C𝑛,V), 𝑄 = 𝜕 +𝑄hol

)
(5.15)

where V is a graded holomorphic vector bundle on 𝑋 , 𝑄hol
is a holomorphic differential

operator from V to V of degree +1 and square-zero. The shifted Poisson bivector 𝜋 is

required to arise from a holomorphic differential operator

𝜋hol
: (Vhol)! → Vhol [1 − 𝑛], (5.16)
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where Vhol
is the sheaf of holomorphic sections of𝑉 and 𝑛. This is a generalization of the

notion of a non-degenerate holomorphic free field theory given in [Wil20]. Since the data

of a holomorphic free field theory only really depends on the holomorphic vector bundle

V, the holomorphic operator 𝑄hol
, and 𝜋hol

we will write the data of a holomorphic free

theory as a triple (V, 𝑄hol, 𝜋).

Proposition 5.4. Suppose that (V, 𝑄hol, 𝜋hol) is a holomorphic free field theory on C𝑛 and
suppose that 𝐽 is a classical symmetry by a holomorphic local Lie algebra L. The local
functional ΘE ∈ C

•
loc
(L) of cohomological degree +1 can be computed as the 𝜖, 𝐿 → 0 limit

of the wheel with 𝑛 + 1 vertices, each labeled by 𝐽 , and 𝑛 of whose edges are labeled by the
propagator 𝑃𝜋

𝜖<𝐿
. The remaining edge is labeled by the heat kernel 𝐾𝜋

𝜖<𝐿
.

As a consequence of theorem 5.3 we obtain the following result about quantizing the

classical symmetry of the local Lie algebra E(3|6)R on the minimal holomorphic twist of

the six-dimensional N = (2, 0) theory. Recall that this theory carries a classical E(3|6)R
background that is encoded by the classical current T constructed in section 4.4. As a

general consequence of the factorization algebra Noether theorem, we obtain the follow-

ing.

Proposition 5.5. Fix a three-fold 𝑋 with a rank two holomorphic vector bundle R together
with an isomorphism ∧2R � K𝑋 . Let

Θ𝑓 𝑟 ∈ 𝐻 1

𝑙𝑜𝑐
(E(3|6)R) (5.17)

be the obstruction for the 𝐸 (3|6) stress tensor T of the free theory to solve the equivariant
quantum master equation (5.14). There is a map of factorization algebras

T𝑞 : UΘ (E(3|6)R) → ObsR (5.18)

such that grT𝑞 = T.

Using proposition 5.4 we can describe the obstruction Θ appearing in the proposition

above using explicit Feynman diagrams. Let’s consider, for example, the symmetry by the

sub local Lie algebra

𝔰𝔩(2) ⊗ Ω0,•
𝑋

⊂ E(3|6)R . (5.19)

The anomaly for this symmetry is given by a certain sum of weights of Feynman graphs.

From the proposition, we know that the only relevant graph is simply a wheel with four

vertices. The resulting weight gives the anomaly; when restricted to the 𝔰𝔩(2)-valued

fields, its value is

Θ|𝔰𝔩 (2) =
1

(2𝜋 i)3

∫
𝑋

Tr(𝐴𝜕𝐴) Tr(𝜕𝐴𝜕𝐴). (5.20)

The subfactorization algebra

UΘ |𝔰𝔩 (2) (𝔰𝔩(2) ⊗ Ω0,•
𝑋
) ⊂ UΘ (E(3 |6) ) (5.21)

has appeared in [GW18] as a higher-dimensional generalization of the Kac-Moody fac-

torization/vertex algebra. In particular, on 𝑋 = C3 − {0} it is shown that the factorization
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algebra encodes a higher Kac–Moody 𝐿∞ algebra as defined in [FHK19]. In this dimen-

sion, higher Kac–Moody algebras are classified by quartic invariant polynomials on the

Lie algebra. The particular higher Kac–Moody algebra is an 𝐿∞ central extension of the

form

0 → C → �𝔰𝔩(2)
3,𝜃 → 𝔰𝔩(2) ⊗ A3 → 0 (5.22)

where A3 is the Jouanolou model for the derived global sections of the structure sheaf on

C3 − {0} and where 𝜃 is proportional to the quartic polynomial 𝑋 ↦→ Tr(𝑋 4).
5.2.3. Similarly, we have the following polarized twisted version of the above proposition.

Proposition 5.6. Fix a complex manifold 𝑋 of dimension 3 and let

Θ̃𝑓 𝑟 ∈ 𝐻 1

𝑙𝑜𝑐
( Ẽ(3|6)) (5.23)

be the obstruction for T̃, see equation (4.62), to solve the equivariant quantum master equa-
tion (5.14). There is a map of factorization algebras

T̃𝑞 : UΘ̃ ( Ẽ(3 |6) ) → Õbs. (5.24)

such that gr T̃𝑞 = T̃.

5.3 The anomaly from Riemann–Roch

In this section we explicitly describe the anomalies defined above in terms of charac-

teristic classes and relate them to well-known expressions for fivebrane anomalies. The

quantum anomaly class Θ is a local cocycle of E(3 |6) of cohomological degree +1. On

𝑋 = C3
we can use proposition 5.4 to compute this anomaly explicitly. We can appeal to

the Grothendieck–Riemann–Roch theorem to geometrically interpret this anomaly. To

set this up, consider the even sub local Lie algebra

Eeven

(3 |6) = Ω0,• (𝑋,T𝑋 ) ⋉ Ω0,• (𝑋, 𝔰𝔩(2)), (5.25)

and the induced cochain map

C
•
loc
(E(3 |6) ) → C

•
loc
(Eeven

(3 |6) ). (5.26)

In other words, a local cocycle for E(3 |6) can always be viewed as a local cocycle for its

even subalgebra.

The utility of this homomorphism is that the local cohomology of Eeven

(3 |6) is known

[Kho06; Wil24b] and can be identified with certain universal characteristic classes.

On 𝑋 = C3
, one has an isomorphism

𝐻 1

𝑙𝑜𝑐
(Eeven

3 |6 (C3)) ≃ 𝐻 8 (𝐵𝑈 (3) × 𝐵𝑆𝑈 (2)) . (5.27)

This cohomology has a description in terms of universal characteristic classes. Let ch𝑖 ∈
𝐻 2𝑖 (𝐵𝑈 (3)), 𝑖 = 1, 2, 3 be the universal Chern characters and let 𝜅 ∈ 𝐻 4 (𝐵𝑆𝑈 (2)) denote

the generator. Then, the anomaly we find will be given by polynomial expressions of

ch1, ch2, ch3, 𝜅 of total degree 8 where ch𝑖 carries degree 2𝑖 and 𝜅 carries degree four.

The following result can be found in [Wil24a].
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Proposition 5.7. Let (𝑉 ,𝑄, 𝜋) be a holomorphic free field theory on 𝑋 = C𝑛 . Suppose
that 𝑉 is equipped with a 𝐺-action preserving 𝜋 and consider the resulting T𝑋 ⋉ Ω0,•

𝑋
⊗ 𝔤-

background.
The anomaly to lifting this to an inner quantum T𝑋 ⋉ Ω0,•

𝑋
⊗ 𝔤-background is given by

the class

1

2

Td · ch𝑈 (𝑛)×𝐺 (𝑉 )
��
2𝑛+2

∈ 𝐻 2𝑛+2 (𝐵𝑈 (𝑛) × 𝐵𝐺) � 𝐻 1

𝑙𝑜𝑐
(T(C𝑛) ⋉ Ω0,• (C𝑛) ⊗ 𝔤), (5.28)

where ch𝑈 (𝑛)×𝐺 (𝑉 ) is the𝑈 (𝑛) ×𝐺-character of the representation 𝑉 .

This anomaly is a shadow of the mixed gravitational and 𝑅-symmetry/flavor anomaly

familiar in supersymmetric field theories. For this reason we will refer to it as a mixed

holomorphic-𝐺 anomaly.

Let Θ3 |6 denote the anomaly to quantizing the classical E(3 |6) background on the

(minimal) holomorphic twist of the N = (2, 0) theory given by the local current T3 |6 of

equation (??). Using proposition 5.7 in the case𝐺 = 𝑆𝑈 (2), we compute the restriction of

this anomaly to the subalgebra Eeven

(3 |6) There are two pieces to this multiplet: the holomor-

phic twist of the N= (1, 0) tensor multiplet and the holomorphic twist of the N= (1, 0)
hypermultiplet.

Accordingly, the anomaly splits as

Θ3 |6 = Θtensor

3 |6 + Θ
hyper

3 |6 . (5.29)

In the next two sections we will characterize the mixed holomorphic-𝑆𝑈 (2) anomaly of

the holomorphic twist of the superconformal theory.

The graded holomorphic vector bundle underlying the twisted tensor multiplet is

𝑉 = ∧2
T
∗ [1] ⊕ 𝐾. (5.30)

Its universal Chern character is

ch(𝑉 ) = 1 − ch
∗ = −2 + ch1 − ch2 + ch3 − ch4 . (5.31)

where ch𝑖 is the 𝑖th Chern character associated to the universal tangent bundle. Since ch4

is an expression in 𝑐1, 𝑐2, 𝑐3 we can express it in terms of the lower Chern characters as

ch4 =
1

6

(
1

24

ch
4

1
−1

2

ch
2

1
ch2 +2 ch1 ch3 +

1

2

ch
2

2

)
, (5.32)

Also we record the following identity

Td4 =
1

120

(
23

72

ch
4

1
−4

3

ch
2

1
ch2 +

1

3

ch1 ch3 +
1

2

ch
2

2

)
. (5.33)
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Expanding the five terms appearing in the degree 8 part of

1

2

Td(𝑋 ) ch(𝑉 ), (5.34)

we see that the anomaly is given by

Θtensor

3 |6

���
even

=
1

2 · 4!

(
37

180

ch
4

1
−22

15

ch
2

1
ch2 +

58

15

ch1 ch3 −
1

5

ch
2

2

)
. (5.35)

The super Z-graded holomorphic vector bundle underlying the holomorphic twist of the

hypermultiplet is𝑊 = Π𝐾1/2 ⊗ C2 [1].
We expand the degree 8 part of

1

2

Td ch𝑈 (3)×𝑆𝑈 (2) (𝑊 ) (5.36)

and find the result

Θ
hyper

3 |6

���
even

=
1

4!

(
1

720

ch
4

1
− 1

60

ch
2

1
ch2 +

1

10

ch
2

2
+ 1

15

ch1 ch3 − ch2 𝜅 + 𝜅2

)
. (5.37)

We conclude that the total even part to the E(3 |6) anomaly for the free theory is

Θ3 |6
��
even

= Θtensor

3 |6

���
even

+ Θ
hyper

3 |6

���
even

=
1

4!

(
5

48

ch
4

1
−3

4

ch
2

1
ch2 +2 ch1 ch3 − ch2 𝜅 + 𝜅2

)
.

(5.38)

Compare this with the expression of the anomaly computed in the (untwisted) supersym-

metric theory [Wit97]. The anomaly polynomial for the supersymmetric N = 1 tensor

multiplet is of the form

Θ
phys

tensor
(𝑝1, 𝑝2, 𝑐2, 𝜅) (5.39)

and depends on the universal Pontryagin classes 𝑝1, 𝑝2, and also an 𝑆𝑈 (2)𝑅-symmetry

part, whose generator we denote 𝑐2. To reduce to the twisted anomaly we set 𝑝1 ↦→
2 ch2, 𝑝2 ↦→ 2(ch

2

2
−6 ch4), and 𝑐2 ↦→ − 1

4
ch

2

1
in the physical anomaly, which agrees with

what we have computed directly from Riemann–Roch. The latter assignment is fixed

by our choice of twisting homomorphism. Upon this specialization, the supersymmetric

anomaly (5.39) matches exactly with what we have computed in (5.37).

5.4 The spherical currents

In this section we seek to make the role of 𝐸 (3|6) as a symmetry more apparent. Recall

that in a chiral CFT, conformal symmetry manifests as an explicit representation of the

Virasoro Lie algebra at some central charge. The Virasoro Lie algebra is precisely a central

extension of the 𝑆1
-modes of the local Lie algebra of holomorphic vector fields. In the final
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part of this section we extract the explicit 𝑆5
-supported currents from the local Lie algebra

E(3|6). The content of this section is similar that of [GW18] where the higher Kac–Moody

Lie algebra of [FHK19] is recovered from the higher Kac–Moody factorization algebra

defined on C𝑑 − {0}.
So, consider the factorization algebra G = UΘ (E(3 |6) ) defined on punctured affine

space C3 − {0}. We consider the ”radial quantization” of this factorization algebra, that

is, the pushforward along the radial projection map

𝑟 : C3 − {0} → R>0. (5.40)

The pushforward factorization algebra 𝑟∗G is not locally constant on R>0 but it admits

a dense subfactorization algebra A that is locally constant. To an interval 𝐼 ⊂ R>0 this

factorization algebra Aassigns the cochain complex

A(𝐼 ) = ⊕𝑛∈ 1

2
Z (G(𝑟−1𝐼 )) (𝑛) ⊂ G(𝑟−1𝐼 ) (5.41)

where the superscript denotes the pure weight 𝑛 eigenspace for the action by rescalings

(𝑧1, 𝑧2, 𝑧3) ↦→ (𝜆𝑧1, 𝜆𝑧2, 𝜆𝑧3).
The one-dimensional factorization algebra A is locally constant, and hence is equiv-

alent to the data of an explicit 𝐴∞ algebra 𝐴. This 𝐴∞ superalgebra is the enveloping

algebra of an 𝐿∞ algebra

𝐴 ≃ 𝑈 (Vir(3 |6) ). (5.42)

And this 𝐿∞ algebra is obtained as a central extension

0 → C → Vir(3 |6) → Witt(3 |6) → 0 (5.43)

where Witt(3 |6) is the so-called Jouanolou model for the dg Lie superalgebra E(3 |6) (C3 −
{0}) [GWW26; FHK19]. We refer to it as a super “Witt” algebra as it is a super extension

of the Lie algebra of derived sections of the tangent sheaf on punctured affine space.

