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eleven-dimensional supergravity multiplet recently computed by the second two authors, and
we offer numerous consistency checks showing that the interactions correctly describe inter-
acting twisted eleven-dimensional supergravity at the perturbative level. We prove that the
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dimensional simple exceptional super Lie algebra E(5,10), following a recent suggestion of
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map to the fields of our model on the complement of a stack of M2 or M5 branes, laying the
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Twists of supersymmetric field theories have been a subject of active and fruitful study for
many years. The notion of twisting was introduced by Witten and dates back to the first
example |Wit88|, in which a topological field theory related to Donaldson invariants of four-
manifolds was constructed as a twist of four-dimensional N = 2 supersymmetric gauge theory.
Shortly afterwards (thirty years ago), the field had expanded to include a diverse set of examples
related to topological field theory [Bir+91].

For many years, twisting constructions were motivated by the goal of producing topological
field theories, and correspondingly emphasized the role of particular modifications of Lorentz
symmetry via “twisting homomorphisms” designed to produce scalar supercharges. From a more
modern perspective, though, twisting a supersymmetric field theory is just a systematic way of
taking invariants with respect to a fixed supercharge. This requires that the supercharge square
to zero, so that the supercharge defines an odd abelian subalgebra of the supersymmetry algebra.’
The variety of appropriate square-zero elements was studied systematically in [ESW21], and has
deep relations not only to the classification of twists, but to the construction of supersymmetric
field theories via the pure spinor formalism [Ced14; Eag+21]. The name “pure spinor” originates
because the variety of square-zero elements always contains a minimal stratum that is related to
the space of Cartan pure spinors; in turn, these correspond to choices of complex structure on
the spacetime, at least when the dimension is even. As such, any d-dimensional supersymmetric
theory that admits a twist admits a minimal or holomorphic twist, in which n = |d/2] of the
translations act nontrivially. Other twists can be understood as further twists of this holomorphic
theory. The importance and interest of holomorphic twists of supersymmetric gauge theories was
emphasized in the work of Costello [Cos13], who developed the notion mathematically, building
on earlier work on holomorphic field theories in the physics literature [Los+96; Ber+94, for
example|. Si Li pushed applications of holomorphic QFT further in his work on the higher genus
B-model (see [Lill], and later [CL15] together with Costello). In the physics literature, further
constructions related to holomorphic twists had appeared in the context of supersymmetric
indices; see [Rom06], for example.

In a supergravity theory, local supersymmetry is already gauged, so that the standard notion
of twisting is a priori not a sensible operation. Twisted supergravity thus needs to be under-
stood differently. In their seminal paper [CL16], Costello and Li gave a definition of twisted
supergravity: it is supergravity in a background where the bosonic ghost field representing a
twisting supercharge takes a nonzero value. Twisting a supersymmetric field theory, in the clas-
sical sense, can then be understood as coupling the theory to supergravity and placing it in such
a background.

IMore generally, one could consider “omega backgrounds” by taking the derived invariants of a more general
subalgebra in which the odd part is not necessarily abelian.



Using ideas related to string field theory and the topological B-model, Costello and Li provided
conjectural descriptions of many examples of ten-dimensional theories of twisted supergravity.
They used these descriptions to rigorously construct quantizations of open-closed string field
theories [CL15; CL20]. A very active and promising direction of current research uses these
twisted ten-dimensional models to formulate twisted versions of holography; see [Cos17; CP21;
CG21a; IMZ20; BG21; GA20], for example. Supergravity in the Q-background was introduced
in [Cos16], and has been further studied in [GO19; OZ21b; OZ21a].

In this paper, we provide perturbative descriptions of all twists of eleven-dimensional super-
gravity (before turning on any 2-background). Thanks to a straightforward classification, which
we recall below, there are essentially two types of twists which deform the flat background R!!:

e The minimal (or holomorphic) twist. The resulting twisted theory is defined on C®> x R and
is holomorphic along C® and topological along the ‘time’ direction R. The twist is SU(5)
invariant and involves a fixed choice of a Calabi-Yau form on C°.

e The non-minimal twist. The resulting twisted theory is defined on C? x R” and is holomorphic
along C? and topological along R”. The twist is SU(2) invariant and involves a fixed choice
of a hyperkéhler structure on C2.

In [SW21], the last two authors used the pure spinor formalism to describe the free field
limit of the minimal twist of eleven-dimensional supergravity on flat space, building on work of
Cederwall [Ced10b; Ced10a] that constructed the eleven-dimensional theory in the pure spinor
formalism. In fact, the result of [SW21| shows that the pure spinor formalism is compatible with
twisting, so that the twist of any multiplet can be recovered from the algebraic geometry of a
neighborhood of the corresponding point in the scheme of square-zero elements. (In separate
work [EH21], the free-field limit of the non-minimal twist was derived from the component-field
multiplet as used in the physics literature.) The resulting theory is Z/2 graded; the grading is
inherited from the totalization of ghost number and intrinsic parity in the original, untwisted,
eleven-dimensional theory. In §1 we introduce a full interacting theory in the Batalin—Vilkovisky
(BV) formalism, the free limit of which is the twist computed in [SW21].” Our main conjecture
is that this interacting BV theory is equivalent to the minimal twist of eleven-dimensional
supergravity on flat space.

Conjecture 0.1. The eleven-dimensional holomorphic-topological theory on C3 x R that we will
define in §1 is equivalent to twisted supergravity on R, where the bosonic ghost takes a value
corresponding to a holomorphic supercharge.

In this paper we will provide evidence for this conjecture on a variety of fronts:

e In §1.5, we show that the character of the local operators in our 11-dimensional theory agrees
with the index of 11-dimensional supergravity.

e In §3, we will show that this theory has all of the expected residual supersymmetries present
after performing the holomorphic twist.

e In §4, we describe the non-minimal twist of eleven-dimensional supergravity as a background
of our theory on C® x R. This non-minimal twist is invariant for the group Ga x SU(2). We
find a match with a conjectural description of this Go x SU(2) invariant twist formulated by
Costello in [Cos16]| and further developed in [RY19].

e In §5, we compute dimensional reductions and show that our model is compatible with de-
scriptions of twists of lower dimensional twists of supergravity. For instance, reducing along

20ne subtlety is that, unlike the usual BV formalism which involves a Z-grading by ghost number, the eleven-
dimensional theory is only Z/2 graded. As such, a division of the odd fields in the twisted theory into “ghosts”
and “antifields” is not really meaningful.



a circle in a complex plane agrees with the conjectural description of the SU(4) twist of type
ITA supergravity in [CL16].

e Finally, in §6, we propose a description of supergravity in twisted versions of both the AdSy
and AdS4 backgrounds. We show that the residual symmetries of supergravity in these back-
grounds are present in our twisted background.

A geometric description of the model. Our eleven-dimensional theory is defined more
generally on the product of manifolds

X x 8

where X is a Calabi—Yau five-fold and S is a smooth oriented real one-dimensional manifold. The
theory is of a holomorphic gravitational flavor as it describes “partial” deformations of complex
structures along X. We will explain what we mean by this momentarily.

In our theory there is a field which encodes this partial deformation of complex structure on
the Calabi—Yau manifold X. It is an even field

ptt e QN (X, Tx) @ C*(S)

where Ty denotes the holomorphic tangent bundle on X. Locally, u!'! can be decomposed as
Beltrami-like differential
~ 0
'uLl — /.L;(Z,E, t)dza—zj

,1

Physically speaking, ! is a component of the metric which survives in the twisted theory;

see §1.4.
Next, there are two fields
A0 e QM(X)@C®(S), ~AM? e QM?(X)® C®(S).

The field v1? is a component of the supergravity 3-form C-field that survives in the twisted
theory. The field v!'¥ can be interpreted as a component of the one-form which is a ghost-for-a-
ghost of the C-field.”

There is a background where the equation of motion involving the fields p', 450, and ~!2
reads

1
*[Ml’l,,ul’l] + Q—l v (5,)/1,0 A 671’2) =0

5/;” + 5

Additionally, there are the conditions that pu! preserve the holomorphic volume form on X and
that all fields are locally constant along the topological direction S. Notice that this would be
precisely the integrability equation for u'! to determine a complex structure on X, were it not
for the presence of the last term in the first equation.

If we work in a background where one of v"? or v? is zero, then we see that u! is exactly a
deformation of complex structure along X. In terms of the eleven-dimensional geometry, these
field configurations describe deformations of the natural transverse holomorphic foliation (THF
structure) on X x S which further preserve the holomorphic volume form along the leaves. We
further unpack the equations of motion in more general backgrounds in §1.4, but leave a complete
study for future work.

3The C-field has a gauge symmetry of the form §C = dB where B is a two-form. This ghost B field has an
additional gauge symmetry 6B = dA for A a one-form. The field 4''* is a component of A.



Appearance of exceptional Lie superalgebras. The gauge symmetries of a field configura-
tion in any theory form a Lie algebra. In the Batalin—Vilkovisky formalism, one combines fields
of all ghost number into a single object which, together with the linear BRST operator, has the
structure of a dg Lie algebra.” From the point of view of deformation theory, this dg Lie algebra
describes the formal moduli space of deformations of the particular field configuration.

The simplest field configuration in the twisted theory is the flat background; this corresponds
to considering to our eleven-dimensional theory on C° x R, where we equip C® with the flat
holomorphic volume form. In this case, we find a striking relationship to a certain infinite-
dimensional simple super Lie algebra studied by Kac and collaborators [Kac98; KROQ].5

Theorem 0.2. The global symmetry algebra of the eleven-dimensional theory on C® x R is
equivalent to a central extension of the exceptional simple super Lie algebra E(5,10).

In particular, correlation functions involving observables of the eleven-dimensional theory will
be constrained by the infinite-dimensional symmetry algebra F(5,10). Given our main conjec-
ture that the interacting eleven-dimensional BV theory on C® x R is the twist of supergravity,
we obtain the following.

Conjecture 0.3. A central extension of the super Lie algebra F(5,10) is a symmetry of su-
pergravity on RY which preserves the background where the bosonic ghost takes value equal to a
holomorphic supercharge Q.