Likewise, the centrally extended 𝐿∞ algebra is akin to the Virasoro algebra in CFT.

The 𝐿∞ superalgebra Vir(3 |6) is concentrated in cohomological degrees 0, 1, 2. It con-

tains, as the nonnegative scaling modes, the Lie superalgebra 𝐸 (3|6) ⊂ Vir(3 |6) . We point

out that that the central extension cocycle vanishes identically on these non-negative

modes.

So far, we hope the situation outlined in this section reminds the reader of the Witt

and Virasoro algebras of ordinary chiral CFT. Furthermore, as a consequence of propo-

sition 5.5 we can build representations of Vir(3 |6) from 𝐸 (3|6)-structured factorization

algebras. Indeed, suppose that F is such a factorization algebra. Then 5.5 supplies the

cochain complex

𝑉F
def

= ⊕𝑛∈ 1

2
Z+F(𝐷) (𝑛) (5.44)

where𝐷 is any 3-disk centered at the origin, with the structure of a Vir(3 |6) -representation.

The complex 𝑉F is the analog of the “state space” of a chiral CFT.
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6 Holomorphic localization

We study the deformations of 𝐸 (3|6) structures on the product threefold 𝐶 × 𝑆 where

𝐶 is a complex curve and 𝑆 is a complex surface. Such deformations are determined by

Maurer–Cartan elements for the local Lie algebra Ẽ(3|6); though we consider just those

that are holomorphic for the fixed complex structure on 𝐶 × 𝑆 .

We will find that a particular class of deformation is determined by holomorphic

vector field 𝑣 ∈ Γ(T𝑆 ) on the complex surface. Such a deformation also deforms the

factorization algebras built from the 𝐸 (3|6) structure; such as the enveloping factorization

algebra of Ẽ(3|6) and also the factorization algebra of observables Õbs underlying the

holomorphic twist of the N= (2, 0) theory.

In the case that 𝑆 = C2
and 𝑣 = Eu is the Euler vector field on C2

, let 𝜋 : 𝐶 × C2 → 𝐶

be the projection. We summarize the deformation and pushforward determined by this

data as a functor

Loc𝜋,Eu : Fact
(3 |6) (𝐶 × C2) −→ Fact

conf (𝐶). (6.1)

Its source is the category of factorization algebras on𝐶 × C2
with symmetry by the local

Lie algebra Ẽ(3|6), and its target is the category of chiral conformal factorization algebras

on𝐶 . This functor is an avatar of the superconformal localization considered in [BRR15].

More generally, given any holomorphic vector field 𝑣 on any complex surface 𝑆 we

will construct a factorization algebra on 𝐶 × 𝑍𝑣 where 𝑍𝑣 ⊂ 𝑆 is the zero locus of the

vector field 𝑣 .

6.1 Further twists

Let 𝐶 be a Riemann surface and 𝑆 be a complex surface as in 2.1.4. The product threefold

𝑋 = 𝐶 × 𝑆 admits an 𝐸 (3|6) structure by taking the rank-two bundle

R = 𝜋∗
𝐶Ω

1

𝐶 ⊕ 𝜋∗
𝑆Ω

2

𝑆 , (6.2)

where 𝜋𝐶,𝑆 are the obvious projections. The consistentlyZ-graded local Lie algebra Ẽ(3|6)
makes sense in this setting; effectively regrading R by placing Ω2

𝑆
in degree +1 and Ω1

𝐶

in degree −1. Upon regrading, the odd part of 𝐸 (3|6) becomes smeared out in degrees −1

and +1:

Π
(
T∗
𝑋 ⊗ R∗) ⇝ (

O𝑋 ⊕ T𝐶 ⊠ Ω1

𝑆

)
[1] ⊕

(
O𝐶 ⊠ T𝑆 ⊕ Ω1

𝐶 ⊠ ∧2T𝑆
)
[−1] (6.3)

6.1.1. We classify holomorphic Maurer–Cartan elements of the exceptional holomorphic

Lie algebra on𝐶 × 𝑆 . By such, we mean global holomorphic sections 𝛼 of Ẽ(3|6) of coho-

mological degree +1 which satisfy the Maurer–Cartan equation

[𝛼, 𝛼] = 0.4 (6.4)

4
More generally, one could study Maurer–Cartan elements of the local Lie algebra E(3|6)R

given by the Dolbeault complex on E(3|6)R. Such Maurer–Cartan elements are no longer holo-

morphic. In part, they deform the complex structure on 𝐶 × 𝑆 . We consider only deformations

which leave the underlying complex structure unchanged.
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Proposition 6.1. Holomorphic Maurer–Cartan elements of Ẽ(3|6) are in bijective corre-
spondence with pairs of sections

(𝑉 , 𝜆) ∈ Γ(O𝐶 ⊠ T𝑆 ⊕ Ω1

𝐶 ⊠ ∧2T𝑆 ) (6.5)

satisfying the equation
𝑉 ∧ 𝜕𝐶𝑉 = 𝐿𝑉 𝜆 (6.6)

where 𝜕𝐶 is the holomorphic de Rham operator along 𝐶 and 𝐿𝑉 denotes the Lie derivative
along the vector field 𝑉 .

Proof. The equation follows from the form of the odd-odd bracket in E(3|6)R. Only

single-derivative terms are relevant, and the [𝜆, 𝜆] bracket is identically zero. □

6.1.2. Twists as integrable distributions. The primary type of further twist / Maurer–Cartan

element that we study in the remainder of this paper corresponds to the special case that

𝜆 = 0, so that the equation simply becomes

𝑉 𝜕𝐶𝑉 = 0, 𝑉 ∈ Γ(O𝐶 ⊠ T𝑆 ). (6.7)

The zero locus of a vertical vector field 𝑉 ∈ Γ(O𝐶 ⊠ T𝑆 ) is a subset

𝑍𝑉
def

= {(𝑧,𝑤) ∈ 𝐶 × 𝑆 | 𝑉(𝑧,𝑤 ) = 0}. (6.8)

Let 𝑈𝑉 = (𝐶 × 𝑆) \ 𝑍𝑉 be its complement. On 𝑈𝑉 there is a holomorphic line bundle L𝑉
whose fiber over (𝑧,𝑤) is span{𝑉(𝑧,𝑤 ) }. It is naturally a line subbundle of O𝐶 ⊠T𝑆 . Define

the following rank two holomorphic distribution

D𝑉
def

= T𝐶 ⊠ O𝑆 ⊕ L𝑉 ⊂ T𝐶×𝑆 . (6.9)

on 𝐶 × 𝑆 . The equation (6.7) is precisely the condition that this rank two distribution is

integrable.

Conversely, given a rank two integrable distribution D ⊂ T𝐶×𝑆 which contains, as a

subbundle, the line bundle T𝐶 ⊠ O𝑆 , we can recover this Maurer–Cartan element up to

rescaling by a global holomorphic function on 𝐶 .

6.1.3. Twists by holomorphic vector fields. We consider now the even more specialized case

where 𝑉 is of the form

𝑉 = 1 ⊠ 𝑣 ∈ Γ(O𝐶 ⊠ T𝑆 ), (6.10)

so that (6.6) is automatically satisfied (we still take 𝜆 = 0). In our applications at the end

of this subsection, we will assume, moreover, that the critical locus

𝑍𝑣 = {𝑤 ∈ 𝑆 | 𝑣𝑤 = 0} ⊂ 𝑆 (6.11)

is a smooth complex submanifold.

6.1.4. The Ω-background deformation. Maurer–Cartan elements of Ẽ(3|6) define deforma-

tions, or twists, of any object which has a symmetry by Ẽ(3|6). In the remainder of the
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paper we characterize such twists in the following special cases of the Maurer–Cartan

elements from 6.1.3.

The most important special case is 𝑆 = C2
, with coordinates𝑤1,𝑤2, and

𝑣 = Eu
def

= 𝑤1

𝜕

𝜕𝑤1

+𝑤2

𝜕

𝜕𝑤2

. (6.12)

Remark 6.2. More generally, the Ω-background considered by [other Omega background papers?;
BRR15] pertains, at the level of the holomorphic twist, to the family of Maurer–Cartan

elements

𝑣𝜀1,𝜀2
= 𝜀1𝑤1

𝜕

𝜕𝑤1

+ 𝜀2𝑤2

𝜕

𝜕𝑤2

. (6.13)

where 𝜀1, 𝜀2 are the rotation parameters in the two factors C2 = C𝑤1
× C𝑤2

. In this paper,

we only consider the localization of the holomorphic twist of the free superconformal

theory which is essentially independent of 𝜀1, 𝜀2. Indeed, the localized vertex algebra

and symmetry is independent of 𝜀1, 𝜀2 so long as both are nonzero. The localization of

the holomorphic twist of the higher rank superconformal theories does depend on these

parameters. We consider this in future work.

6.1.5. The half-Ω-background deformation. Let Σ be a different complex curve and set

𝑆 = T
∗Σ. Denote by 𝜃 the Liouville one-form on T

∗Σ. Then d𝜃 is the standard symplectic

form on 𝑆 . Let 𝑣 be the unique holomorphic vector field on T
∗Σ satisfying

𝜄𝑣d𝜃 = 𝜃 .

Locally, then, 𝑣 is the Euler vector field along the fibers of the cotangent bundle. For

Σ = C, this Maurer–Cartan element is locally a degenerate limit of those introduced in

Remark 6.2.

6.2 Localization of the free theory

Recall the polarized free theory Ṽ from definition 4.3, together with its local Ẽ(3|6) cur-

rent T̃. Fix a holomorphic vector field 𝑣 on 𝑆 , regarded as the Maurer–Cartan element

of Paragraph 6.1.3. Evaluating the current on this background introduces the quadratic

functional

𝐼𝑣 =

∫
𝐶×𝑆

𝛽 ∧ 𝜄𝑣c (6.14)

to the free action. Its Hamiltonian vector field 𝐷𝑣 = {𝐼𝑣,−} deforms the linear BRST

differential to

𝜕 +𝑄𝑣 = 𝜕 +𝑄 + 𝐷𝑣 . (6.15)

Since 𝑣 satisfies the Maurer–Cartan equation and T satisfies the equivariant classical mas-

ter equation, (𝜕 +𝑄𝑣)2 = 0.

Write

c = c2,0 + c1,1, c𝑖, 𝑗 ∈ Ω𝑖𝐶 ⊠ Ω 𝑗

𝑆
,

50



−2 −1 0

Ω2

𝐶×𝑆 Ω3

𝐶×𝑆

O𝐶 ⊠ Ω2

𝑆
Ω1

𝐶
⊠ O𝑆 .

𝜄𝑣

𝜕

𝜕𝜄𝑣

Figure 1: The complex V𝑣 underlying the 𝑣-deformation of the polarized free theory. The

dotted arrows are the components of 𝐷𝑣 .

and write c3 ∈ Ω1

𝐶
⊠ Ω2

𝑆
for the degree-zero three-form field. The two new components

of the holomorphic differential are

𝐷𝑣 (𝛽) = 𝜕𝜄𝑣𝛽, 𝐷𝑣 (c1,1) = 𝜄𝑣c1,1;

all other components vanish. Thus the deformed fields are the Dolbeault resolution of the

complex V𝑣 in Figure 1. We denote this Dolbeault complex by V𝑣
.

The localized model is the following Koszul complex on 𝐶 × 𝑆 :

−2 −1 0

(KΩ1 , d = 1 ⊠ 𝜄𝑣)
def

= Ω1

𝐶
⊠ Ω2

𝑆
Ω1

𝐶
⊠ Ω1

𝑆
Ω1

𝐶
⊠ O𝑆 .

1⊠𝜄𝑣 1⊠𝜄𝑣
(6.16)

Equivalently,

KΩ1 =
(
Ω1

𝐶 ⊠ Ω−•
𝑆 , 1 ⊠ 𝜄𝑣

)
.