Relationship to other twists of supergravity. Motivated by the topological string, Costello
and Li formulated conjectural descriptions of certain twists of 10-dimensional theories of super-
gravity. All of the descriptions center around the theory of Kodaira—Spencer gravity, otherwise
known as BCOV theory. This theory was introduced in [Ber-+94] as the closed-string field theory
of the topological B-model on Calabi-Yau three-folds. It was further extended to all Calabi—
Yau manifolds in [CL15]. It is a sort of holomorphic version of gravity which at the genus zero
describes fluctuations of the complex structure of the Calabi—Yau manifold. We recall relevant
aspects of Kodaira—Spencer gravity in §5.1.

Through the dimensional reduction of our eleven-dimensional theory we will find a match
with Costello and Li’s descriptions of twists of 10-dimensional supergravity in terms of BCOV
theory. In Table 1, we provide a summary of the comparisons with twists of supergravity in
lower dimensions we perform. The squiggly arrows denote further twists, and the solid arrows
denote various kinds of reductions.

In §5.3 we will show that the reduction along {0} x R x {0} = C* x C x R is equivalent
to the SU(4) twist of type IIA supergravity. The topological string approach does not lead
to a description of the minimal, or holomorphic, twist of type IIA supergravity. In §5.6, we
describe the reduction along the line {0} x R = C® x R to obtain a conjectural description of the
holomorphic SU(5) twist of type ITA supergravity. In §5.5, we show that the reduction along
the interval {0} x [0,1] = C% x [0, 1] with certain boundary conditions on the endpoints of the
interval is equivalent to the twist of type I supergravity. We further observe in §5.6.1 that the
twist of type I arises as the fixed points of a natural Z/2 action on the minimal twist of ITA. Next,
in §5.7 we study the reduction along a Calabi-Yau 3 fold to obtain a conjectural description of
the minimal twist of 5d N = 1 supergravity. Finally, we show in §4 how the non-minimal twist
of eleven-dimensional supergravity arises as a further twist of our holomorphic twist.

4In some models one actually obtains an Lo algebra.

5The twist of the eleven-dimensional gravity multiplet was computed in [SW21] by reducing it to a particular
pure spinor model based on Gr(2,5); a possible relationship between this pure spinor model and FE(5,10) was
first pointed out by Martin Cederwall in [Ced21].
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1. THE MINIMAL TWIST OF ELEVEN-DIMENSIONAL SUPERGRAVITY

In this section we define the central theory of study within the Batalin—Vilkovisky (BV)
formalism. The theory will be defined on any eleven-dimensional manifold of the form X x L,
where X is a Calabi—Yau five-fold and L is a smooth oriented one-manifold.

In [SW21], we showed that the underlying free limit of the theory we consider here is the free
limit of the minimal twist of 11-dimensional supergravity on C°> x R. The goal of this section
is to introduce interactions at the level of the minimal twist. The main result is Theorem 1.1
where we show that the theory is consistent within the BV formalism.

In the remainder of the paper we discuss further consistency with supersymmetry and string
theory, but in this section we focus mostly on the theory as a partially holomorphic, partially
topological, theory of gravity. Nevertheless, we do provide some preliminary justification towards
the relationship to physical supergravity including a matching of indices in §1.5.

1.1. Divergence-free vector fields.

1.1.1.  We set up some notations and conventions in the context of complex geometry. Let V'
be a holomorphic vector bundle on a d dimensional complex manifold X. If j is an integer, we
let QU9 (X , V') denote the space of anti-holomorphic Dolbeault forms of type j on X with values
in V. The 0 operator 0: Q% (X, V) — Q% +1(X V) defines the Dolbeault complex of V:

Q% (X, V) = (2¥(X,V)[-], 7).

This is a free (smooth) resolution for the sheaf of holomorphic sections of V.



Suppose X is a Calabi-Yau manifold with holomorphic volume form €. The divergence dq ()
of a holomorphic vector field p is defined by the formula

Oa(p) A= L,(Q)
where, on the right hand side, we mean the Lie derivative of €} with respect to p.

Let Ty denote the holomorphic tangent bundle and consider its Dolbeault complex Q%* (X, Ty)
resolving the sheaf of holomorphic vector fields. The divergence operator extends to the Dol-
beault complex to yield a map of cochain complexes

da: Q" (X, Tx) — QV*(X).

The resulting complex of sheaves
0 1

(1)
Q0% (X, Ty) —225 Q0*(X),

resolves the sheaf of holomorphic divergence-free vector fields Vecto (X). The anti-holomorphic
Dolbeault degrees and the ¢ operator are left implicit.

There is a direct way to extend the Lie bracket of vector fields to the complex (1). Denote
by p an element of Q%*(X, Tx) and v an element of 2%*(X) (for simplicity in notation, we will
not expand the anti-holomorphic dependence). The Lie bracket defined by the formulas

[, 1] = Lyt

[:U’a V] = LMV
is compatible with dn and endows (1) with the structure of a sheaf of dg Lie algebras. We will
refer to this sheaf by the symbol L£(X), or just Lo if X is understood.

The sheaf L has the structure of a local dg Lie algebra [CG21b, §3.1.3]. This means that, as
a graded sheaf, £y is the smooth sections of a graded vector bundle, and its differential and Lie
bracket are given by differential and bidifferential operators respectively.

1.1.2. Recall that an Lo, algebra is a Z-graded vector space £ together with the datum of a
square-zero, degree +1 derivation 0 of the free commutative graded algebra Sym (LY[—1]).
The Chevalley—Eilenberg cochain complex is

(Sym (£7[=1]),d¢) -
The Taylor components of d; define higher brackets {[—]x}xr=12, . where [—]s: Lk 5 £[2—k].
The condition that the differential §; is square-zero is equivalent to the higher Jacobi relations.
An Ly morphism @ : £ v~ £’ is the same datum as a map of commutative dg algebras
(2) P* . C*(L) - C*(L)

between their respective Lie algebra cochains. It follows from this that any automorphism & of
the free commutative algebra on £V [—1] defines a new model of the Lo, algebra £, for which the
Chevalley—Eilenberg differential is obtained by conjugating §; by ®, and where ® itself defines
the Ly isomorphism.

Lo is the sheaf (1) resolving divergence-free vector fields equipped with the dg Lie alge-
bra structure constructed in the previous section. We consider the following automorphism
of Sym(Ly[—1]), defined by its action on generators:

(3) Up:v—>1l—e, p—e’pu.



This map defines a new model of the Lo, algebra with underlying graded vector space the same
as (1), which we will call £,.° The formulas for the automorphism above clearly arise from
maps of vector bundles and hence endow L4 with the structure of a local Ly, algebra, meaning
all operations are given by polydifferential operators.

The notation refers to the fact that this new model has nonvanishing L., brackets of every
order. It is this new model that we will use to define the eleven-dimensional theory of twisted
supergravity.

We can describe the Ly, structure on our new model Lo, explicitly. Recall that we have two
types of elements: p € PVY® and v € PV%*[—1]. (Here, and in what follows, we will use the
symbol PV%*® for the Dolbeault resolution of holomorphic polyvector fields; by definition, this is
the complex Q%°(X, AiTx).) The first few nonzero brackets are

[u]1 = dp + dap
(11, 22 = da(ur A p2)
[V, p1, p2]3 = Oa(vur A p2)
For k > 2 the general formula for the k-ary brackets are
V1, Vk—2, i1, p2]k = Oa(vi -+ vepir A p2)
(V15 Vg i1, 2, Y]k = Vi v—g (e A p') v 0.
(V150 V2, Y]k = V1 -+ Vgt v 0.

1.2. Theories of BF type.

1.2.1. Suppose that £ is an Lo, algebra with Lo, operations {[—]i’}kzl,gw. and that (A,dy) is a
commutative dg algebra. The graded vector space £L ® A is equipped with the natural structure
of an Ly, algebra with operations {[—]x}x=12, . defined by

[z®a]y = [2]f ®a+ (-1)"lz @ daa

[:U1®a1,...,:ck®ak]k = [xl,...,xk]ﬁ@)(al---ak), k> 2.

We apply this construction, taking £ to be the sheaf resolving divergence-free holomorphic
vector fields on a Calabi—Yau manifold X equipped with either the strict dg Lie algebra structure
Lo(X) or its non-strict Lo, structure Lo(X). The algebra A will be the smooth de Rham
complex (92°(S5),dg) where S is a smooth manifold.

We thus obtain the structure of an dg Lie algebra on Lo(X) ® Q°(S) or an Ly algebra
Lo (X) ®Q°(S). These define equivalent local Ly, algebras on the product manifold X x S.

1.2.2.  Associated to any local Ly, algebra is a classical field theory in the BV formalism. Let
L be a local Ly, algebra on some manifold M, it is the sheaf of sections of some graded vector
bundle L. For a section A € £, introduce the ‘higher curvature map’ defined by the formula

1 1
Fa= [A]l + i[AaA]Q + 5[*’4’ A’A]3 +o

The fields of the associated BV theory are pairs
(A,B) e L[1]® L'[-2].

6We are being slightly abusive and using the symbols v, u dually as coordinates, or operators, on the graded
linear space L[1].



Here £' denotes the sheaf of sections of the bundle L* ® Dens, where Dens is the bundle of
densities. The shifted symplectic BV pairing is the obvious integration pairing between A and
B.

The action functional reads Spr = fM B F 4 which leads to the equations of motion F4 = 0
and DB = 0 where D4 is the higher covariant derivative along A. We refer to this as the “BF
theory” associated to L.

We thus obtain a theory in the BV formalism on the product manifold X x S associated to
both local Ly, algebras L£o(X) ® Q°(S) and Lo (X) ® 2°(S5).

1.2.3. For concreteness, we spell out the fields of the theories we have constructed on X x S.
In both cases, the space of fields equipped with the linear BRST operator is

-n -n+1 -1 0

(4)

QO(X;8) —2 QL(X;S) PVL(X;S) —22 PVO(X;S).
We denote the fields (5, v, u, v) respectively. We are using the shorthand notation
Q'(X;8) = Q"%°(X; )
= @;x PV (X) @ Q"(S)[j — k].
which is equipped with the d + dg operator and similarly for PV!(X; S).

The natural pairing between PV'(X;S) and Q(X;S) is of degree —dimc(X) — dimg(S).
As such, the Z-grading indicated in (9) equips the sheaf of fields with a degree (—1) pairing,
provided that we choose the shift to be given by

(5) n = dimc(X) + dimg(S) — 1.
The pairing is defined by the formula

)
o)

def

where fﬁxsa = fXxSO‘ A Q.

We have constructed two equivalent descriptions of the BF theory which share the linear
BRST complex (9). Explicitly, the action functional for BF theory associated to the local dg
Lie algebra Lo(X) ® Q2°(S) is

Q

(6) SBro = J [ﬁ A@+ds)y+vy A0 +ds)u+ B A dau+ %[,u,u] vy + [u,y]ﬁ].

As in the Lie algebra structure of this strict model, notice that the Schouten—Nijenhuis bracket
appears explicitly.

The action functional of BF theory associated to Lo (X) ® Q°(S) is non polynomial. In fact,
it is related to the BCOV action functional via dimensional reduction (see §5). Explicitly, this
action functional is

Q

_ _ 1 1
(7) SBF.x© =J[,BA (0+ds)v+v A (6+d5)u+ﬁAﬁg,u+§mu2 v&y}.

We demonstrated above that the two local Lo, algebras on which these BF theories are based
are equivalent. As such, the BF theories are also equivalent; the map (3) extends uniquely to



an automorphism of BV theories. Explicitly, the automorphism is

(8) prep, v l—e, B (B-pvy)e, gy ey

1.2.4. In what follows, we specialize to the case that X is a Calabi—Yau five-fold and that S is
a one-dimensional smooth orientable manifold. In this case, with n =5+ 1 —1 = 5 the theories
described in this section are Z-graded in the BV formalism. Momentarily, we consider a new
term in the action which will break this grading; as such, this integer shift will not play an
essential role.

1.3. A deformation of BF theory. Let X be a Calabi-Yau five-fold and S be a smooth
oriented one-dimensional real manifold. We will break the Z-grading present in BF theory
discussed in the previous section to a Z/2 grading. For reference, this means that the linear
cochain complex of fields of the model now takes the following form.

odd even odd even

(9)

Q(X; )5 —2 QX S), PV(X;S), —22 PVO(X;S),.

1.3.1. To define our classical field theory on X x S, we consider a deformation of BF theory
Spr (this refers to either the presentation as Sppo or Spr ). Such deformations are governed
by the classical master equation: the parameterized family of actions

(10) Spr+gJ
defines a consistent theory in the BV formalism if and only if
(11) {SBF-I-gJ,SBF-l-gJ}:O.

Since this must hold for all g, and since the undeformed action S is already a solution to the
classical master equation, this reduces to the pair of conditions

(12) {SBF,J} = {J, J} = 0.

The form of J depends on which presentation we use for BF theory. To begin, we will use
the presentation of BF theory Spr o which uses the the non-strict Lo, structure on divergence-
free holomorphic vector fields. The deformation J does not make reference to the Calabi—Yau
structure explicitly, but it does involve the holomorphic de Rham operator ¢ on X.

The main result of this section is the following.

Theorem 1.1. Let X be a Calabi—Yau five-fold and S a smooth one-dimensional manifold, and

consider the BV theory (€,SBr«w) on X x S defined above. The local functional
1
(13) J=6 Jy/\a'y/\&’y,
X xS

where v € QY*(X;S), defines a deformation of (€, Sprw) as a Z/2-graded BV theory.

1.3.2. Before proceeding to the proof, we remark on grading issues. In the original Z-grading
on the BF theory given in (9) with n = 5, the component

i € QY(X) @ (S)
sits in degree —4 + ¢ + j. Thus, we see that in the original Z-grading on BF theory one has
(14) deg(J) = 6.
Thus Spp + J is not of homogenous Z grading (although it is even).

10



This is completely reasonable from the point of view of twisting supersymmetry in eleven
dimensions. Indeed, the R-symmetry group is trivial, and there is not a way to regrade the
fields of the twisted theory using twisting data . Nevertheless, if we break to the obvious Z/2
grading, the functional Spr + gJ defines an even action functional. Unless otherwise stated, we
will work with this Z/2 grading for the remainder of this section.

1.3.3.  We proceed to show that Sgpr o + gJ solves the classical master equation. For notational

simplicity we will omit the integral symbol IQ

Proof. Tt is immediate from the form of the BV bracket that {J, J} = 0, since J depends only on
the ~ field. It remains to check that {Sppw,J} = 0. For the quadratic term in the BF action,
we note that

(15) {B A Oqu, J} = %86 AOY A Oy =0,

because total derivatives are equivalent to zero as local functionals.

The contribution from the remaining BF action takes the form

{;111/67 v 2, %’y AOY A &’y} = %(,u v 0Y) A Oy A 0.

This expression is zero for symmetry reasons. Recall that dv is a two-form, and that the
expression must be a totally symmetric local functional which is cubic in this two-form. We
can ask whether such a contraction exists just at the level of sl(5) representation theory. Let
O denote the fundamental representation of sl(5), which we identify with constant one-forms.
Since the term must be a scalar, the contraction (0> must sit in the fundamental representation
again, since it is dual to a vector field. Computing the decomposition of the tensor cube of the
two-form, we find

(16) Sym (B) ~ @ .

(In fact, the absence of the relevant irreducible representation does not even depend on the
parity of the field ~, since

(17) NE =g el

the fundamental representation has symmetry type H-.) O

1.3.4. We make note of the dependence on the coupling constant g in the definition of the
deformed action Spr o + gJ.

When g = 0 we recover BF theory for the L, algebra £ (C?) ® Q°*(R). For any g # 0 the
theories are essentially equivalent in perturbation theory. Indeed, if ¢ # 0 we can make the
following field redefinition

Y=gy B A/9b

to write the action as

1
% (SBF,oo + J).

In perturbation theory, this has the affect of modifying the quantization parameter h to 2/,/g.
Thus, after modifying A and making the above field redefinition, the perturbative expansion of
any theory is equivalent to the one with g = 1.
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1.3.5. We remark on an alternative, equivalent, description of the deformed theory which in-
volves the strict dg Lie algebra structure on divergence-free holomorphic vector fields.

We can replace Spr by Spro via applying the field automorphism (8). Doing this we see
that J becomes

J= ée”*y A 0(e"y) A d(e).

Since this automorphism preserves the odd BV bracket, the actions Spr o + gJ and Spro + gj
are both solutions to the classical master equation, and are equivalent as Z/2 graded BV theories.

1.4. Equations of motion of the component fields. Soon, we will provide a series of justi-
fications for the assertion that the deformed theory Spr o + ¢J is the minimal twist of eleven-
dimensional supergravity on flat space X x S = C® x R where C® is equipped with its flat
Calabi—Yau form. For the moment, we briefly read off the equations of motion of the general
theory on X x S. Let (2 denote the Calabi—Yau form on X.

We consider the action Spr o +gJ. The equation of motion obtained by varying /3 is especially
simple—in fact linear—since § only appears in the action via a quadratic term. It is

(18) ov +dgv + oap = 0.

Varying v we obtain the equation of motion

= 1 1
19 op+d =
(19) prdspt or—
The last term represents the contraction of an element of Q**(X;S) with the nonvanishing
section Q71 € PV>*(X; S) to yield an element of PV1*(X; S). If we vary the p we obtain

da(p?) + %(57 AOY) v (g = 0.

-~ 1
Finally, if we vary v we obtain
- 1 1 9

The equation of motion must hold for any inhomogenous superfields. We can get a better
sense of the equations if we expand in components of these fields. The component fields of the
eleven-dimensional theory on X x S have the following form:

o /= Z” 1% is a superfield where
p e PV X)®Q(R), i=0,...,5, j=0,1.

The component p59 has parity i +j + 1 (mod 2).
o v =72,V is asuperfield where

Ve PVOUX, Tx) @ ¥ (R), i=0,...,5, j=0,1.

The component v/ has parity i +j (mod 2).
ey = ZZ j ~%J is a superfield where

Y e QM X)®@W(R), i=0,...,5, j=0,1.
The component 7%/ has parity i + j (mod 2).
e 3= Z” (%7 is a superfield where
B e UX)RQ/(R), i=0,...,5 j=01.
The component 3%/ has parity i +j + 1 (mod 2).
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We look closely at the geometric meaning of (18). Let’s make the simplifying assumption that
all components of u are divergence-free, and further that all fields are locally constant along S
that is, dou = 0 and dgpu = dgy = 0. Then v = 0 is a solution to (18) and we can assume that
all fields are functions, or zero-forms, along S. Then, there is a component of (19) which can be
written as

= 1. 1. 4 . 1, 4. . . . _
(22) aﬂl,o + 5[Ml,OHLLl,O] + <26,Yl,0 A a,Yl,O + 572,0 A 5"}/0’0> v (QQ 1) =0
where now [—, —] stands for the Schouten bracket.

To further simplify (22), we can look for a solutions where 41 the (0,1) Dolbeault part of
v, is zero. Then, up to the term involving

def ~ 0
a = oy,

we find precisely the integrability equation for the complex structure determined by Beltrami
differential ;10 € PV ® Q0. If da = 0, the holomorphic two-form o € Q>"°(X) defines a map
of sheaves

Q?}é]wl na, Qééhol ~q ‘Iél(ol
where ‘J'}Ol denotes the sheaf of holomorphic vector fields and the last isomorphism uses the

Calabi—Yau form Q on X. The image of Q?&hOl defines a subsheaf ¥, ¢ ‘.Té‘(Ol. Since da = 0, this
subsheaf is automatically integrable and hence determines a foliation.

Summarizing, see that there is a field configuration where the Beltrami diffrential ¢ = p'% €
Q%1 (X, Tx) satisfies the modified integrability condition

e+ led=avy

for some p € PV%2(X). In other words, ¢ defines an integrable complex structure deformation
along the leaf space associated to the foliation F,. We leave a more complete exploration of the
moduli space of solutions of the equations of motion for future work.