Proposition 6.3. For every holomorphic vector field 𝑣 on 𝑆 , there is a cochain map of com-
plexes of sheaves on 𝐶 × 𝑆

Φ𝑣 : V𝑣 −→ KΩ1 (6.17)

defined on homogeneous sections by

Φ𝑣 (𝛽) = 𝜕𝐶𝛽, Φ𝑣 (c2,0) = 0, Φ𝑣 (c1,1) = c1,1,

Φ𝑣 (𝛾) = 𝛾, Φ𝑣 (c3) = 0. (6.18)

Here 𝛽 has degree −2; c2,0 and c1,1 have degree −1; and c3 and 𝛾 ∈ Ω1

𝐶
⊠ O𝑆 have degree

zero.

Proof. The only nontrivial square beginning with 𝛽 commutes because

(1 ⊠ 𝜄𝑣)𝜕𝐶𝛽 = 𝜕𝐶𝜄𝑣𝛽. (6.19)

The right-hand side is precisely the Ω1

𝐶
⊠Ω1

𝑆
component of 𝜕𝜄𝑣𝛽 . On c1,1, both differentials

give 𝜄𝑣c1,1; the 𝜕c component lands in c3 and is killed by Φ𝑣 . The components c2,0 and c3

are killed on both sides, while Φ𝑣 is the identity on 𝛾 . Hence Φ𝑣 is a cochain map. □
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The map Φ𝑣 need not be a quasi-isomorphism for an arbitrary vector field. It is one

in each of the two cases used below.

Lemma 6.4. Let 𝑆 = C2 and let

𝑣 = Eu = 𝑤1

𝜕

𝜕𝑤1

+𝑤2

𝜕

𝜕𝑤2

.

Then ΦEu is a quasi-isomorphism of complexes of sheaves on 𝐶 × C2.

Proof. It is enough to show that the mapping cone is acyclic on stalks. Away from𝐶×{0},
choose a holomorphic one-form 𝜂 with 𝜂 (𝑣) = 1. Exterior multiplication by 𝜂 contracts

the relevant Koszul complexes, and hence the mapping cone.

Near 𝐶 × {0}, filter the mapping cone by holomorphic form degree along 𝐶 . On the

associated graded, the identity components in (6.18) cancel and the remaining two-term

complex has differential

𝐿Eu = [𝜕𝑆 , 𝜄Eu] : Ω2

C2
−→ Ω2

C2
.

On monomial top forms,

𝐿Eu
(
𝑤𝑚

1
𝑤𝑛

2
d𝑤1 ∧ d𝑤2

)
= (𝑚 + 𝑛 + 2)𝑤𝑚

1
𝑤𝑛

2
d𝑤1 ∧ d𝑤2 .

This operator is invertible on the stalk at the origin; its inverse preserves convergent

power series. The associated graded cone, and hence the cone itself, is therefore acyclic.

□

Lemma 6.5. Let 𝑆 = T
∗Σ and let 𝑣 be the fiberwise Euler vector field from Paragraph 6.1.5.

Then Φ𝑣 is a quasi-isomorphism of complexes of sheaves on 𝐶 × T
∗Σ.

Proof. Away from the zero section, the Koszul contraction from the preceding proof ap-

plies. Near the zero section, choose a coordinate 𝑧 on Σ and the induced fiber coordinate

𝑝 , so that 𝑣 = 𝑝 𝜕
𝜕𝑝

. The associated-graded mapping cone is again controlled by the Lie

derivative on holomorphic top forms, and

𝐿𝑣 (𝑓 (𝑧)𝑝𝑛 d𝑧 ∧ d𝑝) = (𝑛 + 1) 𝑓 (𝑧)𝑝𝑛 d𝑧 ∧ d𝑝.

Thus 𝐿𝑣 is invertible on every stalk along the zero section. The same filtered-cone argu-

ment proves that Φ𝑣 is a quasi-isomorphism. □

6.2.1. Compatibility with the shifted Poisson structures. Applying Dolbeault forms to (6.17),

and retaining the notation Φ𝑣 , gives a map V𝑣 → KΩ1 , where

KΩ1 = Ω0,• (𝐶 × 𝑆,KΩ1 ).

Using the wedge pairing on the 𝑆-forms to identify the density-valued dual, KΩ1 has

Poisson operator

𝜋K = 𝟙Ω−•,•
𝑆

⊠ 𝜕𝐶 : Ω−•,•
𝑆

⊠ Ω0,•
𝐶

−→ Ω−•,•
𝑆

⊠ Ω1,•
𝐶
. (6.20)

It commutes with 𝜕 + 1 ⊠ 𝜄𝑣 , so it defines a Poisson-degenerate free BV theory.
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Proposition 6.6. For every holomorphic vector field 𝑣 on 𝑆 , the map Φ𝑣 preserves the (−1)-
shifted Poisson structures. More precisely, if

Φ!

𝑣 : K!

Ω1
−→ (V𝑣)!

is the density-valued dual of Φ𝑣 , then∫
𝐶×𝑆

⟨Φ𝑣 (𝑒), 𝜆⟩ = ±
∫
𝐶×𝑆

⟨𝑒,Φ!

𝑣 (𝜆)⟩,

with the sign determined by the total degrees, and

Φ𝑣 ◦ 𝜋V𝑣 ◦ Φ!

𝑣 = 𝜋K. (6.21)

Consequently, in the situations of Lemmas 6.4 and 6.5, Φ𝑣 is an equivalence of classical
Poisson-degenerate free BV theories on 𝐶 × 𝑆 .

Proof. The source Poisson structure is the direct sum of the 𝜕𝐶×𝑆 operator on the c-fields

and the Serre-duality pairing between 𝛽 and 𝛾 . On the latter summand, Φ𝑣 is 𝜕𝐶 on 𝛽 and

the identity on 𝛾 . Its pushforward is therefore the 𝜕𝐶 operator between the Ω2

𝑆
and Ω0

𝑆

components of KΩ1 .

On the c-summand, only c1,1 ∈ Ω1

𝐶
⊠ Ω1

𝑆
survives. Projecting 𝜕𝐶×𝑆 = 𝜕𝐶 + 𝜕𝑆 to this

component kills 𝜕𝑆 and leaves 𝜕𝐶 , which is the Ω1

𝑆
component of (6.20). These are all three

𝑆-form degrees of 𝜋K, and there are no mixed terms because the source Poisson structure

is block diagonal. This proves (6.21); the final assertion follows from the preceding two

lemmas. □

6.2.2. Interpretation as a derived zero locus. For a vector bundle E → 𝑋 and a section

𝑠 ∈ Γ(𝑋,E), let Z(𝑠) denote its derived zero locus and 𝑖𝑠 : Z(𝑠) → 𝑋 its canonical map:

Z(𝑠) 𝑋

𝑋 Tot(E).

hPB
0

𝑠

(6.22)

As a complex of O𝑋 -modules, the pushforward of its structure sheaf has the Koszul model

𝑖𝑠,∗OZ(𝑠 ) ≃ (∧−•E∗, 𝜄𝑠 ) . (6.23)

For E = T𝑆 and 𝑠 = 𝑣 , write Z𝑣 = Z(𝑣) and let 𝑗𝑣 : 𝐶 × Z𝑣 → 𝐶 × 𝑆 be the induced derived

closed immersion. Equation (6.23) gives a canonical identification

KΩ1 ≃ 𝑗𝑣,∗
(
Ω1

𝐶 ⊠ OZ𝑣

)
. (6.24)

Together with the preceding results, this makes the two localizations completely explicit.

6.2.3. Localization to𝐶 . The projection 𝜋 : 𝐶 ×𝑆 → 𝐶 and the vector field 𝑣 give a Poisson

BV theory on𝐶 by direct image of the Koszul model. On an open set𝑈 ⊂ 𝐶 , its fields are

(𝜋∗KΩ1 ) (𝑈 ) = Ω0,• (𝑈 × 𝑆,Ω1

𝑈 ⊠ Ω−•
𝑆

)
, d = 𝜕 + 𝜄𝑣 . (6.25)
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Equivalently, if

A𝑣 =

(
Ω−•,•
𝑆

, 𝜕 + 𝜄𝑣
)
≃ RΓ(Z𝑣,OZ𝑣

),

then the fields are Ω1,•
𝐶
⊗̂A𝑣 . The Poisson operator is induced from (6.20); using the

Koszul–Serre pairing on 𝐴𝑣 , it is 𝜕𝐶 ⊗ 𝟙A𝑣
. This is the underlying free Poisson BV con-

struction; its formulation in terms of pushforward of factorization algebras will be given

below.

For 𝑆 = C2
and 𝑣 = Eu, the components (𝑤1,𝑤2) form a regular sequence, so Z𝑣 is

the ordinary point {0}. If 𝑖Eu : 𝐶 × {0} ↩→ 𝐶 × C2
, then there is a sheafwise equivalence

VEu ≃ 𝑖Eu,∗Ω1

𝐶 . (6.26)

In particular, for the projection 𝜋 : 𝐶 × C2 → 𝐶 ,

𝜋∗V
Eu ≃ Ω1

𝐶 .

Since AEu ≃ C, the pushed-forward fields are simply(
Ω1,•
𝐶
, 𝜕;𝜋ch = 𝜕𝐶 : Ω0,•

𝐶
→ Ω1,•

𝐶

)
. (6.27)

This is the Poisson BV description of the ordinary chiral boson theory on 𝐶 .

6.2.4. The half-Ω theory on𝐶×Σ. For the fiberwise Euler field on 𝑆 = T
∗Σ, let 𝑖Σ : 𝐶×Σ ↩→

𝐶 × T
∗Σ denote the zero section. In local coordinates (𝑧, 𝑝) the Koszul differential is

contraction with 𝑝 𝜕
𝜕𝑝

; explicitly,

𝜄𝑣 (d𝑧 ∧ d𝑝) = −𝑝 d𝑧, 𝜄𝑣 (𝑎 d𝑧 + 𝑏 d𝑝) = 𝑏𝑝.

Its cohomology is therefore OΣ in degree zero and Ω1

Σ in degree −1. Hence

V𝑣 ≃ 𝑖Σ,∗
(
Ω1

𝐶 ⊠
(
OΣ ⊕ Ω1

Σ [1]
) )

(6.28)

as complexes of sheaves on 𝐶 × T
∗Σ. The right-hand side inherits the shifted Poisson

structure from KΩ1 , so this also models the localized free BV theory.

Let 𝑝 : T
∗Σ → Σ be the bundle projection and set 𝑞 = 𝟙𝐶 × 𝑝 . Pushing the theory

forward along 𝑞 : 𝐶 × T
∗Σ → 𝐶 × Σ gives the fields

𝑞∗V
𝑣 ≃ 𝑞∗KΩ1 ≃ Ω0,• (𝐶 × Σ,Ω1

𝐶 ⊠
(
OΣ ⊕ Ω1

Σ [1]
) )
. (6.29)

Thus a field is a pair (𝑎, 𝑏) with

𝑓 ∈ Ω0,• (𝐶 × Σ,Ω1

𝐶 ⊠ OΣ), b ∈ Ω2,• (𝐶 × Σ) [1]

and differential 𝜕𝐶×Σ. Only the cross-pairing between the two summands is nonzero.

Using Serre duality on Σ, its Poisson operator is, up to the Koszul sign from the shift,

𝜋 1

2
Ω =

(
0 𝜕𝐶
𝜕𝐶 0

)
. (6.30)
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−2 −1 0 1 2

T𝐶 ⊠ Ω2

𝑆
T𝐶 ⊠ Ω1

𝑆
T𝐶 ⊠ O𝑆

O O𝐶 ⊠ T𝑆 Ω1

𝐶
⊠ ∧2T𝑆

O O𝐶 ⊠ T𝑆 Ω1

𝐶
⊠ ∧2T𝑆

𝜄𝑣 𝜄𝑣

−(·)𝑣 −𝜕𝐶 ( ·∧𝑣)

𝑣 ·

·𝑣 𝜕𝐶 ( ·∧𝑣)

[𝑣,−] 𝐿𝑣

Figure 2: The holomorphic complex underlying Ẽ(3|6)𝑣 .

It is therefore a cotangent-type family of chiral bosons over Σ; the Poisson structure dif-

ferentiates only in the 𝐶-direction and is degenerate. Thus localization occurs sheafwise

on the derived zero locus of 𝑣 in both examples.

As a non-local action functional this theory is∫
𝐶×Σ

b𝜕𝜕−1

𝐶 𝑓 . (6.31)

This theory on 𝐶 × Σ is essentially the same as the holomorphic twist of the free four-

dimensional N = 1 chiral multiplet theory [ESW20], which is presented as a higher-

dimensional 𝛽𝛾-system. Indeed, if we replace 𝑓 by a potential (ambiguous up to con-

stants) g ∈ Ω0,• (𝐶 × 𝑆) satisfying 𝜕𝐶g = 𝑓 then the action is the familiar complex

two-dimensional 𝛽𝛾-system: ∫
𝐶×𝑆

b𝜕g. (6.32)

6.3 Localization of the exceptional symmetry

Let 𝑣 be a holomorphic vector field on 𝑆 , regarded as the Maurer–Cartan element of Para-

graph 6.1.3. The 𝑣-deformation of the exceptional symmetry is the holomorphic dg Lie

algebra Ẽ(3|6)𝑣 on 𝐶 × 𝑆 with differential [𝑣,−] and the unchanged bracket of Ẽ(3|6).
Its Dolbeault resolution is the local dg Lie algebra Ẽ(3|6)𝑣 . The underlying holomorphic

complex is displayed in Figure 2.

6.3.1. The top row of Figure 2 is the dg Lie ideal

−2 −1 0

(K•
𝑇
, d = 1 ⊠ 𝜄𝑣)

def

= T𝐶 ⊠ Ω2

𝑆
T𝐶 ⊠ Ω1

𝑆
T𝐶 ⊠ O𝑆 .

𝜄𝑣 𝜄𝑣
(6.33)

Its bracket combines the Jacobi bracket on T𝐶 with wedge product of the negatively

graded forms on 𝑆 . In the notation of (6.24), the complex is a resolution:

K•
𝑇 ≃ 𝑗𝑣,∗

(
T𝐶 ⊠ OZ𝑣

)
, (6.34)
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where Z𝑣 is the zero locus of 𝑣 .

For 𝑆 = C2
and 𝑣 = Eu, this gives

𝜋∗K
•
𝑇 ≃ T𝐶 , 𝜋 : 𝐶 × C2 −→ 𝐶. (6.35)

For 𝑆 = T
∗Σ with fiberwise Euler field, set

BΣ
def

= OΣ ⊕ Ω1

Σ [1] . (6.36)

This is a square-zero dg commutative algebra extension, and for 𝑞 = 𝟙𝐶 × 𝑝 : 𝐶 × T
∗Σ →

𝐶 × Σ one has

𝑞∗K
•
𝑇 ≃ T𝐶 ⊠BΣ (6.37)

as sheaves of dg Lie algebras. These are the symmetry analogues of the two Koszul cal-

culations in Section 6.2.

6.3.2. Let Q𝑣 be the quotient by the Koszul ideal. Thus there is a short exact sequence of

sheaves of dg Lie algebras

0 −→ K•
𝑇 −→ Ẽ(3|6)𝑣 −→ Q𝑣 −→ 0. (6.38)

We record the quotient in the two cases of interest.

There is a quasi-isomorphism of sheaves of dg Lie algebras

Ξ : Ω•
𝐶 ⊗ 𝔰𝔩(2) −→ 𝜋∗Q

Eu . (6.39)

For 𝐴 ∈ O𝐶 ⊗ 𝔰𝔩(2), let

𝑋𝐴 =
∑︁
𝑖, 𝑗

𝐴
𝑗

𝑖
𝑤𝑖

𝜕

𝜕𝑤 𝑗

.

The two components of Ξ are represented by

Ξ0 (𝐴) =
[

0

𝑋𝐴

]
, Ξ1 (𝐵) =

[
0

𝑋𝐵 ∧ Eu

]
, 𝐵 ∈ Ω1

𝐶 ⊗ 𝔰𝔩(2). (6.40)

The differential identity follows from [Eu, 𝑋𝐴] = 0, and the bracket identity follows from

[𝑋𝐴, 𝑋𝐵] = 𝑋 [𝐴,𝐵 ] . To see that Ξ is a quasi-isomorphism, decompose the quotient by

Euler weight. Every nonzero weight is contractible; in weight zero the scalar and Euler

directions form contractible pairs, and the remaining trace-free linear vector fields are

precisely 𝔰𝔩(2) and their Ω1

𝐶
-partners.

For the
1

2
-Ω background, define

𝔮𝐶,Σ
def

=
(
Ω•
𝐶 ⊠ TΣ

)
⊗ Λ(𝜖), d = 𝜕𝐶 ⊗ 𝟙. (6.41)

This naturally acts on BΣ: a vector field 𝑋 acts by 𝐿𝑋 and 𝜖𝑋 acts by 𝜄𝑋 .

There is a quasi-isomorphism of sheaves of dg Lie algebras on 𝐶 × Σ:

Λ𝑣 : 𝑞∗Q
𝑣 −→ 𝔮𝐶,Σ . (6.42)
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Indeed, let (·) (0) denote fiber weight zero. One has (𝑝∗TT
∗Σ) (0) = At(TΣ); write𝜎 : At(TΣ) →

TΣ for its symbol. Wedging with 𝑣 gives an isomorphism

𝑣 ∧ − : TΣ
�−→

(
𝑝∗ ∧2 TT

∗Σ
) (0)

,

and let 𝜅 denote its inverse. On the nonzero components of the quotient, the map is

Λ0

𝑣

[
𝑋

ℎ

]
= 𝜎 (𝑋 (0) ),

Λ1

𝑣

[
𝑌

𝜌

]
= 𝜅 (𝜌 (0) ) + 𝜖𝜎 (𝑌 (0) ),

Λ2

𝑣 (𝜈) = 𝜖𝜅 (𝜈 (0) ). (6.43)

All nonzero fiber weights are contractible. In weight zero, the scalar and vertical Euler

directions again cancel, leaving exactly (6.41). This proves thatΛ𝑣 is a quasi-isomorphism.

The symbol map, 𝜅, and the Cartan identities also identify the induced quotient bracket

with the bracket on 𝔮𝐶,Σ.

6.3.3. Ω-background localization on 𝐶 . Combining these observations in the case of 𝑆 =

C2
, 𝑣 = Eu gives the full localized symmetry on the curve.

Proposition 6.7. Let 𝜋 : 𝐶 ×C2 → 𝐶 and 𝑣 = Eu. There are quasi-isomorphisms of sheaves
of dg Lie algebras on 𝐶

𝜋∗Ẽ(3|6)Eu ≃ T𝐶 ⋉
(
Ω•
𝐶 ⊗ 𝔰𝔩(2)

)
≃ T𝐶 ⊕ 𝔰𝔩(2)𝐶 . (6.44)

Here T𝐶 acts on the holomorphic de Rham complex by Lie derivative, and 𝔰𝔩(2)𝐶 denotes the
locally constant sheaf.

Proof. The map to 𝜋∗Ẽ(3|6)Eu is the constant-in-𝑆 inclusion on T𝐶 and is represented by

(6.40) on the 𝔰𝔩(2) summand. It is a strict dg Lie map. The vertical linear vector fields

realize the 𝔰𝔩(2) bracket, and the mixed bracket is the Lie derivative. Comparing the

short exact sequence (6.38) with

0 −→ T𝐶 −→ T𝐶 ⋉ (Ω•
𝐶 ⊗ 𝔰𝔩(2)) −→ Ω•

𝐶 ⊗ 𝔰𝔩(2) −→ 0,

the maps on the ideal and quotient are the quasi-isomorphisms (6.35) and (6.39). Hence the

middle map is a quasi-isomorphism. Finally, the holomorphic Poincaré lemma identifies

Ω•
𝐶

with the constant sheaf C𝐶 ; constant 𝔰𝔩(2)-valued sections have trivial T𝐶 action,

giving the second quasi-isomorphism in (6.44). □

6.3.4. The 1

2
-Ω localization on 𝐶 × Σ. Let 𝑆 = T

∗Σ, let 𝑣 be the fiberwise Euler field, and

let 𝑞 = 𝟙𝐶 × 𝑝 . The fiber weight decomposition is compatible with the differential and

bracket on 𝑞∗Ẽ(3|6)𝑣 .

Proposition 6.8. The inclusion of the fiber-weight-zero subalgebra is a quasi-isomorphism
of sheaves of dg Lie algebras (

𝑞∗Ẽ(3|6)𝑣
) (0) ≃−→ 𝑞∗Ẽ(3|6)𝑣 . (6.45)
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There is an exact sequence of sheaves of dg Lie algebras on 𝐶 × Σ:

0 → T𝐶 ⊠BΣ −→ 𝑞∗Ẽ(3|6)𝑣 −→ 𝔮𝐶,Σ → 0, (6.46)

where BΣ and 𝔮𝐶,Σ are defined in (6.36) and (6.41).

Proof. Filter the complex by the three rows in Figure 2 and then decompose by fiber

weight. On the Koszul row, the Cartan identity [𝜕𝑆 , 𝜄𝑣] = 𝐿𝑣 makes 𝑘−1𝜕𝑆 a contracting

homotopy in every nonzero weight 𝑘 . On the associated graded of the quotient rows,

[𝑣,−] and 𝐿𝑣 act by the same nonzero weight; the remaining arrows preserve this fil-

tration. The resulting spectral sequence therefore has only its weight-zero part, proving

(6.45). Applying 𝑞∗ to (6.38), the ideal is identified with T𝐶 ⊠ 𝐴Σ by (6.37), while the

quotient is identified with 𝔮𝐶,Σ by (6.42). This gives (6.46). □

The first term of (6.46) consists of𝐶-vector fields with coefficients in the derived zero

locus:

T𝐶 ⊠ OΣ ⊕ T𝐶 ⊠ Ω1

Σ [1] .

The quotient consists of Ω•
𝐶

-valued Lie derivatives and contractions on 𝐴Σ. At the level

of the reduced underlying complex, the unshifted degree-zero terms combine as

T𝐶 ⊠ OΣ ⊕ O𝐶 ⊠ TΣ = T𝐶×Σ;

the remaining terms provide its de Rham and derived partners. This is the exceptional

symmetry of the degenerate Poisson BV theory on 𝐶 × Σ described in Paragraph 6.2.4.

We will return to the corresponding pushforward of factorization algebras below.

6.4 Dolbeault conformal structures on factorization algebras

A conformal structure on a vertex algebra arises from the stress tensor in the conformal

field theory. One way to phrase a conformal structure is the data of a map of vertex alge-

bras from the Virasoro vertex algebra, at some value of the central charge, into the vertex

algebra. This definition also makes perfect sense at the level of factorization algebras.

Consider the local dg Lie algebra defined on a Riemann surface 𝐶

T𝐶
def

= Ω0,• (𝐶, T𝐶 ) (6.47)

which is equipped with the 𝜕 differential and the Jacobi bracket of Dolbeault-valued sec-

tions of the holomorphic tangent bundle. It is shown in [Wil17a; Wil24c] that𝐻 1

𝑙𝑜𝑐
(T𝐶 ) ≃

C which is locally represented by the cocycle

𝜃𝑉𝑖𝑟 : (𝑓 𝜕𝑧, 𝑔𝜕𝑧) ↦→
1

12

1

2𝜋 i

∫
C𝑧

𝜕𝑧 𝑓 𝜕𝜕𝑧𝑔 (6.48)

This is, of course, a local form of the residue formula for the cocycle defining the

Virasoro algebra. Indeed, when 𝐶 = C, the twisted enveloping factorization algebra

U𝑐𝜃𝑉𝑖𝑟
(TC) (6.49)
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corresponds to the Virasoro vertex algebra of central charge 𝑐 ∈ C [Wil17a].

Let F be a factorization algebra on a Riemann surface 𝐶 . We define a conformal
structure on F to be a map of factorization algebras

T : U𝑐𝜃𝑉𝑖𝑟
(T𝐶 ) → F. (6.50)

In the case 𝐶 = C, and when Fsatisfies the conditions of [CG17, section 5.3.2], this data

induces a conformal structure on the vertex algebra 𝕍 (F) of central charge 𝑐 .

The exceptional Lie superalgebra 𝐸 (3|6) (respectively 𝐸 (3|6)) underlies the symme-

tries of the stress tensor in the minimal holomorphic twist (respectively, alternative holo-

morphic twist) of a six-dimensional N = (2, 0) superconformal field theory. This moti-

vates the following definition.

Definition 6.9. Let𝐶 be a complex curve and 𝑆 a complex surface. A Dolbeault-conformal
structure on a factorization algebra Fon 𝐶 × 𝑆 is a map of factorization algebras

T : U𝑐 𝑓 𝑟Θ𝑓 𝑟
( Ẽ(3|6)) → F (6.51)

where Θ̃𝑓 𝑟 ∈ 𝐶•
𝑙𝑜𝑐

( Ẽ(3|6)) is the local cocycle of total degree +1 from proposition 5.6. We

refer to 𝑐 𝑓 𝑟 ∈ C as the free central charge of F.

Following the work of [Nak97] and [Gro96], as well as motivations from string the-

ory, we know that the sum of de Rham cohomologies of the Hilbert schemes of points is

a conformal vertex algebra. We use our current terminology to refer to the expectation

that this structure is present in the Dolbeault cohomology (rather than the de Rham co-

homology) of the Hilbert scheme of points on 𝑆 , since we are studying the holomorphic

twist rather than the more topological one relevant in the works loc. cit..

6.4.1. We have two main examples of Dolbeault-conformal factorization algebras:

• The factorization algebra ObsR underlying the observables of the holomorphic

twist of the free N = (2, 0) theory is an 𝐸 (3|6)-factorization algebra of six-

dimensional central charge 1. The factorization algebra Õbs is a Dolbeault Virasoro

factorization algebra of six-dimensional central charge 1.

• Tautologically, the factorization algebra U𝑐Θ𝑓 𝑟
(E(3 |6) ) is an 𝐸 (3|6) factorization al-

gebra for any 𝑐 ∈ C. Likewise, the factorization algebraU
𝑐Θ̃𝑓 𝑟

( Ẽ(3 |6) ) is a Dolbeault

Virasoro factorization algebra for any 𝑐 ∈ C.