In [SW21], the second two authors showed that the free limit of the minimal twist of eleven-
dimensional supergravity agrees with the free limit of the eleven-dimensional theory that we
have introduced here. Given this result, we can recognize many fields in the twisted theory as
components of the physical fields of supergravity which remain after we twist.

e The components
ptY = 1l (2,7, t)dz;0,,
pt = pl(z,z, t)dto,,
of 1 comprise components of the metric which remain after the twist. The components

0;0

ne = ,ui(z,E,t)&Zi

comprise the ghosts for infinitesimal (holomorphic) diffeomorphisms.
e The three-form fields

(23) B¥0 = BUF(z,7,1)dz,dz,dz, B = B (2,7, t)dZdz;dt
70 = 9z, z ) dzdzdzr, A1 = 4 (207 1) dzdzde

comprise components of the supergravity C-field which remain after the twist. The two-
form fields %0, g1, 410 401 the one-form fields 310, 3%, and the zero-form field 8%
is what remains of the ghost system (ghosts, ghosts for ghosts, etc.) for the supergravity
C-field.

13



1.5. Local character. We consider the eleven-dimensional theory on the manifold C° x R,
where C® is equipped with its standard Calabi-Yau structure. On this background, the theory
is manifestly SU(5) invariant. In this section, we compute the corresponding character of the
local operators at the origin.

The local character is only sensitive to the free limit of the theory. Furthermore, the linear
BRST operator is an SU(5)-invariant deformation of the (0 + dr) operator. Therefore, to com-
pute the character it suffices to compute the SU(5)-equivariant character of the ¢ cohomology.

The solutions to the (¢ + dr)-equations of motion simply say that all fields are holomorphic
along C° and constant along R. Thus, the solutions can be identified with

(1'0,, € Vect(C®) =~ O(C%)d,,, ve O(C?)
BeO(C, ~AldzeQ'(CP) =~ 0O(CP)dz
where z; is a holomorphic coordinate on C°.

Corresponding to each of the above, we have a tower of linear local operators labeled by
(mj) = (m1, ma, m3,my, ms) € Z‘;O; these are given by

b £ e DN O O)
V() V> 021022020 024 0P v(0)
Vimg) + 7 OO OO0 (0)
Bimy) B 021 02,2022 02,202 B(0)
It is easiest to label the Cartan subgroup of SU(5) by fugacities qi,..., g5 subject to the

constraint that H?:l gi = 1. We first compute the single particle index. This is the SU(5)
character of the space of linear local operators.

Lemma 1.2. The single particle index is

5 5 -1
. =1 4i i—=14;
Z(Q1,~~-7Q5) = 5ZZ L= + ZZ L%

[[=:(1—q) H?:1(1 - qi_l)

where the fugacities satisfy the constraint [ [,_, ¢; = 1.

Proof. The linear local operators v, ) and B(mj) are of the same g-weight but opposite parity.
Thus, they do not contribute to the single particle index.

The ¢g-weight of the odd local operator ;ﬁ& ) is

m;
1 ; 1
gt g et
The g-weight of the even local operator 7émj) is
i+1
g gt g,

Thus we find that the single particle index is given by the infinite series

5
(24) Z Z qgnl...qriﬂ...qg%_ Z gt g get]

=1 (mi)EZ‘;O (mi)EZ;O

which sums to the expression

95 _Z?:1Q1“'@“'Q5+ Z?:l%
(25) g et
Hi:l( i) Hi:l( %)
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This simplifies to the stated expression. O

This single particle index for our space of local operators agrees with the one computed
in [Nek09]. To obtain the full index of local operators we apply the plethystic exponential

PE[f(x)] = exp (3, 7 f(a™)).

Proposition 1.3. The character of local operators of the eleven-dimensional theory on C° x R

1S
5 mi+1 m; ms+1
|| || o ml'.‘mi+1..'m5
i=1 (m,;)ez3, N 4; 95

Proof. Recall that the plethystic exponential takes sums to products and monomials to geometric
series. Apply this to the infinite series (24). O

1.6. One-loop quantization. In [GRW21] an existence result for one-loop quantizations of
mixed topological-holomorphic theories was established. The crucial thing is that these results
apply to more than just topological-holomorphic theories arising from twists of supersymmetric
gauge theories. They also apply to twists of supergravity theories. We apply this to the eleven-
dimensional model at hand.

The eleven-dimensional theory is a mixed topological-holomorphic theory. On flat space C2 x
R¢, this means that the theory is translation invariant and that the following act homotopically
trivially:

e the vector fields 0z, , . . ., 0z, corresponding to infinitesimal anti-holomorphic translations,
e the vector field ¢y corresponding to infinitesimal translations in the R; direction.

Recall that the action functional of the eleven-dimensional theory is Spre + gJ. Since
the cubic and higher interactions only involve holomorphic derivatives, we obtain the following
directly from the main result of [GRW21].

Theorem 1.4. There exists a gauge fizing condition for the eleven-dimensional theory on C° x R
which renders its one-loop quantization finite and anomaly-free.

When g = 0, this result is actually exact, since there are no Feynman diagrams present past
one-loop order in this case. When g # 0, on the other hand, this result does not immediately
imply the existence of a gauge-invariant perturbative quantization to higher orders in A. The
presence of the functional J = %f’y&fy&’y allows one to construct Feynman graphs at arbitrary
loop order.

In [Cos16], Costello argues that, upon performing the Q-background, the theory localizes to
a five-dimensional theory on C? x R. Via a cohomological argument, it is shown that this effec-
tive five-dimensional theory exhibits an essentially unique quantization in perturbation theory.
We will return to the existence and uniqueness of a higher order quantization of the eleven-
dimensional theory (before turning on the Q-background) in future work.

2. INFINITE-DIMENSIONAL SYMMETRY IN FLAT BACKGROUNDS

2.1. Global symmetry algebra. In any field theory, the cohomology classes of states of odd
ghost number have the structure of a Lie algebra. More generally, after shifting the cohomological
degree by one, the full cohomology of states with respect to the linear BRST operator is naturally
a graded Lie algebra. If we forget the grading to a Z/2 grading, then this global symmetry algebra
has the structure of a super Lie algebra.
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In general, taking cohomology loses information. If the dg Lie (or L) algebra we start with
is not formal, then there exist higher-order operations on the linearized BRST cohomology. We
will refer to this Ly, algebra as the global symmetry algebra of the theory.

Before taking cohomology with respect to the linear BRST operator, we described the super
Lo, structure on the parity shift of the eleven-dimensional fields in the previous section. This is
encoded by the full BV action of the eleven-dimensional theory. The cubic component of the full
BV action induces the super Lie algebra structure present in the linearized BRST cohomology.

Our main result is to relate the global symmetry algebra of the minimal twist of eleven-
dimensional supergravity on C® xR to a certain infinite-dimensional exceptional super Lie algebra
studied by Kac [Kac98; KR02| called E(5,10). We recall the definition below.

Theorem 2.1. Let IIE(C5 x R) be the parity shift of the fields of eleven-dimensional supergravity
on C° x R and denote by 61 the linearized BRST operator.

(1) As a super Lie algebra, the 50V -cohomology of TIE(C® x R) is isomorphic to the trivial
one-dimensional central extension of the super Lie algebra E(5,10).

(2) The global symmetry algebra is equivalent, as a super Lo algebra, to the non-trivial
central extension of E(5,10) determined by the even cocycle defined in (33).

This result implies that the action functional Spr + J of the eleven-dimensional theory is
invariant for the infinite-dimensional Lie algebra E(5,10).

2.2. Linearized BRST cohomology. We compute the linearized BRST cohomology of eleven-
dimensional supergravity. Then we will describe the induced structure of a super Lie algebra
present in the parity shift of the cohomology, proving part (1) of Theorem 2.1.

2.2.1. First we recall the definition of the exceptional simple super Lie algebra E(5,10). Recall
that Vecto(C?) is the Lie algebra of divergence-free holomorphic vector fields on C5. Let Q2/(C5)
be the module of holomorphic 2-forms that are closed for the holomorphic de Rham operator 0.

The even part of the super Lie algebra F/(5,10) is the Lie algebra
E(5,10) 4 = Vecto(C®)
of divergence-free vector fields on C°, whose elements we continue to denote by ;. The odd piece
is the module
E(5a 10)* = 931(05)a
whose elements we denote by «. Besides the natural module structure, there is odd bracket

E(5,10)- ® E(5,10) E(5,10)4+ The bracket uses the isomorphism Q=% v (—=): Q% =~ Vect(C?)
induced by the standard Calabi-Yau form d°z, and is defined by

(26) [a,d] =27 v (a A d).

Since both a,a’ are closed two-forms, the resulting vector field on the right hand side is di-
vergence free. In coordinates, if f*“dz; A dz; and gFldzy, A dz; are two closed two-forms, their
bracket is the vector field eijklmf”gklazm

To be precise, Kac studied a more algebraic version of the algebra we have just introduced,
where holomorphic functions are replaced by holomorphic polynomials. As such, the simple
super Lie algebra that appears in the classification in [Kac98| is a dense sub Lie algebra of what
we call F(5,10), consisting of those vector fields and two-forms that have polynomial coefficients.
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2.2.2. If € is the space of fields of any theory in the BV or BRST formalism, the shift £ = £[—1]
has the structure of a Lie, possibly L, algebra. In the Z/2 graded world, the parity shifted object
L = 1I€ has the structure of a super Ly, algebra.

In this section, we use the description of the eleven-dimensional theory as the deformation of
the BF action Spr by the functional J of Theorem 1.1. We set the coupling g = 1. For any
other nonzero value of g, we will obtain an isomorphic super Ly, algebra as explained above. We
would also obtain equivalent results if we used the other model of the eleven-dimensional theory
explained in §1.3.5.

The full differential on the cochain complex of observables of the theory is given by the BV
bracket with the BV action. For us, this is

) = {SBF,oo + J,—}.