6.5 The main construction: localizing to a curve

Let 𝐶 be a complex curve, let 𝑆 be a complex surface, and write 𝜋 : 𝐶 × 𝑆 → 𝐶 for the

projection. Fix a holomorphic vector field 𝑣 on 𝑆 whose zero locus consists of a single

point. Let (F,T) be a Dolbeault-conformal factorization algebra on 𝐶 × 𝑆 ; thus F =

(F, dF) is a factorization algebra valued in cochain complexes and T is its Dolbeault stress

tensor.

Evaluating the current on the Maurer–Cartan element 𝑣 ∈ Γ(O𝐶 ⊠ T𝑆 ) gives a defor-

mation

F𝑣 def

= (F, dF+ T(𝑣) ★ (−)) . (6.52)
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The equivariant master equation for T implies that the differential in (6.52) squares to

zero. Since the current action is compatible with factorization products, F𝑣
is again a

factorization algebra on 𝐶 × 𝑆 .

Definition 6.10. The localization of (F,T) along the pair (𝜋, 𝑣) is the factorization alge-

bra on 𝐶

Loc𝜋,𝑣 (F,T)
def

= 𝜋∗F
𝑣 . (6.53)

Equivalently, for every open set𝑈 ⊂ 𝐶 ,

Loc𝜋,𝑣 (F,T) (𝑈 ) = (F(𝑈 × 𝑆), dF+ T(𝑣) ★ (−)) . (6.54)

For pairwise disjoint opens𝑈1, . . . ,𝑈𝑛 ⊂ 𝑈 , its factorization product is the original struc-

ture map

𝑛⊗
𝑖=1

F(𝑈𝑖 × 𝑆) −→ F(𝑈 × 𝑆). (6.55)

A morphism of Dolbeault-conformal factorization algebras intertwines the currents,

hence gives a cochain map in (6.54); this specifies the functor on morphisms. When the

current is understood as part of the structure, we write Loc𝜋,𝑣 (F).

We will use this construction only when 𝑆 = C2
and

𝑣 = Eu
def

= 𝑤1

𝜕

𝜕𝑤1

+𝑤2

𝜕

𝜕𝑤2

, (6.56)

whose zero locus is {0}. In this case (6.53) specializes to the functor

Loc𝜋,Eu : Fact
(3 |6) (𝐶 × C2) −→ Fact

conf (𝐶) (6.57)

announced in (6.1).

We prove the following

Theorem 6.11. Let F be a Dolbeault-conformal factorization algebra on 𝐶 × C2 of free
central charge 𝑐 𝑓 𝑟 . Then Loc𝜋,Eu (F) has the structure of a chiral conformal factorization
algebra on 𝐶 of central charge 𝑐2𝑑 = 𝑐 𝑓 𝑟 .

Remark 6.12. In upcoming work with Gui, we have shown that locally on C×C2
the space

of anomaly classes for 𝐸 (3|6) is, in fact, two-dimensional:

𝐻 1

𝑙𝑜𝑐
(E(3|6)R) � 𝐻 1

𝑙𝑜𝑐
( Ẽ(3|6)) � 𝐻 7 (𝐸 (3|6)) � C2.

One direction is spanned 𝜃 𝑓 𝑟 = [Θ𝑓 𝑟 ] and hence detected by 𝑐 𝑓 𝑟 . Let’s choose an in-

edendent basis element 𝜃𝐿𝑜𝑢 . We postpone an analysis about how the other class local-

izes to correct the two-dimensional central charge 𝑐2𝑑 . In the case of the more general

Ω-background deformation 𝑣𝜀1,𝜀2
of remark 6.2, the localized free central charge is inde-

pendent of the ratio
𝜀1

𝜀2

whereas the result of localizing 𝜃𝐿𝑜𝑢 depends on it.
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Let 𝐶 be a Riemann surface. Recall that UΘ̃𝑓 𝑟
( Ẽ(3|6)) is enveloping factorization

algebra twisted by the local cocycle Θ̃𝑓 𝑟 . By definition, this is a Dolbeault-conformal

factorization algebra on 𝐶 × C2
. The proof of this theorem amounts to showing that

the pushforward along 𝜋 of this factorization algebra is, itself, a conformal factorization

algebra.

6.5.1. The 𝑣-deformation of the enveloping factorization algebra U( Ẽ(3|6)) is equal to the

enveloping factorization algebra of the 𝑣-deformed local Lie algebra Ẽ(3|6)𝑣 as described

in figure 2.

Before including the central extension, we conclude from 6.3.1 that there is an em-

bedding of enveloping factorization algebras

U (K𝑇 ) ↩→ U
(
Ẽ(3|6)

)𝑣
(6.58)

The right hand side denotes the 𝑣-deformation of the factorization algebra U
(
Ẽ(3|6)

)
. On

the left-hand side appears K𝑇 , the Dolbeault complex of the holomorphic dg Lie algebra

K𝑇 introduced in 6.33. Explicitly

K𝑇 = Ω−•,•
C2

⊠ T𝐶

with the differential 𝜕C2 + 𝜄𝑣 + 𝜕𝐶 . The bracket uses the Jacobi bracket of vector fields on𝐶

together with the wedge product of (negatively graded) forms on C2
. Thus, if 𝜋 : C2×𝐶 →

𝐶 is projection, then we have an equivalence of sheaves on 𝐶:

𝜋∗ (K𝑇 ) ≃ T1

𝐶 . (6.59)

Thus, in the case of vanishing central charge, we see that

𝜋∗U(K𝑇 ) ≃ UT𝐶 . (6.60)

6.5.2.
It remains to prove the compatibility of the local cocycle of T𝐶 which defines the

familiar Virasoro central extension with the behavior of the Ẽ(3|6) anomaly Θ̃𝑓 𝑟 after

the 𝑣-deformation. This calculation is the main content of the remainder of this section,

which we summarize here.

Proposition 6.13. There is an equivalence of factorization algebras

Loc𝜋,Eu

(
UΘ̃𝑓 𝑟

( Ẽ(3|6))
)
≃ U𝜃𝑉𝑖𝑟

(T𝐶 ) ⊗ U(𝔰𝔩(2) ⊗ Ω•
𝐶 ). (6.61)

In other words, the localization of the factorization algebra U
𝑐Θ̃𝑓 𝑟

( Ẽ(3|6)) is the Virasoro
factorization algebra of central charge 𝑐 tensored with the factorization enveloping algebra
of the locally constant sheaf of Lie algebras 𝔰𝔩(2) ⊗Ω•

𝐶
equipped with the full (complexified)

de Rham differential d𝑑𝑅 = 𝜕𝐶 + 𝜕𝐶 .

This proposition immediately implies theorem 6.11.
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Remark 6.14. Locally, on 𝐶 = C, we will recall how to extract vertex algebra from the

data of a holomorphic factorization algebra in section 6.8. In the case at hand, U𝑐𝜃𝑉𝑖𝑟
(TC)

produces the Virasoro vertex algebra of central charge 𝑐 . The topological piece U(𝔰𝔩(2) ⊗
Ω•
C) produces a commutative vertex algebra whose underlying vector space is ∧• (𝔰𝔩(2)).

In fact, on C = R2
the locally constant factorization algebra U(𝔰𝔩(2) ⊗ Ω•

C) is a nontrivial

𝔼2-algebra called the 𝔼2-enveloping algebra of the Lie algebra 𝔰𝔩(2), see [Knu18]. Thus,

on 𝐶 = C this pushforward produces the tensor product of the Virasoro vertex algebra

with the 𝔼2-enveloping algebra of 𝔰𝔩(2).

6.6 Anomaly and the central charge

Recall that Θ̃𝑓 𝑟 is defined to be the central anomaly for the quantization of the classical

Ẽ(3 |6) background T̃(3 |6) on the polarized holomorphic twist of the N= (2, 0) theory. To

relate Θ̃𝑓 𝑟 to the usual two-dimensional central charge, defined in terms of local cocycle

𝜃𝑉𝑖𝑟 , we follow the following steps.

(a) Let K𝑇 be the Dolbeault complex of the holomorphic dg Lie algebra K𝑇 defined in

(6.33) and denote the natural inclusion

𝑗 : K𝑇 → Ẽ(3|6)𝑣 (6.62)

Describe 𝑗∗Θ̃𝑓 𝑟 .

(b) We have already argued in 6.7 that 𝜋∗ Ẽ(3|6)𝑣 contains the local dg Lie algebra T𝐶 .

In fact, we have shown that there is a quasi-isomorphism of sheaves of cochain

complexes T𝐶 ≃ 𝜋∗K𝑇 . We study how this intertwines the natural Lie brackets.

Namely, we produce an explicit 𝐿∞-quasi-isomorphism of precosheaves of dg Lie

algebras

Ψ : T𝐶,𝑐
≃−→ (𝜋∗K𝑇 )𝑐 (6.63)

In other words, for each open set𝑈 ⊂ 𝐶 we have an 𝐿∞-quasi-isomorphism

Ψ(𝑈 ) : Ω0,•
𝑐 (𝑈 ,T) ≃−→ Ω−•,• (C2) ⊗̂ Ω0,•

𝑐 (𝑈 ,T) (6.64)

where the differential on the right hand side is 𝜕 + 𝜄𝑣 .

(c) Show that 𝜃𝑉𝑖𝑟 = Ψ∗ 𝑗∗Θ̃𝑓 𝑟 .

Let 𝜇𝑧 = 𝜇
0

𝑧 + 𝜇1

𝑧 + 𝜇2

𝑧 be a section of K𝑇 where 𝜇𝑖𝑧 is of holomorphic Dolbeault type 𝑖

along C2
.

6.6.1. The first item is accomplished by the following proposition which explicitly char-

acterizes the anomaly when restricted to K𝑇 .

Proposition 6.15. Let 𝑈𝑧 ⊂ 𝐶 be a coordinatized open set. The local cocycle 𝑗∗Θ̃𝑓 𝑟 for the
local dg Lie algebra K𝑇 on C2 ×𝑈𝑧 is cohomologous to

1

(2𝜋 i)3

1

12

∫
𝐽 𝜇𝑧 ∧ 𝜕𝐶 𝐽 𝜇𝑧 (6.65)
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Proof. The proof of this is an explicit Feynman diagram computation which we will per-

form on C2 × C = C3
. By restriction, the current T̃ provides a K𝑇 -background for the

polarized twist of the N = (2, 0) theory after further deforming by the Maurer–Cartan

element 𝑆 . We reference a simple equivalent description of the 𝑣-deformation of the the-

ory from 6.2. In short, the space of fields of the free theory is the Dolbeault complex of

the complex of holomorphic bundles

KΩ1 =

(
Ω1

𝐶 ⊠ Ω−•
C2
, d = 𝜄𝑣

)
, (6.66)

which is concentrated in degrees −2,−1, 0. We will write fields as 𝛼 = 𝛼0 + 𝛼1 + 𝛼2
where

𝛼𝑖=0,1,2
denotes the degree of the holomorphic form component along C2

. The action

functional of this free theory is ∫
C2×𝐶

𝜕−1

𝐶 𝛼

(
𝜕𝛼 + 𝜄𝑣𝛼

)
. (6.67)

The non-local action functional reflects the fact that the theory is Poisson degenerate. The

K𝑇 -background of this theory takes the simple form

TK𝑇
(𝜇) = 1

2

∫
C2×𝐶

𝛼 (𝜄𝜇𝛼) =
∫
C2×𝐶

(
𝛼0𝜇0 ∨ 𝛼2 + 1

2

𝛼1𝜇0 ∨ 𝛼1 + 1

2

𝛼0𝜇2 ∨ 𝛼0 + 𝛼0𝜇1 ∨ 𝛼1

)
(6.68)

where 𝜇 denotes a section of K𝑇 .

Feynman diagram weights, like the ones which compute the anomaly, are defined

using the propagator of the theory. Formally, when we consider the graph expansion, it

is convenient to treat the term 𝜄𝑣𝛼 in the kinetic term of the action as a (nilpotent) vertex.

Therefore, the edges of Feynman graphs are labeled by the propagator 𝜕𝐶𝑃𝜕 associated to

the first term in the action (6.67). Here, 𝑃𝜕 is the Green’s function for the (total) 𝜕 operator

on C2 ×𝐶𝑧 .
From proposition 5.4, we know that the anomaly will be a sum of weights assigned to

wheel graphs with four vertices. The only nonzero contributions are from those wheels

where precisely two of the the vertices are labeled by the special vertex 𝑆 (and so there

is no outgoing edge at each of these vertices) and two are labeled by TK𝑇
whose external

edges are labeled by 𝜇. We refer to figure 3.