The linear BRST operator (dual to the differential on the cochain complex of fields) comes only
from the quadratic summands in Spr ), and is of the form

To compute the cohomology with respect to (1) we can use a spectral sequence, first taking
the cohomology with respect to @ + dr and then with respect to dn. By the d and de Rham
Poincaré lemmas, the cohomology of the space of fields of the eleven-dimensional theory on
C5 x R with respect 0 4 dg results in the cochain complex

— +

(28) Vect(C?) —2 9(CP)
O(C%) —2— Q1(CP).

Recall that Vect(C%), 9(C?), and 22!(C?) denote the space of holomorphic vector fields, functions,
and one-forms, respectively.

The cohomology with respect to the remaining linearized BRST operator consists of the space
of triples (4, [],b) where:

e /1 is a divergence-free holomorphic vector field on C®, which is constant along R
1= p®1 e IVecty(C®) ® Q°(R).

Note that p is a ghost in the Z/2 graded theory.
e [7] is an equivalence class of a holomorphic one-form modulo exact holomorphic one-
forms along C°, which are also constant along R

[v] = Y] ®1€ (2(C%)/dO(C%)) ® Q°(R).

e A constant function b € IIC on C® x R. This is a 3-type field in the eleven-dimensional
theory, any constant function is closed for the de Rham differential. This element is also
a ghost in the Z/2-graded theory.

2.2.3.  After parity shifting, we’ve identified the solutions to the linear equations of motion with
triples

(11, [7], b) € Vecto(C®) @ IR (C)/00(C°) @ C.
The bracket induced by the cubic component of Spr« in the classical BV action is the usual
bracket on divergence-free vector fields together with the module structure on holomorphic one-

forms by Lie derivative. Notice that the Lie derivative commutes with the ¢ operator, so this
action descends to equivalence classes as above. The elements b are central.
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The final term in the BV action J = % [+ A &y A v induces the following Lie bracket on the
solutions to the linearized equations of motion

(29) (7], 1] = @71 v (07 A 0) € Vecto(C?).

where Q! denotes the section of PV®"?(C5) which is inverse to the Calabi-Yau form Q on
C5. Notice that this bracket is well-defined as it does not depend on the particular equivalence
classes and that the resulting vector field is automatically divergence-free.

2.2.4. Having described the linearized BRST cohomology as a super vector space, we turn to
the proof of Theorem 2.1.

Proof of Theorem 2.1. For the first part, we write down an explicit map between the cohomology
computed above and the algebra E(5,10).

The relationship of the p-elements in F(5,10) and the eleven-dimensional theory is apparent.

Next, we need to relate the equivalence classes [y] with the closed two-forms « in E(5,10).
On flat space, any closed differential form is exact (this is a holomorphic version of the Poincaré
lemma). In other words, there is an isomorphism

0: Q1(C%)/do(C?) = Q4(CP)
induced by the holomorphic de Rham differential. This gives the relationship between the
equivalence class [v] in the eleven-dimensional theory and a closed two-form in E(5,10) by
a = 0vy. It is clear from Equations (26) and (29) that this assignment intertwines the Lie
brackets in E(5,10) and the twist of eleven-dimensional supergravity. This completes the proof
of part (1).

For part (2), we first produce the following homotopy data:

(30) KC (I, 600) == (E(5,10)®Cy, 0) ,

7

e On the v’s we take K to be any operator K: O — Vect such that doKv = v. On the
v’s we take K to be any operator K : Q' — QO which satisfies the homotopy relation

(31) Koy + 0Ky =~

for some auxiliary operator K: le — Q.

The precise form of each of these operators will not be needed. The existence of such
operators is guaranteed by the holomorphic Poincaré lemma. The operator K annihilates
fields 8 and pu.

e The map ¢ is described as follows. First ¢(u) = p — Kdq(u). Notice that g(u) is
automatically divergence-free. Next, q(vy) = 0. If 8 is a holomorphic function, then

q(B) = B(z =0).
e The map 1 embeds p and b in the obvious way. On a closed two form «, we have that
i(a) = K7.

It is straightforward to check that this comprises well-defined homotopy data, the only non-
trivial thing to check is the relation 1 —ioq = dMK — K6, Plugging in the field v we see
that we must check that N

v — Koy =0Ky
which is precisely (31).

Given this homotopy data, we can compute the homotopy transferred Lo, structure on the
linearized BRST cohomology. Since v does not survive to cohomology and the fact that there
are no nontrivial Lie brackets involving the field 8, this transferred structure is easy to compute.
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There is a single diagram which contributes to the transferred structure, it is given by

(32) i(w')
together with a similar diagram with the p and p/ flipped.
This diagram leads to a new 3-ary bracket on E(5,10) @ Cy,
[, ', [V])5 = (s i/ [9])
where ¢ € CV*"(E(5,10)) is the even Lie algebra cocycle defined by the formula

©: B(5,10) x E(5,10) x E(5,10) — Cy
e(p,p'ya) = {uap, )l

Since b is central, this cocycle defines a central extension of F(5,10). O

(33)

2.2.5.  We briefly remark on Lie algebra cohomology for super Lie algebras. The Lie algebra
cohomology C**(L) of any super Lie algebra £ is graded by Z x Z/2. The first grading is by
the symmetric degree in the Chevalley—FEilenberg complex. The second grading is the internal
parity of the super Lie algebra £. The Chevalley—Eilenberg differential is degree (1, +).

The cocycle ¢ has homogenous bigrading (3,—). In the above discussion we forgot the bi-
grading to a totalized Z/2 grading where

Ceven(L) _ C2o,+(£) (‘B CZoJrl,f(L)
COdd(L) _ CZ.’_(L) @ CQ'+1’+(L).

With this totalization, ¢ is an even cocycle and hence determines a super L, central extension
by the one-dimensional even vector space C.

3. RESIDUAL SUPERSYMMETRY

In this section we consider the minimal twist of eleven-dimensional supersymmetry explicitly.
We compute the residual supersymmetry algebra given by taking the cohomology of the eleven-
dimensional supersymmetry algebra with respect to the minimal twisting supercharge. In order
for this to map to the gauge symmetries of the eleven-dimensional theory, it is necessary to
consider an extension of the eleven-dimensional supersymmetry algebra corresponding to the M2
brane. We will see how this extension is compatible, upon twisting by the minimal supercharge,
with the central extension of E(5,10) we found as the global symmetry algebra in the previous
section.

3.1. Supersymmetry in eleven dimensions. The (complexified) eleven-dimensional super-
translation algebra is a complex super Lie algebra of the form

t11g = VOIS

where S is the (unique) spin representation and V =~ C!! the complex vector representation,
of s0(11,C). The bracket is the unique surjective so(11, C)-equivariant map from the symmetric
square of S to V; this decomposes into three irreducibles,

(34) Sym?(S) = V@ A%V @ A°V.

19



Denote by I' ,1,I" .2, " .5 the projections onto each of the summands above. The bracket in t;14
is defined using the first projection

[wa W] = I‘/\1 (7#7 w/)
The super Poincaré algebra is
§i50114 = 50(11,C) X t114.

The R-symmetry is trivial in eleven-dimensional supersymmetry.

3.2. Extensions of the supersymmetry algebra. Extensions of the supersymmetry algebra
correspond to the existence of extended objects, such as branes, in the supergravity theory.
In eleven-dimensional supersymmetry, there are two such extensions corresponding to the M2
brane and the M5 brane. We begin by describing a less standard dg Lie algebra model for the
M2 brane algebra. In the next section we will explain the relationship to other descriptions in
terms of Lo, algebras [BH05; BLO7; FSS15].

Our model for the M2 brane algebra is a dg Lie algebra extension of the super Poincaré
algebra sis0114.

Introduce the cochain complex 2°(R!!) of (complex valued) differential forms on R!! equipped
with the de Rham differential d. The M2 brane algebra arises as an extension of sisoj14 by the
cochain complex Q°(R!)[2] and is defined by a cocycle

ez € CB7 (siso1q ;3 Q°(RM)[2])
The formula is

ea2(,9') =T 2 (4, 9') € Q2(RM)
where I 2 is the projection onto A2V, thought of as the space of constant coefficient two-forms,
as in the decomposition (34).

Definition 3.1. The algebra m2bvane is the Z x Z/2-graded dg Lie algebra defined by the
extension of sisoq14 by the cocycle cpys.

Here, we are using a bigrading by Z x Z/2. The super Poincaré algebra is concentrated in
zero integer grading and carries its natural Z/2 grading as a super Lie algebra. The complex
Q*(R)[2] is concentrated in integer degrees [—2, 9] and has even parity. The bracket in m2brane
is bidegree (0, +) and the differential is bidegree (1, +).

3.3. The minimal twist. Fix a supercharge Q € S satisfying Q> = 0 that is in the lowest
stratum of the nilpotence variety. Such a supercharge has a six-dimensional image in the space
of (complexified) translations on R'! and defines the minimal twist of eleven-dimensional super-
symmetry [SW21]. We characterize the cohomology of the algebra m2brane with respect to this
supercharge.

QQ defines a maximal isotropic subspace L < V. In turn, we will decompose the super Poincaré
algebra into s[(L) = sl(5) representations. First, the defining and spinor representations decom-
pose as

(35) V=L®L'®C, S=An"L

In the expression for S, we are omitting factors of det(L)% for simplicity. Also, s0(11,C) decom-
poses as
sL)® AL ALY OLOLY ®C.

Furthermore, the spin representation can be identified with

S=A(L)=COL®A’LD® AL A'L® A°L.
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The element @ lives in the first summand. Let
Stab(Q) = sl(L)® A2LY @ LY < so(11,C)
be the stabilizer of (). This is a parabolic subalgebra whose Levi factor is sl(5).

3.4. -cohomology of m2brane. Any element Q € S satisfying Q% = 0 determines a deforma-
tion of the dg Lie algebra m2brane. To deform d by @ we must break the Z x Z/2 bigrading.
The supercharge @) is odd and of cohomological degree zero. Recall, the original differential on
m2brane is the de Rham differential d which just acts on the summand Q°®(R!)[2] and is even of
cohomological degree +1. Thus, only the totalized Z/2 grading makes the differential d + [Q, —]
homogenous.

Definition 3.2. The Q-twist m2brane® of m2brane is the super dg Lie algebra whose differential
is d + [@, —]. The bracket is unchanged.

Let Q be a minimal supercharge satisfying Q? = 0. We first determine H®(m2brane?) as a
super vector space.

Lemma 3.3. As a Z/2 graded space, the cohomology of the Q-twist m2brane? is
(36) L ®Stab(Q) ®II (A’LY)&®C

whose elements we denote by (v, m,v,c).

Proof. The cohomology of the non-centrally extended algebra was computed in [SW21]|, we
briefly recall the result. The element @ only acts nontrivially on the summands A*L and A°L
in S. The image of A*L =~ LY trivializes the antiholomorphic translations while the image of
AP L trivializes the time translation. So, of the translations, only the holomorphic ones, which
live in L, survive. The map

[Q,—]:s0(11,C) — S
is the projection onto A°L @ AL @ A2L. The kernel of [Q, —] is the stabilizer Stab(Q).

In summary, the space of odd translations which survive cohomology is A3L =~ A2LY: two
such elements bracket to a holomorphic translation by taking the wedge product to get an
element of ALY =~ L. This completes the calculation of the cohomology. O

The main result of this subsection is the following:

Proposition 3.4. The cohomology of the Q-twist H'(metaneQ) has the following structures:

(1) As a super Lie algebra, H*(m2bvane®) is the natural extension of Stab(Q) together with
the bracket
(37) [, ¢ ]a =¥ A e A'LY = L,
(2) m2brane® is not formal as a super dg Lie algebra. As a super Lo, algebra, the Q-twist

is equivalent to (36) with 2-brackets described in (1) where we additionally introduce the
3-ary bracket

(38) [v,9",9]3 = 4v A V', 1p) € Cp.

It will be useful to list the formulas for the brackets in terms of coordinates. Let {z;} denote a
basis for L, which we will also think of as a linear coordinate on C°. Let {0,,} be a dual basis for
LY, which we will also think of as translation invariant vector fields. The 2-ary bracket above is

[z A 2z, 21 A 21]2 = €ijkim Oz,

and the 3-ary bracket is o o
[0z, 02y, 2k A 243 = 4(61.0) — 6,67,).
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3.4.1. One way to prove the proposition above is to use homotopy transfer directly to m2brane®,
just as we did in the proof of Theorem 2.1 to deduce the form of the 3-ary bracket. Instead, we will
use the following minimal model for m2brane? to prove Proposition 3.4. This minimal model
also has the advantage of being more directly related to the eleven-dimensional supergravity
theory.

Lemma 3.5. Let g denote the following Z/2 graded dg Lie algebra which as a cochain complex
18

H* (m2brane?) @ (LY 5 TILY).

Denote the elements of the second summand by (A, X) The Lie structure extends the one on
H*(m2brane®?) described in (1) of Proposition 3./ together with the brackets

[v,A\] = (v, \)eCy
[v, 9] = (v, ) € HL%\/

There is an Ly map

g o m2brane®

which is a quasi-isomorphism of cochain complexes.

Proof. We embed g into m2brane® in the following way: Stab(Q) and L sit inside in the evident
way. The central element maps to ¢ +— —1 € QY(R!!). The summand L) is mapped to the
linear functions in Q°(R™) and IILj is sent to the constant coefficient one-forms in IIQ!(R').
It remains to define where 1) € A%2L is mapped.

Notice that, at least naively, v € A2L is not Q-closed due to the presence of the central
extension. To embed A?L we introduce the operator

H: *(RY) — 'R,
which sends a two-form « to the one-form He defined by the formula (Ha)(z) = [ o where we
integrate over a straight line path from 0 to x.
Notice that if a is d-closed then d(Ha) = «. It follows that any element 1) € A%2L < S can
be lifted to a closed element at the cochain level in m2brane® by the formula
b =1 — HT,2(Q, ) € IS @ TN
Thus, sending v — QZ defines a cochain map g — m2brane®.

The Lie bracket [1;, 1;’] agrees with [¢,7]. On the other hand, in m2brane® there is the Lie
bracket

~,

[an] = _LU(HF/\Q(Qﬂ/])) = _<U71—‘/\2(Q7¢)> - d<U’HFA2(Q7¢)>'

The first term agrees with the bracket [v,1]y in g. The other term is exact in m2brane? and
can hence be corrected by the following bilinear

VY <U, HF/\Q(Q7¢)> € L.

Together with the cochain map described above, this bilinear term prescribes the desired Lo,
map.

O
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3.4.2.  We now proceed to the proof of proposition 3.4.

Proof of Proposition 3.4. Using the model g, the first part of Proposition 3.4 follows immediately.
We deduce the second part using homotopy transfer.

Recall that we described the cohomology of m2brane? in (36). Let & denote the differential
on g which simply maps IIL to L by the identity map. We produce the homotopy data

(39) K (0.8) & (H*(m2brane?)., 0).

as follows.

e The operator K annihilates H*(m2brane?) and is the identity map K : HL; — L.
e The map ¢ is the identity on H*(m2brane®) and annihilates the summand L — IIL.
e The map i embeds H*(m2brane?) in the obvious way.

It is immediate to verify this data prescribes valid homotopy data. There is only a single
term in the Lo, structure generated by homotopy transfer. It is determined by the following tree
diagram

K
i(¥) q
(40) Z(U)
together with a similar diagram with the v and v’ reversed. It is an immediate calculation to
show that these trees recover the formula in (2) of Proposition 3.4. O

3.5. Embedding supersymmetry into the eleven-dimensional theory. Consider now the
super Ly algebra £ underlying the eleven-dimensional theory on C® x R.

Proposition 3.6. Endow the cohomology of m2brane® with the Lo, structure of Proposition 3./
and let £(C® x R) be the super Lo, algebra underlying eleven-dimensional supergravity on C° x R.
There is a map of super Lo, algebras

H*(m2brane®?) v £(C5 x R)
In particular, the Q-twisted algebra m2brane® is a symmetry of eleven-dimensional theory on

C5 x R.

Proof. Recall that the cohomology of m2brane? takes the following form

even odd even
LY (A2LY)q L
(41)
(/\2LV )1
sl(5) Cp

The lefthand column is Stab(Q). The subscripts are used to distinguish between the two copies
of A2LY.
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The Lo map from the dg Lie model g to the fields of the twisted eleven-dimensional su-
pergravity theory has a linear piece ®1) and a quadratic piece 2. Define the linear map
dM): g — £ as follows:

LY —0
ALY — 0

1 ~

zi A 2j € APLY — §(zidzj — z;dz;) e QM(CYHR®N(R)
Ai]’ € 5[(5) — Z Aijziﬁzj S PVI’O(CS) @QO(R)
tj
0., € L — 0, e PVH(CP) ®Q(RY)
1eCy—1eQ"(CHR®R).
It is immediate to check that this is a map of cochain complexes, since all elements in the
image of this map lie in the kernel of the linearized BRST operator (27).

This map also preserves the bracket between odd elements in A2LY. In the cohomology of
m2brane® we have the bracket

[z A zj, 21 A 21] = €ijkim Oz, -
On the other hand, the cubic term in the action J = % € v0y0~ induces a bracket on £(C® xR)
given by

[y, 7] =@y~ dy) v Q.
The map is easily seen to intertwine the two brackets.

This map does not preserve all of the brackets, however. Indeed, in the eleven-dimensional
theory £(C® x R) there is the bracket

[azi, zjdzk - deZj] = (5;de - 5;;de
arising from the cubic term in % I ﬁ;ﬂ@fy. To remedy the failure for ®1) to preserve the
brackets, we introduce the odd bilinear map ®®: g® g — IIL defined by
1 .
(42) P (0,2 A 2) = 5 (02 — 0.25).
Notice that the field on the right hand side is of type 5.

The bilinear map ®® provides a homotopy trivialization for the failure for ®) to preserve
the 2-ary bracket:

[01)(0.,), 8D (2 A 2)] = 08P (02,2 A 1)
The lefthand side is %(5§dzk — 61 dz;) which is precisely the de Rham differential applied to (42).

To define an L, morphism ®1) + @) must satisfy additional higher relations. There is a
single nontrivial cubic relation to verify:

(43) @MW [0.,, 0., 21 A 2], = [©1)(2,,), 21 (0.,), 8 (21, A 21)]3
+ 02, @D(0,;, 21 A 21)] + [02;, P (01, 20 A 21)]

where [—]3 on the left hand side is the 3-ary bracket defined in Proposition 3.4 and [—]3 on the
right hand side is the 3-ary bracket defined by the quartic part of the action %fﬁ/ﬂ v 0.
The two terms in the second line of (43) cancel for symmetry reasons and the quartic term in
the BV action induces precisely the correct 3-ary bracket.

O
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3.5.1.  From the previous proposition we can readily compare the super L, algebra H*® (m2btaneQ)
with the global symmetry algebra of our theory.

Corollary 3.7. There is a map of super Ly algebras

—_

H*(m2brane®) — E(5,10),

—_—

where E(5,10) is a central extension of E(5,10) by the cocycle (33).

Proof. Because this map preserves differentials, it descends to a map in cohomology. We have
already computed the cohomology of £ on C® x R; it is the trivial one-dimensional central
extension of E(5,10). The Lie algebra structure present in the cohomology of m2brane® is
described in part (1) of Proposition 3.4. The map

L ®Stab(Q) @11 (A*L) ® C, — E(5,10) ® Cy
is defined by very similar formulas as above

LY —0
ALY — 0
2 A 2j € APLy — dz; A dz; € Q3(CP)

Aij € 5[(5) — Z Aijziazj € VeCto(CB)
ij
0., € L — 0., € Vecto(C®)
be Cb —be Cb"

The relationship between the transferred L, structures can be described as follows. Recall
that the linear BRST cohomology of the parity shift of the fields of the eleven-dimensional theory
is equivalent to the super Lo, algebra F(5,10). Also, we described the Ly, structure present in
the cohomology of m2btane® in part (2) of Proposition 3.4. Each of these L, structure involved
introducing a single new 3-ary bracket, which are easily seen to be compatible. ([

3.5.2. In this short section we compare to another description of the M2 brane algebra given as
a one-dimensional Lo, central extension of the super Poincaré algebra. Such central extensions
were studied in [BH11; SSS09; FSS15]|, following [CDF91]. In these references, the algebra
m2btane is defined as an Lo, central extension of sisoq14.