To compute the weight we use heat kernel regularization following [Cos11; Wil20;

GW18]. Denote a coordinate on C3
by 𝑋 = (𝑥1, 𝑥2, 𝑧) and label the vertices 0, 1, 2, 3 as in

the figure. If 𝜇0 = 𝛼𝜕𝑧, 𝜇3 = 𝛼𝜕𝑧 denote compactly supported fields inserted at the external

edges, then the weight of this wheel diagram is explicitly computed as the 𝐿 → 0 and

𝜖 → 0 limit of the integral∫
(C3 )4

𝜕𝑧𝛼 (𝑋 0)𝑃𝜖<𝐿 (𝑋 0, 𝑋 1)𝑖𝑆 (𝑥1 )𝑃𝜖<𝐿 (𝑋 1−𝑋 2)𝜄𝑆 (𝑥2 )𝑃𝜖<𝐿 (𝑋 2−𝑋 3)𝐾𝜖<𝐿 (𝑋 3−𝑋 0)𝜕𝑧𝛼 (𝑋 3).

(6.69)

Here, 𝑃𝜖<𝐿 is the cutoff propagator for the 𝜕-operator. Following the appendix in [GW18],

we make the change of coordinates

𝑋 = 𝑋 0

𝑋 𝑖 = 𝑋 𝑖 − 𝑋 𝑖−1, 𝑖 = 1, 2, 3.
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0

1

2

3

𝜇0

𝑆

𝑆

𝜇3

Figure 3: The anomaly wheel

Simplifying as in loc. cit. we find that the weight can be written as the integral∫
𝑋

∫
𝑋 1,𝑋 2,𝑋 3

A
1

(2𝜋 i)6

∫ 𝐿

𝑡1,𝑡2,𝑡3=𝜖

1

𝑡4

1
𝑡4

2
𝑡4

3

𝜖𝑖1𝑖2𝑖3𝜖𝑖 𝑗𝑥
1

𝑖 𝑥
2

𝑗𝑋
1

𝑋
2

𝑋
3

𝑒−𝑀𝑎𝑏𝑋
𝑖 ·𝑋

𝑖

, (6.70)

where A = 𝜕𝑧̃0𝛼𝜕𝑧̃3𝛼 . Evaluating the 𝑋 1, 𝑋 2, 𝑋 3
Gaussian integrals we find that the term

which is lowest order in 𝜖, 𝐿 (and the only one which survives the 𝜖, 𝐿 → 0 limits) is

2 · 1

(2𝜋 i)3

1

4!

∫
𝑋 ∈C3

𝜕𝑧𝛼 (𝑋 )𝜕𝜕𝑧𝛼 (𝑋 ) + · · · (6.71)

The factor of 2 is from the fact that there are two marked vertices. The factor of 4! arises

from the explicit Schwinger space integral over 𝑡1, 𝑡2, 𝑡3. The · · · stand for terms which

are proportional to 𝑤1 or 𝑤2. As local functionals, these terms are all cohomologically

trivial.

□

6.6.2. We proceed to item (2) highlighted in the beginning of section 6.6. Introduce a

smooth function 𝜌 : C2 → C satisfying the properties:

(a) 𝜌 is compactly supported and is identically 1 in a small neighborhood of 0.

(b) 𝜌 is radially symmetric (only depends on 𝑅2 = |𝑤 |2) and vanishes on a sufficiently

large sphere centered at the origin.
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The essential bit is item (1).

Lemma 6.16. Suppose that 𝑈 ⊂ 𝐶 is an open set. There is an 𝐿∞ quasi-isomorphism of dg
Lie algebras

Ψ𝑈 : Ω0,•
𝑐 (𝑈 ,T) ⇝ K𝑇,𝑐 (C2 ×𝑈 ) (6.72)

whose linear component is

Ψ (1)
𝑈

(𝜇) =
(
𝜌 − 𝑤1d𝑤1 +𝑤2d𝑤2

∥𝑤 ∥2
𝜕𝜌 + d

2𝑤 𝜔 𝜕𝜌

)
𝜇 (6.73)

where
𝜔

def

=
𝑤1d𝑤2 −𝑤2d𝑤1

∥𝑤 ∥4
(6.74)

and ∥𝑤 ∥2 = 𝑤1𝑤1 +𝑤2𝑤2.

Proof. We show that Ψ (1) = Ψ (1)
𝑈

is a cochain map. To this end, define the differential

form

𝐹 (𝜌) def

=

(
𝜌 − 𝑤1d𝑤1 +𝑤2d𝑤2

∥𝑤 ∥2
𝜕𝜌 + d

2𝑤 𝜔 𝜕𝜌

)
. (6.75)

We can view 𝐹 (𝜌) as a compactly supported section of the Z-graded vector bundle

∧•
T

∗ ⊗ ∧−•
T
∗

on C2
; in other words 𝐹 ∈ Ω−•,•

𝑐 (C2). As such an element it is of cohomo-

logical degree zero. By direct computation one can verify that 𝐹 (𝜌) solves the following

differential equation

𝜕𝐹 (𝜌) + 𝜄𝑣𝐹 (𝜌) = 0, (6.76)

as compactly supported differential forms on C2
.

The form 𝐹 defines a quasi-isomorphism of C (concentrated in degree zero) and

−2 −1 0

Ω2,•
𝑐 (C2) Ω1,•

𝑐 (C2) Ω0,•
𝑐 (C2).𝜄𝑣 𝜄𝑣

(6.77)

In one direction, the map is simply given by the element 𝐹 (𝜌). The other direction is

simply integration.

Define, for 𝜇 ∈ Ω0,•
𝑐 (𝑈 ,T) the section

Ψ (1) (𝜇) = 𝐹 (𝜌)𝜇. (6.78)

So, in local coordinates, if 𝜇 = 𝑓 (𝑧)𝜕𝑧 thenΨ(𝑓 (𝑧)𝜕𝑧) = 𝐹 (𝜌) 𝑓 (𝑧)𝜕𝑧 , which is now thought

of as a compactly supported Dolbeault valued holomorphic vector field on C2 ×𝑈 .

Moreover, for 𝜇 ∈ Ω0,•
𝑐 (𝑈 ,T) we have, by definition

Ψ (1) (𝜕𝜇) = 𝐹 (𝜌)𝜕𝜇. (6.79)

On the other hand since 𝐹 (𝜌) is an even differential form we have

(𝜕 + 𝜄𝑣)Ψ (1) (𝜇) = (𝜕𝐹 (𝜌) + 𝜄𝑣𝐹 (𝜌))𝜇 + 𝐹 (𝜌)𝜕𝜇 = 𝐹 (𝜌)𝜕𝜇, (6.80)
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thus verifying that Ψ (1)
is a cochain map.

Notice that the failure for Ψ (1)
to be a (strict) Lie algebra homomorphism is

[Ψ (1) (𝜇),Ψ (1) (𝜇′)] = 𝐹 (𝜌) (𝐹 (𝜌) − 1) [𝜇, 𝜇′] . (6.81)

To define the homotopy we use the differential form

𝐺 (𝜌) def

= 𝜌 (𝜌 − 1)
(
𝑤1d𝑤1 +𝑤2d𝑤2

∥𝑤 ∥2
+ 𝜔d

2𝑤

)
. (6.82)

One can check that 𝐺 (𝜌) solves the differential equation

(𝜕 + 𝑆 ∨ −)𝐺 (𝜌) = 𝐹 (𝜌) (𝐹 (𝜌) − 1) . (6.83)

In particular𝐺 (𝜌) is of cohomological degree −1 in the complex Ω−•,•
𝑐 (C2). Thus, we see

that the 2-ary morphism should be given by

Ψ (2) (𝜇, 𝜇′) = 𝐺 (𝜌) [𝜇, 𝜇′] . (6.84)

One can check the remaining 𝐿∞ relations are satisfied. □

6.6.3. Finally, we compute Ψ∗ 𝑗∗Θ̃𝑓 𝑟 Suppose that 𝑈𝑧 ⊂ 𝐶 is a coordinatized open sub-

set and let 𝑓 , 𝑔 be compactly supported (0, •)-forms suppored on 𝑈𝑧 . The form 𝑓 de-

fines the compactly supported Dolbeault-valued vector field 𝑓 (𝑧, 𝑧)𝜕𝑧 on 𝑈𝑧 . Then, we

use the quasi-isomorphism Ψ (1)
to obtain a compactly supported field Ψ (1) (𝑓 (𝑧, 𝑧)𝜕𝑧)

on C2 × 𝑈𝑧 . We then see the value of the local cocycle Ψ∗ 𝑗∗Θ̃𝑓 𝑟 evaluated on the pair

Ψ (1) (𝑓 𝜕𝑧),Ψ (1) (𝑔𝜕𝑧) is

1

(2𝜋 i)3

1

12

∫
C2×𝑈𝑧

d
2𝑤𝜔𝜌𝜕𝜌𝜕𝑧 𝑓 (𝑧)𝜕𝜕𝑧𝑔(𝑧) =

1

2𝜋 i

1

12

∫
𝑈𝑧

𝜕𝑧 𝑓 𝜕𝜕𝑧𝑔. (6.85)

We have used the following computation∫
C2

𝜌𝜕𝜌d
2𝑤𝜔 =

1

2

∫
C2

𝜕(𝜌2)d2𝑤𝜔

= lim

𝑅→∞

1

2

∫
𝐵𝑅

𝜕(𝜌2)d2𝑤𝜔

= (2𝜋 i)2 − lim

𝑅→∞
(2𝜋 i)2

∮
𝑆3

𝑅

𝜌2
d

2𝑤𝜔

= (2𝜋 i)2.

Here 𝐵𝑅 denotes a a four-ball of radius 𝑅 centered at the origin and 𝑆3

𝑅
= 𝜕𝐵𝑅 . In the

last line we have used the Bochner–Martinelli residue formula which states that for any

compactly supported smooth function 𝑓 : C2 → C and any 𝑅 > 0 that

𝑓 (0) =
∫
𝐷𝑅

𝜕𝑓 𝜔𝐵𝑀 −
∮
𝑆3

𝑅

𝑓 𝜔𝐵𝑀 (6.86)

where 𝜔𝐵𝑀 = 2

(2𝜋 i)2
d

2𝑤𝜔 , and 𝜔 is the (0, 1)-form in equation (6.74). Also note that the

integral over the sphere vanishes as 𝑅 → ∞ by our hypothesis on the function 𝜌 . This

completes the proof of proposition 6.13.
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6.7 The localized free factorization algebra

We now apply the preceding localization to the factorization algebra of quantum observ-

ables of the polarized free theory. Let Bos denote the free BV quantization of the chiral

boson theory on 𝐶 , whose fields and (−1)-shifted Poisson structure are

Ω1,•
𝐶
, d = 𝜕, 𝜋ch = 𝜕𝐶 : Ω0,•

𝐶
−→ Ω1,•

𝐶
. (6.87)

Thus, for𝑈 ⊂ 𝐶 ,

Bos(𝑈 ) =
(
Sym

(
Ω0,•
𝑐 (𝑈 ) [1]

)
, 𝜕 + △ch

)
, (6.88)

where the BV Laplacian is characterized on quadratic observables by

△ch (𝑏1𝑏2) =
∫
𝑈

𝑏1𝜕𝐶𝑏2 . (6.89)

This is an instance of the Heisenberg factorization algebra construction of [CG17, section

2.3].

Theorem 6.17. Let 𝑣 = Eu on C2 and let 𝜋 : 𝐶 ×C2 → 𝐶 . The localization of the factoriza-
tion algebra Õbs of the polarized free theory is equivalent to the chiral boson factorization
algebra:

Loc𝜋,Eu (Õbs) = 𝜋∗
(
Õbs

𝑣
)
≃ Bos . (6.90)

This is an equivalence of chiral conformal factorization algebras, with central charge one.

Proof. The 𝑣-background is quadratic, so Õbs

𝑣
is the free BV quantization of the deformed

theory V𝑣
. Proposition 6.6 and (6.26) identify the pushforward of this Poisson BV theory

on 𝐶 × C2
with the chiral boson theory (6.87) supported on 𝐶 .

For completeness, filter both factorization algebras by polynomial degree in the ob-

servables. On the associated graded, the equivalence is the symmetric algebra on the

density-valued dual of the field quasi-isomorphism. Equation (6.21) says precisely that

this map intertwines the two quadratic Poisson cocycles, and hence the two BV Lapla-

cians. After normalizing the Koszul residue map, the induced Laplacian is (6.89). The

filtered map is therefore a quasi-isomorphism, proving (6.90). Finally, the anomaly calcu-

lation in Section 6.6 identifies the localized current with the Virasoro current at central

charge one. □

Remark 6.18 (The half-Ω localization). Let 𝑆 = T
∗Σ, let 𝑣 be the fiberwise Euler field, and

let 𝑞 = 𝟙𝐶 × 𝑝 : 𝐶 × T
∗Σ → 𝐶 × Σ. The same argument, using (6.29) and (6.30), identifies

𝑞∗
(
Õbs

𝑣
)

with the free BV quantization of the degenerate Poisson theory on𝐶 × Σ whose fields are

Ω0,• (𝐶 × Σ,Ω1

𝐶 ⊠ (OΣ ⊕ Ω1

Σ [1])
)

67



and whose Poisson operator is the off-diagonal 𝜕𝐶 in (6.30). Locally, if the first field is

written as 𝑓 = 𝜕𝐶g, the nonlocal action becomes∫
𝐶×Σ

b 𝜕g,

so this is the holomorphic 𝛽𝛾 system on 𝐶 × Σ. Thus, 𝑞∗
(
Õbs

𝑣
)

is equivalent to the

factorization algebra of observables of the holomorphic twist of the four-dimensional

N= 1 free chiral multiplet theory.