Recall that given two spinors 1,1’ € S we can form the constant coefficient two-form
T ,2(, ). Using this two-form we can define the following four-linear expression

M2 (wv wla v, Ul) = <1) A ’Ul, F(wv ¢,)>

This expression is symmetric on the spinors and antisymmetric on the vectors, therefore it
defines an element in C*(siso;14). This expression defines a nontrivial class in H*(siso114) so
defines a one dimensional central extension of sisoj;4 as a Lie 3-algebra. Instead of working
with a one-dimensional central extension by C[2], we work with a central extension by the
resolution Q°(R')[2] determined by a cocycle cpra, see §3.2. There is a quasi-isomorphism
C*(sis0114) — C®(sis0114, 2®(R!)) induced by the embedding of constant functions into the full
de Rham complex. The cocycles ps and cpro are cohomologous via a two-step zig-zag in the
double complex C*(siso114, 2°(R1)).
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3.5.3. There is also a one-dimensional L, central extension of the M2 brane algebra correspond-
ing to the M5 brane - in [FSS15] this extension is described by way of a nontrivial seven-cocycle
on m2btane that is not a pullback of a cocycle on siso;14. The Q-twist of the M5 brane extension
does not appear in the fields of the eleven-dimensional theory we study. The distinguished role
of the M2 brane extension is analogous to that played by the F1 extension of twists of type II
supergravities [CLSugra|. In fact the dimensional reduction discussed in section 5.2 intertwines
the two extensions.

The M5 brane extension however, does induce an interesting cocycle on the algebra of %—BPS
operators on a single M5 brane. We leave computation of this induced cocycle to further work.

4. THE NON-MINIMAL TWIST

We have provided numerous consistency checks that the eleven-dimensional theory defined on
a manifold with SU(5) holonomy is a twist of supergravity. We have referred to this theory as
“minimal,” since it renders the minimal number of translations homotopically trivial, or (slightly
improperly) as “holomorphic.” In this section we characterize the unique further twist of eleven-
dimensional supergravity on flat space, as seen through the lens of the holomorphic theory.
This further twist is invariant for the group G x SU(2) and is fully topological along seven
directions, as opposed to just a single direction as in the minimal twist. This is easiest to see by
decomposing the eleven-dimensional spinor as a representation of Spin(4) x Spin(7); from this
perspective, a square-zero element is a rank-one element in the tensor product of a chiral spin
representation of Spin(4) and the spin representation of Spin(7). Elements of the latter fall into
two distinct orbits under the Spin(7) action, the minimal orbit—*Cartan pure spinors”™—and the
generic orbit [Igu70]. The stabilizer of an element of the generic orbit is G, almost by definition.

We will show that the non-minimal twist is equivalent to an interacting theory on C? x R” that
we call “Poisson” Chern—Simons theory, using a direct description of the further twist together
with an indirect cohomological argument. This completes the confirmation of a conjecture in
the literature ([Cosl16]; see also [RY19]); the result was checked at the level of the free theory
in [EH21] by computing the nonminimal twist of the eleven-dimensional multiplet directly at
the component-field level.

In the BV formalism, the theory is Z/2 graded, with fields given by
AeTIN"*(CHRQ (R,
where 11, as always, denotes parity shift. The equations of motion are of the form
0A +dgr A+ 0,,A A 0,,A=0.

The action functional depends on the holomorphic symplectic structure on C? through the
Poisson bracket on the algebra of holomorphic functions. We give a precise definition below.

The main result of this section is the following.

Theorem 4.1. The non-minimal twist of the eleven-dimensional theory is equivalent to Poisson
Chern—Simons theory on
C2 x R'.

From the point of view of the untwisted theory, the non-minimal twist is defined by working
in a background where the fermionic ghost in the physical theory is equal to a supertranslation
of the form

Q + Qnm

where (@ is the supertranslation which defines the minimal twist, see §3.3. The minimal twist of
supergravity is obtained by setting a fermionic ghost equal to Q.

26



In the language of the minimal twist, the supercharge Q,,,, determines a square-zero element
in the Q-cohomology of the original supersymmetry algebra (which we will denote by the same
letter). The characterization of this cohomology in Proposition 3.4 implies that Q. is an
element

Qum € A2 (LY)
where L =~ C® is the defining SU(5) representation. In other words, @ is a translation invariant
holomorphic two-form on C°. The condition that [Qm, Qnm] = 0 simply says that Qum A Qum =
0 as a translation invariant four-form on C°. By a linear change of coordinates, all such two-forms
Q are of the form Qpy, = dz; A dzj whered,j =1,...,5.

From hereon in this section we will rename coordinates by
C°xR=CZ xC} xR
which is most natural from the point of view of the non-minimal twist. We will fix the non-
minimal supercharge
Qnm = le N dZQ.

Notice that this choice of supercharge breaks the holonomy of the eleven-dimensional theory

from SU(5) to SU(2) x SU(3).

4.1. Index matching. As a first consistency check, we can compare deformation invariants
attached to the holomorphic twist and the nonminimal twist. We will find that the local character
of the latter agrees with a specialization of the local character computed in §1.5

Proposition 4.2. The local character of the nonminimal twist of eleven-dimensional supergrav-
ity on flat space is given by
1
H 1 — g mtnz’

(n1 ,TLQ)EZZZO

This agrees with the specializaiton of the local character computed in proposition 1.5.

Proof. The space of solutions to linearized equations of motion is parametrized by a holomorphic
function A on Cfuj. The corresponding linear local operators are labeled by (ni,n2) € ZQZO and

are given by
w1 Ywa

A(nl,ng) : A L 8"1 8"%4(0)
The character of the linear span of these is given by the geometric series
(44) Z q*nl +n2
(n1,n2)€22>o
with plethystic exponential given by

1
[l

(n1 ,ng)EZ;O

For the last part, it suffices to observe the specialization at the level of single particle indices.
A natural choice of fugacities for SU(2) x SU(3) is given in terms of the fugacities ¢; for SU(5)
chosen in §1.5 by requiring the additional constraints

q192 = 1, q3qaq5 = 1.

After imposing the above constraints, the single particle index (25) is

(@) :
1ngq) = —
(1-q)1—q7")
where ¢ = q1 = q; ! This is exactly the sum of the geometric series (44). O

27



4.2. The non-minimal global symmetry algebra. We constructed an embedding of the
QQ-cohomology of the supersymmetry algebra into the fields of our eleven-dimensional theory on
C5 x R. The further twist is obtained by working in a background where a certain field on C® x R
takes nonzero value @Qy,,. Explicitly, the element Q,,,, € A%L corresponds to the image under o
of a y-field of type Q19(C%) ® Q°(R). According to the embedding in §3.5 this is the y-field

1
(45) Ym = 5(210132 — z22dz) € QM(C°) @ Q°(R)

Notice that 0vum = dz1 A dzo as desired.

4.2.1. Before proceeding to the proof of the theorem above, we perform a simple calculation of
the global symmetry algebra present in the Q,,-twisted theory.

Recall that up to a copy of constant functions, the global symmetry algebra of the holomorphic
twist of the eleven-dimensional theory is the super Lie algebra F(5,10). From this point of view,
the global symmetry algebra of the Q,,,-twisted theory is given by deformation of this super
Lie algebra by the Maurer—Cartan element

dz; A dzy € Q%(CP).

We recall that the space of closed two-forms on C° is precisely the odd part of the super Lie
algebra F(5,10).

We compute the cohomology of E(5,10) with respect to the differential which is bracket-
ing with this Maurer—Cartan element. Recall that we are using the holomorphic coordinates
(21, 22, w1, wa,w3) on C°.

There are the following brackets in the super Lie algebra E(5,10)
[f102,,dz1 A dzg] = 0f; Adzj — Of; A dz;
(900w, dz1 A dza] =0
[h“bdwa A dwy,dz1 A dze] = eabch“b&wc.
where f10.,, gaOw, are divergence-free vector fields on C® and h®dw, A dwy is a closed two-form.

From these relations, we see that the following elements are in the kernel of [dz; A dzg, —]:

(2, wq)dz1 A dzy for f a holomorphic function on C?.
(23)0z + g(2;)0, for holomorphic functions f, g on C,, x C,, which satisfy
Oun [+ 02,9 =0.

In other words, this is a divergence-free vector field on C,, x C,,.
o f3(2i,Wa)0u, for f, a holomorphic function on C5 where b = 1,2, 3.

o f
o f

It is immediate to check that these are the only nonzero elements in the kernel. Further, any
element of the first type is clearly exact and any element of the last type is clearly exact by the
closed two-form e“kim fdwdw,.

Thus, the cohomology is the (purely bosonic) Lie algebra of divergence-free vector fields on
C2=C; xC;
H*(E(5,10), [dz1 A dz9, —]) ~ Vecto(C?).

We proved in Theorem 2.1 that the global symmetry algebra of the eleven-dimensional theory
on C5 x R is equivalent to a central extension E(5,10) of the super Lie algebra F(5,10).

The Lie algebra of divergence-free vector fields on C? also admits a central extension:

(46) 0 — C — O(C?%) — Vecto(C?) — 0

28



where O(C?) is equipped with the Poisson bracket with respect to the symplectic form dz; A dzs.
These two central extension are compatible.

Proposition 4.3. Let E(/5_,TO) be the central extension of E(5,10) which is equivalent to the
global symmetry algebra of the eleven-dimensional theory on C° x R. Then there is an isomor-
phism of Lie algebras

H*(E(5,10),[dz1 A dz2,—]) ~ O(C?).

Proof. The only thing to check is that, in cohomology, the cocycle defining the central extension
of E(5,10) is the cocycle exhibiting O(C?) as the central extension of divergence-free vector
fields. Recall that the formula (33) for the cocycle is

o, ', ) = A ', o) —o.

In cohomology, we obtain the cocycle for divergence-free vector fields by plugging in o =
dz1 A dzp. This gives the cocycle on Vectq(C?)