6.8 Extracting vertex algebras on the complex line

There is a close relationship between holomorphic factorization algebras on 𝐶 = C and

vertex algebras. Indeed, in the model of factorization algebras that we use, there are some

mild technical conditions on a holomorphic factorization algebra which guarantee that

its cohomology is endowed with the structure of a vertex algebra.

The required data and structure on a two-dimensional factorization algebra are as

follows:

(a) First, F is holomorphically translation invariant. This means that F is translation

invariant and in addition there is a homotopy 𝜂 for the infinitesimal action by the

anti-holomorphic derivative
𝜕
𝜕𝑧

.

(b) The factorization algebra is equipped with an 𝑆1
action, where 𝑆1 = 𝑈 (1) acts on C

by rotations. We assume that the action of 𝑆1
on F(𝐷), for any disk 𝐷 centered at

zero, is tame in the sense that it extends to an action of the algebra of distributions

on 𝑆1
. See [CG17, definition 2.1.2].

(c) Let F(𝑘 ) (𝐷) ⊂ F(𝐷) be the weight 𝑘 eigenspace of the 𝑆1
action. We assume

that for any bigger disk 𝐷 ′
that the natural map F(𝑘 ) (𝐷) → F(𝑘 ) (𝐷 ′) is a quasi-

isomorphism and for 𝑘 large enough the complex F(𝑘 ) (𝐷) is contractible. Finally,

for each 𝑘 and disk 𝐷 centered at zero we require that the cohomology of F(𝑘 ) (𝐷)
can be expressed as a countable sequential limit of finite-dimensional graded vector

spaces.

Theorem 6.19 ([CG17]). Suppose that Fis a factorization algebra on C equipped with the
data and structure outlined in the items above. Then the factorization product endows the
graded vector space

𝕍 (F) def

= ⊕𝑘∈Z𝐻 • (F𝑘 (𝐷)) (6.91)

with the structure of a vertex algebra.

The preceding theorem gives the free-field example promised above.

Corollary 6.20. For 𝐶 = C, the vertex algebra extracted from the localized free theory is
the rank-one Heisenberg vertex algebra:

𝕍
(
Loc𝜋,Eu (Õbs)

)
� Heis. (6.92)

Its standard conformal vector has central charge one.
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Proof. The chiral boson factorization algebra satisfies the hypotheses of the preceding

theorem, and the resulting vertex algebra is the Heisenberg vertex algebra. The conformal

statement follows from the final assertion of Theorem 6.17. □

Moreover, since the Virasoro factorization algebra satisfies these conditions and

yields the standard Virasoro vertex algebra, we have the following.

Proposition 6.21 ([Wil17b]). Suppose that F is a chiral conformal factorization algebra
on C of central charge 𝑐 equipped with the data and structure outlined in the items above.
Then 𝕍 (F) is a conformal vertex algebra of central charge 𝑐 .

A tame Dolbeault conformal factorization algebra is a holomorphically translation

invariant factorization algebra on C3 = C × C2
equipped with an 𝑆1

action which rotates

the first factor, such that Loc𝜋,Eu (F) satisfies the items in the list above.

The Dolbeault factorization algebra U
𝑐Θ̃𝑓 𝑟

(
Ẽ(3|6)

)
on C3

is tame. In fact, we have

just shown that its localization is precisely the Virasoro factorization algebra. Thus we

obtain the following.

Theorem 6.22. Suppose that F is a tame Dolbeault factorization algebra on C3 = C × C2

of Dolbeault central charge 𝑐 . Then the factorization products endow 𝕍
(
Loc𝜋,Eu (F)

)
with

the structure of a conformal vertex algebra of central charge 𝑐 .

This theorem provides a construction of a conformal vertex algebra associated to a

six-dimensional N = (2, 0) superconformal theory. Indeed, consider the factorization

algebra of observables F̃𝑠𝑢𝑐𝑜 associated to a superconformal theory on R6
. We can then

consider the polarized holomorphic twist of this factorization algebra which results in a

new factorization algebra on C3 = R6
:

F𝑠𝑢𝑠𝑦 ⇝ F=

(
F̃𝑠𝑢𝑠𝑦, 𝑄𝑠𝑢𝑠𝑦 +𝑄hol

)
(6.93)

Here, F̃𝑠𝑢𝑠𝑦 denotes the regraded and twisted factorization algebra, following the polar-

ized twisting data. The differential𝑄𝑠𝑢𝑠𝑦 is the original BRST differential of the supersym-

metric theory, and 𝑄hol is the holomorphic twisting supercharge. By theorem 3.1, which

we recollected from [Hah+24], the factorization algebra Fadmits a classical background

for the local Lie algebra Ẽ(3|6). We then apply the theorem above to obtain a conformal

vertex algebra structure on 𝕍
(
Loc𝜋,Eu (F)

)
.

A From four-dimensionalN= 2 theories to vertex algebras

In the main text, we constructed a functor from six-dimensional 𝐸 (3|6)-structured factor-

ization algebras to vertex algebras. Such factorization algebras arise naturally by twisting

theories with six-dimensional superconformal symmetry. There is a parallel construction

in four dimensions, inspired by the correspondence of [Bee+15], which associates a vertex

algebra to a four-dimensional N= 2 superconformal theory. In [SW23b], we formulated

this four-dimensional construction in terms of factorization algebras and the holomorphic

twist.
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This appendix recalls the construction in a form parallel to the 𝐸 (3|6) story. We work

throughout with ℤ-graded objects. The grading refines the parity grading that one ob-

tains from the holomorphic twist; reducing it modulo two recovers the corresponding Lie

superalgebra.

A.1 A graded extension of holomorphic vector fields on C2

Write

C2 = C𝑧 × C𝑤

and, whenever the indicated powers have been chosen, set

𝐾𝑟,𝑠 = 𝐾⊗𝑟
C𝑧

⊠ 𝐾⊗𝑠
C𝑤
.

Thus a local section of 𝐾𝑟,𝑠 has the form 𝑓 (𝑧,𝑤) (d𝑧)𝑟 (d𝑤)𝑠 .
Let Γ̂0 (−) denote formal sections at the origin. Let 𝔳𝑟,𝑠 denote theℤ-graded Lie algebra

with underlying graded vector space

𝔳−1

𝑟,𝑠 = Γ̂0

(
TC2 ⊗ 𝐾𝑟,𝑠

)
, (A.1)

𝔳0

𝑟,𝑠 = Der(C⟦𝑧,𝑤⟧) ⋉ C⟦𝑧,𝑤⟧, (A.2)

𝔳1

𝑟,𝑠 = Γ̂0

(
𝐾−𝑟,−𝑠 ) . (A.3)

Its bracket is the one induced by vector fields on the parity-shifted line bundle Π𝐾−𝑟,−𝑠
.

This description fixes the signs while allowing us to retain the full ℤ-grading rather than

only its reduction modulo two. After trivializing the canonical bundles by d𝑧 and d𝑤 , the

graded Lie algebras 𝔳𝑟,𝑠 are isomorphic. We retain (𝑟, 𝑠) because geometrically natural

representations depend on these weights.

The corresponding local dg Lie algebra is the Dolbeault resolution whose internal

graded pieces are

L−1

𝑟,𝑠 = Ω0,• (C2,TC2 ⊗ 𝐾𝑟,𝑠 ),
L0

𝑟,𝑠 = Ω0,• (C2,TC2 ⋉ OC2 ),
L1

𝑟,𝑠 = Ω0,• (C2, 𝐾−𝑟,−𝑠 ).

Its total cohomological degree is the sum of the Dolbeault degree and the displayed inter-

nal degree. The differential is 𝜕, and the bracket is induced from 𝔳𝑟,𝑠 . Taking formal jets

at the origin recovers 𝔳𝑟,𝑠 .

Let Θ ∈ 𝐻 1

loc
(L𝑟,𝑠 ) be a local cocycle. We say that a factorization algebra Fon C2

has

an L𝑟,𝑠 -structure with anomaly Θ if it is equipped with a map of factorization algebras

T𝑟,𝑠 : UΘ (L𝑟,𝑠 ) −→ F. (A.4)

Here UΘ (L𝑟,𝑠 ) denotes the quantum factorization envelope with central extension deter-

mined by Θ. The map T𝑟,𝑠 is the holomorphic stress tensor for this graded symmetry.
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A.2 Localization to the 𝒛-plane

We now set 𝑟 = 0 and abbreviate

L𝑠 = L0,𝑠 .

Let

𝜋 : C𝑧 × C𝑤 −→ C𝑧

be the projection. The degree-one element

𝑢 = 𝑤 (d𝑤)−𝑠 ∈ Γ(C2, 𝐾0,−𝑠 ) ⊂ L1

𝑠 (A.5)

is holomorphic and satisfies [𝑢𝑠 , 𝑢𝑠 ] = 0, hence is a Maurer–Cartan element. Denote the

corresponding deformation by

L𝑢
𝑠 =

(
L𝑠 , 𝜕 + [𝑢,−]

)
.

Suppose that F is equipped with an L𝑠 -structure T𝑠 . Its localization to the 𝑧-plane is

the factorization algebra

Loc𝑢 (F) = (𝜋∗F, dF+ T𝑠 (𝑢)) . (A.6)

The factorization products are inherited from 𝜋∗F. The notation in (A.6) emphasizes that

𝑢 deforms F through the action T𝑠 ; it is not added directly to the differential of F.

The basic local calculation of [SW23b] gives a quasi-isomorphism

𝜋∗L
𝑢
𝑠 ≃ TC𝑧

,

where

TC𝑧
= Ω0,• (C𝑧,TC𝑧

)

is the local dg Lie algebra of holomorphic vector fields. Consequently, Loc𝑢 (F) carries a

holomorphic stress tensor. It remains to determine its Virasoro anomaly.

A.3 The case 𝒔 = 0

For the anomaly computation we take 𝑠 = 0 and write

L = L0,0, 𝔳 = 𝔳0,0, 𝑆 = 𝑆0 = 𝑤.

Using descent, see [Wil24b], there is the following relationship between the local Lie

algebra cohomology of L and the Gelfand–Fuks Lie algebra cohomology of 𝔳:

𝐻 •
loc

(
L(C2)

)
� 𝐻 •

GF
(𝔳) [4] . (A.7)

Notice that 𝔳 is a regraded version of the Lie algebra of supervector fields on the 2|1 super

space. The Gelfand–Fuks cohomology of 𝔳 was computed in [Pim26]. In degree five (so

local degree 1) there is an identification with universal Chern classes:

𝐻 1

loc

(
L(C2)

)
� 𝐻 5 (𝔳) � 𝐻 4 (𝐵𝑈 (2)), (A.8)
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In particular, the space of anomalies for a L-symmetry on C2
is two-dimensional.

The degree-zero local Lie algebra is

L0 = Ω0,• (C2,TC2 ⋉ OC2

)
.

The same ideas presented in [Wil24b] identify its relevant local cohomology with𝐻 6 (𝐵𝑈 (2)×
𝐵𝑈 (1)). Restriction along L0 ↩→ L therefore gives

𝐻 1

loc
(L) −→ 𝐻 1

loc
(L0) � 𝐻 6 (𝐵𝑈 (2) × 𝐵𝑈 (1)) .

Let 𝑐1, 𝑐2 denote the universal Chern classes of 𝑈 (2) and let 𝑐̃1 denote the generator of

𝐻 2 (𝐵𝑈 (1)). Write

ch1 = 𝑐1, ch2 =
1

2

(𝑐2

1
− 2𝑐2).

Under the preceding restriction, the anomaly with parameters (𝛼, 𝛽) ∈ C2
is represented

by

Θ𝛼,𝛽 = 𝛼 ch
2

1
𝑐̃1 + 𝛽 ch2 𝑐̃1 + 2𝛼 ch1 𝑐̃

2

1
+ 2(𝛼 − 2𝛽)𝑐̃3

1
. (A.9)

Theorem A.1. Let F be a factorization algebra on C2 equipped with an L-structure of
anomaly Θ𝛼,𝛽 . Then Loc𝑆 (F) is a chiral conformal factorization algebra on C𝑧 with central
charge

𝑐2𝑑 = −24

(
𝛼 + 1

2

𝛽

)
. (A.10)

The theorem follows from the corresponding statement for the universal factorization

envelope.

Proposition A.2. There is an equivalence of factorization algebras

Loc𝑆

(
UΘ𝛼,𝛽

(L)
)
≃ U−(𝛼+ 1

2
𝛽 )ΘVir

(TC𝑧
). (A.11)

With the convention that the Virasoro cocycle ΘVir has central charge 24, the right-hand side
has central charge (A.10).

Proof. For every open set𝑈 ⊂ C𝑧 , [SW23b] constructs an 𝐿∞ quasi-isomorphism

Φ : Ω0,•
𝑐 (𝑈 ,TC𝑧

) ⇝ (L𝑆 )𝑐 (𝑈 × C𝑤). (A.12)

Choose a smooth compactly supported function 𝜌 on C𝑤 that is equal to one near𝑤 = 0.

The linear term of Φ is

Φ(1) (𝜇𝑧) =
(
𝜌 − 𝜀 𝜕𝜌

𝑤

)
𝜇𝑧 . (A.13)

Here 𝜀 is a bookkeeping variable of degree −1: the second summand in (A.13) lies in the

internal degree −1 summand L−1 = Ω0,• (C2,TC2 ).
We use the following notation for inputs of L. Write (𝜇,𝐴) for the vector-field and

scalar inputs in degree zero, write 𝜇′ for an input in degree−1, and write𝐴′
for an input in

degree +1. Let 𝐽 𝜇 denote the holomorphic Jacobian of 𝜇 and let 𝜕 denote the holomorphic

de Rham differential.
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The cocycle on the deformed algebra is 𝑒𝜄𝑆Θ𝛼,𝛽 . Upon restriction along Φ, only terms

containing one 𝜇, one 𝜇′, and one insertion𝐴′ = 𝑆 can contribute. Thus only the following

parts of the cocycle representatives are relevant:

(2𝜋 i)2
ch

2

1
𝑐̃1 {

∫
Tr(𝐽 𝜇) 𝜕 Tr(𝐽 𝜇′) 𝜕𝐴′, (A.14)

(2𝜋 i)2
ch2 𝑐̃1 {

1

2

∫
Tr(𝐽 𝜇 𝜕𝐽 𝜇′) 𝜕𝐴′ . (A.15)

The terms proportional to ch1 𝑐̃
2

1
and 𝑐̃3

1
vanish after restriction along Φ.

Substituting (A.13) and 𝐴′ = 𝑆 = 𝑤 into (A.14), the contribution of the first anomaly

parameter is

− 𝛼

(2𝜋 i)2

∫
𝑈 ×C𝑤

Tr

(
𝐽 (𝜌𝜇𝑧)

)
𝜕 Tr

(
𝐽

(
𝜕𝜌

𝑤
𝜇𝑧

))
d𝑤

= − 𝛼

(2𝜋 i)2

∫
𝑈 ×C𝑤

(𝐽 𝜇𝑧 𝜕𝐽 𝜇𝑧) 𝜕(𝜌2) d𝑤

𝑤

= − 𝛼

2𝜋 i

∫
𝑈

𝐽 𝜇𝑧 𝜕𝐽 𝜇𝑧 .

Similarly, (A.15) contributes

−𝛽/2

2𝜋 i

∫
𝑈

𝐽 𝜇𝑧 𝜕𝐽 𝜇𝑧 .

Therefore

Φ∗ (𝑒𝜄𝑆Θ𝛼,𝛽 ) = −
(
𝛼 + 1

2

𝛽

)
1

2𝜋 i

∫
𝑈

𝐽 𝜇𝑧 𝜕𝐽 𝜇𝑧 . (A.16)

Our normalization of the Virasoro anomaly is

𝑐2𝑑

24

1

2𝜋 i

∫
𝑈

𝐽 𝜇𝑧 𝜕𝐽 𝜇𝑧 .

Comparing with (A.16) gives 𝑐2𝑑 = −24(𝛼 + 1

2
𝛽) and proves the proposition. □

At the level of the terms that survive localization, the calculation can be viewed as the

specialization 𝑐̃1 = −1 of the four-dimensional anomaly polynomial. It would be useful

to give a direct geometric or Lie-algebraic explanation of this specialization.

A.4 A basic example

As a simple example, consider the factorization algebra associated to the free 𝛽𝛾-system

on C2 |1
. The fields of this model are

Γ ∈ Ω0,• (C2 |1) = Ω0,• (C2) [𝜖]
𝐵 ∈ Ω2,• (C2 |1) = Ω2,• (C2) [𝜖] [1]
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and the action is

∫
C2|1 𝐵𝜕Γ, where the Berezinian integration over C2 |1

means that we pick

up the geometric top form of Dolbeault type (2, 2) and the coefficient of 𝜖 .

The 𝔳𝔢𝔠𝔱(2|1)-equivariant structure on this theory is universal. Explicitly, the cou-

pling involving a graded vector field

X ∈ Ω0,• (C2 |1,TC2|1 ) (A.17)

is given by

T2 |1 (X) =
∫
C2|1

𝐵𝐿XΓ, (A.18)

where 𝐿X denotes the (super) Lie derivative.

The 𝔳𝔢𝔠𝔱(2|1)-anomaly polynomial Θ𝛼,𝛽 , in this example, has

𝛼 = −1

8

, 𝛽 =
1

12

. (A.19)

This can be computed by explicit Feynman diagrams or by invoking the Riemann–Roch

theorem [Wil24a].

The localization of the factorization algebra associated to this free theory on C2
is the

𝛽𝛾 system on C whose fields are simply

𝛾 ∈ Ω0,• (C)
𝛽 ∈ Ω1,• (C),

and action

∫
𝛽𝜕𝛾 . The associated vertex algebra is the 𝛽𝛾 vertex algebra where 𝛾 has spin

zero and 𝛽 is spin 1. The central charge of this vertex algebra is 𝑐2𝑑 = 2, which we note

agrees with the general formula

𝑐2𝑑 = −24

(
−1

8

+ 1

24

)
= 2, (A.20)

of theorem A.1.

A.5 Examples from supersymmetry

An important source of examples of factorization algebras with 𝔳𝔢𝔠𝔱(2|1) structures arise

from four-dimensional superconformal symmetry. Indeed, the four-dimensional N = 2

Weyl multiplet admits a holomorphic twist which renders it equivalent to the local Lie

algebra L2 |1, [Hah+24].

Just like in the six-dimensional case, there is some freedom in what one means by a

”holomorphic twist”. There is a one-parameter family of twisting homomorphism which

are compatible with the holomorphic twisting supercharge. For example, if we start with

a theory equipped with aN= 2 superconformal structure, then it’s 𝑟 -holomorphic twist is

a holomorphic theory on C2
which has a symmetry by the infinite-dimensional Lie super-

algebra 𝔳𝔢𝔠𝔱(Π𝐾𝑟 ). When 𝑟 = 0, this corresponds to simply 𝔳𝔢𝔠𝔱(2|1) (the corresponding

local Lie algebra was denoted L2 |1); this is the case which is relevant for extracting vertex

algebras via the approach pioneered in [Bee+15].
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Recall that the space of L2 |1-anomalies is two-dimensional. We described this space

using the coefficients 𝛼, 𝛽 in equation (A.9). The space of anomalies for conformal symme-

try is also two dimensional, typically described in terms of the coefficients 𝑎, 𝑐 of the Euler

and Weyl tensors, respectively. Equivalently, these are the two parameters which appear

in the central terms of the four-dimensional𝑇𝑇 OPE [Bee+15]. Suppose that we start with

a N = 2 superconformal theory whose conformal anomalies are 𝑎, 𝑐 . The holomorphic

twist of this theory is L2 |1-equivariant. It turns out that the L2 |1-anomaly coefficients 𝛼, 𝛽

are completely determined by the coefficients 𝑎, 𝑐 of the original untwisted superconfor-

mal theory. The exact relation depends on the twisting homomorphism used to describe

the holomorphic twist. When 𝑟 = 0, which is the twist which leads to the construction of

vertex algebras, there is the following linear relations among coefficients:

𝛼 =
1

2

(2𝑎 − 𝑐)

𝛽 = 2(𝑐 − 𝑎).

Consider a simple example of a free hypermultiplet. Recall, as a N = 1 multiplet

the free hypermultiplet is equivalent to two decoupled chiral multiplets. Being super-

conformal forces the charge under the 𝑅-symmetry 𝐺𝑅N=1
= 𝑈 (1)𝑅N=1

to be 2/3. As an

N= 1 superconformal field theory, the holomorphic twist of a free hypermultiplet is the

𝔳𝔢𝔠𝔱(2)-equivariant theory whose fields are

𝛾 = (𝛾𝑖 ) ∈ Ω0,• (C2, 𝐾
1/3

C2
) ⊗ C2

𝛽 = (𝛽 𝑗 ) ∈ Ω0,• (C2, 𝐾
2/3

C2
) ⊗ C2 [1],

where 𝑖 = 1, 2. The action functional is∫
C2

𝛽𝑖𝜕𝛾
𝑖 =

∫
C2

𝛽1𝜕𝛾
1 +

∫
C2

𝛽2𝜕𝛾
2. (A.21)

In terms of our parametrization, this holomorphic twist corresponds to 𝑟 = 1/3, meaning

the Lie superalgebra 𝔳𝔢𝔠𝔱(Π𝐾1/3) is naturally a symmetry of this free holomorphic theory.

If we instead use the twisting data corresponding the value 𝑟 = 0, the twist of a free

hypermultiplet is the 𝔳𝔢𝔠𝔱(2|1)-equivariant theory whose fields are

Φ = (Φ𝑖 ) = (𝜑𝑖 + 𝜖𝜑 ′
𝑖 ) ∈ Ω0,• (C2, 𝐾

1/2

C2
) ⊗ C2 [𝜖], (A.22)

where 𝜖 carries degree −1. The action functional is

1

2

∫
C2|1

𝜀𝑖 𝑗Φ𝑖𝜕Φ𝑗 =

∫
C2

𝜀𝑖 𝑗𝜑𝑖𝜕𝜑
′
𝑗 . (A.23)

The conformal anomaly coefficients of the fully supersymmetric theory are known to be

𝑎 = 1/24 and 𝑐 = 1/12. From our relation, we see that 𝛼 = 0, 𝛽 = 1/12 for the holomorphic

twist of a N= 2 superconformal hypermultiplet. This is compatible with the computation

of the 𝔳𝔢𝔠𝔱(2|1) anomaly computed directly from the description (A.23). Following the
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exact arguments in [SW23b], one sees that the localization obtained by deforming by

S = 𝑤 𝜕
𝜕𝜖

of this theory to one complex dimension is the free chiral CFT with fields

𝜙 ∈ Ω0,• (C, 𝐾1/2

C ) ⊗ C2
(A.24)

with action

∫
C 𝜖

𝑖 𝑗𝜙𝑖𝜕𝜙 𝑗 . This is the free CFT whose associated vertex algebra has two

generating fields 𝜙1 (𝑧), 𝜙2 (𝑧) each of spin 1/2 and OPE

𝜙𝑖 (𝑧)𝜙 𝑗 (𝑤) ≃
𝜀𝑖 𝑗

𝑧 −𝑤 . (A.25)

This is referred to in the literature as the ‘free symplectic boson’ chiral CFT. Its central

charge is 𝑐2𝑑 = −1 as expected from the formula (A.1).

More generally, the hypermultiplet may take values in a symplectic vector space 𝑈

(which above is simply 𝑈 = C2
). The localized vertex algebra is the chiral symplectic

boson vertex algebra valued in𝑈 of central charge 𝑐 = − 1

2
dim𝑈 .

We next consider the example of a vector multiplet. In other words, pure four-

dimensional N = 2 Yang–Mills theory associated to 𝐺 , whose Lie algebra we denote

by 𝔤.

Viewed as an N= 1 superconformal theory, the holomorphic twist of the free vector

has fields

Ω0,• (C2, 𝔤) [1] ⊕ Ω0,• (C2, 𝐾
1/3

C2
, 𝔤)

Ω0,• (C2, 𝐾
2/3

C2
, 𝔤∗) [1] ⊕ Ω2,• (C2, 𝔤∗).

Again, this corresponds to the twisting parameter 𝑟 = 1/3 in our convention. Viewed as

an N= 2 superconformal theory, the holomorphic twist of the free vector has fields

Ω0,• (C2, 𝔤) [𝜖] [1]
Ω2,• (C2, 𝔤∗) [𝜖] [1] .

This corresponds to 𝑟 = 0. We consider this case now.

From the Riemann–Roch theorem we can read off the anomaly polynomial (A.9) as-

sociated to this L2 |1 equivariant theory. The values of 𝛼, 𝛽 are

𝛼 =
1

8

dim𝔤, 𝛽 = − 1

12

dim𝔤. (A.26)

In particular, the central charge of the localized vertex algebra is 𝑐2𝑑 = −2 dim𝔤. More

generally, we can consider the twist of supersymmetric Yang–Mills theory with Lie al-

gebra 𝔤 and where the hypermultiplets are valued in the symplectic 𝔤-representation 𝑈 .

The central charge of the corresponding vertex algebra is 𝑐2𝑑 = −2 dim𝔤 − 1

2
dim𝑈 .

We can check that this central charge is correct by directly characterizing the local-

ized vertex algebra corresponding to N= 2 supersymmetric Yang–Mills. It is a dg vertex

algebra given by the BRST reduction of the chiral symplectic boson vertex algebra valued

in the 𝔤-representation𝑈 . Thus, its structure as an underlying graded vertex algebra is a

tensor product of the 𝑏𝑐 system valued in 𝔤 with the chiral boson vertex algebra valued

in𝑈 :

𝑏𝑐 [𝔤] ⊗ Symp[𝑈 ] . (A.27)
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