(fi02,9j0z;) = (fig2 — fag1)(z1 = 22 = 0).
This is the cocycle defining (46), as desired. O

This proposition implies that the global symmetry algebra of the non-minimal twist of eleven-
dimensional supergravity is the Lie algebra O(C?). We will see that this is compatible with the
calculation of the non-minimal twist of the full BV theory.

4.3. The non-minimal twist of the eleven-dimensional theory. Now, we turn to deducing
the action functional of the non-minimal twist and hence the proof of Theorem 4.1. We will
show that the eleven-dimensional theory on C% x R placed in the background where the (1,0)
component of -y takes the value v,,, (45) is equivalent to a theory with a purely Chern—Simons-
like action functional that we referred to in the introduction to this section.

Poisson Chern—Simons theory is defined on any manifold of the form
Z x M

where Z is a hyper Kéhler surface and M is a smooth manifold of real dimension seven. The
fundamental field of the theory is

a e TIN"*(Z) ® Q°(M).
Just in our original eleven-dimensional theory, this theory is also only Z/2 graded.
The holomorphic symplectic form w%’o on Z induces a Poisson bracket define on all Dolbeault

forms Q%*(Z) which we denote by {—, —},5. In local Darboux coordinates (21, 22), this bracket
reads

{a!(2,2)dz1, ' (2,2)dZ1}pp = (0,00 0y’ £ 0,0 0,07 )dZ; A dZ5.

The action functional of Poisson Chern—Simons theory is

1 1
(47) 3 J (a A da) Aw%OJré J a A {a,alpy AWy’
ZxM ZxM
where {—, —} is the Poisson bracket induced from the symplectic form wz on Z.

For simplicity, we will work only on flat space C% x R = C? x (C3 x R), where we view Z = C?
as a hyper Kihler manifold with its standard holomorphic symplectic form w?? = d?z.

We will decompose the fields according to these coordinates.
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Proof of Theorem 4.1. Decompose the u-field as u = u, + ptyy where
f1, € PV (CH @ PVY*(C3) ® Q°(R)
tw € PV (CH@PVH(C3 ) ® Q°(R).

and similarly v = 7, + 7,. We will also use the notation 0% for the holomorphic de Rham
differential along C2 and similarly 0% for the holomorphic de Rham differential along C3 .

To twist, we expand near the background where the field 7, takes value 7y, as in (45). This
will generate new kinetic and interacting terms.

There are two types of interactions in the original theory. The first is

(48) % J % (07 v p?) A (d%2 A dPw)
C2xC3xR
and the second is
(49) % J ~OY 0.
C2xC3xR

Expanding (48) around the background where v takes value v, we obtain,

1 1 1
(50) J (28“’%, V2 4 Py Vs + 0V v ppts + 582% v uﬁ) A (%2 A dPw)

1—-v
+ 1J ! (A®2 v p2) A (d%2 A dPw).
2)1-v ?
We similarly expand (49),
1 z z w z w w 1 w
6D g | 0t 4 w0 + 20000 + 5 [ Gud) n s

The new terms in the non-minimally twisted linearized BRST differential arise from the
quadratic terms in the action in Equations (50) and (51):

1 1
(52) 3 J(d2z v i) A (d2z A dBw) + B J (Yo A 0¥ A d2z.
The non-minimally twisted linear BRST complex thus takes the form
PV, ®PV)y
\66

0,0 5 0,0
PV R PV

(53)
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Here, we write Z = C2 and X = C3, for notational simplicity.

Here, the dashed arrow along the outside of the diagram corresponds to the BV antibracket
with the first term in (52). It is given by the isomorphism

QL 0 2B pyle g pyle

induced holomorphic symplectic form on Z. The other dashed arrow corresponds to the BV
antibracket with the second term in (52). It is given by the composition

0,0 5 1, 1®6 0,e 2,0 1R0 0,0 & 1,0
07" @Qy 0y ®QW —% PV, ®PVy;
given by applying the holomorphic de Rham operator along X followed by contracting with the
inverse holomorphic volume form along X.

We replace this linear BRST complex, up to quasi-isomorphism, with a smaller BRST com-
plex. Consider the complex

(54) QRN RO = @;_QY R0k &0

which is equipped with the differential 6 + 0" + 0¥ + dg. Write a = a® + - -- + o for a field in
this complex, using the decomposition on the right hand side. The full Poisson Chern—Simons
action Spcg equips this complex with the structure of a dg Lie algebra.

Define the following non-linear map of BRST complexes from (54) to the twisted theory (53).
It is defined by the equations

(55) pz = (1 —a%)(0z A 0sy) v 07Q°,  fiy = (Ouy A Oy A Ouy) v 02, v =0
/BZOZO, rYw:ala ’YZZO

In the above equation we have introduced the notation &3 = Q;(l v a3, Notice the only non-
linearity appears in the definition of p,.

The restriction of the kinetic terms [~(d + dr)p + 3(0 + dr)v along (55) is
3

(56) J S 6*(3 + dr)a®~*

k=0

The restriction of the kinetic term | Sdqu along (55) is
(57) Jaoawcﬁ — Jaoazaoaza?’.
Finally, the restriction of the kinetic term  [v0%+y in (51) along (55) is

1
(58) Jalawal.
2
Together, (56)—(58) give the kinetic term in Poisson Chern—Simons theory.

The formulas above show that the linear terms in (55) define a map of linear BRST complexes.
Applying the apparent contracting homotopy, we see that this map is a quasi-isomorphism. We
will show that the full non-linear map intertwines the action functionals up to cohomologically
exact terms, and hence defines an equivalence of BV theories.

We substitute the values for the fields in (55) into the original eleven-dimensional action.
Notice that any terms involving v, can be discarded. Restricting (50) along this map, we obtain
the action functional

(59) ;Jl_l oo 1( )2d22+Ja252a063a1+;J(l—a3)aza062a0.
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Here, &% denotes the element of Q%'@PV‘IA’; @)Q'L corresponding to o? determined by the
Calabi-Yau form d3w. Notice that the very last term is equivalent to the functional —% | a307alo%
since the quadratic part is a total derivative.

There is only one cubic term left in (51) when we substitute the fields according to (55). It is

1
—|ladfa da.
60 5 laz 1az 1
Combining all of these terms, we see that the total action restricted along the map (55) is
L1 121292
(61) Spos(a) + JQI — agawa (a)°d°z

where Spcg is the Poisson Chern-Simons action in (47).

We will show that the term not appearing in Spcs(c) is cohomologically trivial. Consider the
odd local functional

1 1
9 1 2(52)2.

Applying the linearized BRST operator (in the non-minimal twist) this becomes

1 1 N 1 1 ~
2J - ag5741061(042)2 + GJ - 5[301”(&2)042(042)2.

The first term in this expression agrees the term in (61) which is not in Spcs(@).

The latter term (1 — &3)710%(a?)a?(d2)? is of polynomial degree > 4. Since this term has
trivial self BV bracket, it determines a cocycle for the dg Lie algebra underlying Poisson Chern—
Simons theory. Since it is manifestly translation invariant, it arises via descent from a cocycle in
the dg Lie algebra of oo-jets of fields at 0 € C2 x R”. This dg Lie algebra is quasi-isomorphic to
the Lie algebra C[[z1, 22]] equipped with the holomorphic Poisson bracket. (This is the formal
power series version of the Lie algebra from Proposition 4.3.)

There is a weight grading on this Lie algebra, given by declaring \z?“z&mﬂ =n+m; in

turn, this induces a grading on the Gelfand-Fuks Lie algebra cohomology. The weight of the
Gelfand—Fuks class corresponding to our deformation is +2, since no derivatives of z; or zo
appear. Results from [Fuk86] show that there is no cohomology in this weight. As such, the
cocycle must define a trivial deformation of the dg Lie algebra up to equivalence. This completes
the proof that the non-minimal twist is equivalent to Poisson Chern—Simons theory. U

5. DIMENSIONAL REDUCTION AND TEN-DIMENSIONAL SUPERGRAVITY

In this section we demonstrate that our proposal for the action of minimally twisted eleven-
dimensional supergravity agrees with conjectural descriptions of twisted type IIA and type I
supergravities due to Costello and Li.

The original motivation for M-theory was as the strong coupling limit for type ITA string
theory. Roughly, the radius of the M-theory circle plays the role of this coupling constant.
Additionally, at low energies M-theory is expected to be approximated by eleven-dimensional
supergravity in the same way that the low energy limit of type IIA/IIB string theory is type
ITA /TIB supergravity. Combining these two pictures, various checks have been made that the
dimensional reduction of eleven-dimensional supergravity along the M-theory circle is type IIA
supergravity.

Motivated by the topological string, Costello and Li have laid out a series of conjectures for
twists of type IIA/IIB supergravity [CL16] and type I supergravity [CL20]. Their description
was inspired by the model of the open and closed B-model topological string on a Calabi—Yau
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manifold. The open sector is holomorphic Chern—Simons theory [Wit95] and the closed sector is
called Kodaira—Spencer theory [Ber+94|. There are a few different versions of Kodaira—Spencer
theory, but the shared characteristic is that they are all ‘gravitational’ in nature; they describe
fluctuations of the Calabi—Yau structure. From this point of view, Kodaira—Spencer theory is
at the heart of the formulation of the various flavors of twisted ten-dimensional supergravity.

We begin by introducing certain variants of Kodaira—Spencer theory which will feature in the
descriptions of twists of type IIA and type I supergravity.

5.1. Kodaira—Spencer theory. Let X be a Calabi—Yau manifold; for now it can be of arbitrary
complex dimension d. Define

(63) PV (X) = Q% (X, A'Tx).

We will consider the graded space PV**(X) = @; PV (X)[—i — j] where the piece of type
(i,7) sits in degree i + j.

For e@ch fixed i, while we let j vary, the 0 operator defines a cochain complex PVi"(X ) =
(®,;PV"(X)[—j], 0) which provides a resolution for the sheaf of holomorphic polyvector fields
of type ¢. The divergence operator extends to an operator of the form

dq: PVH*(X) —» PViThe(X).

Motivated by the states of the topological B-model, one defines the fields of Kodaira—Spencer
gravity on X to be the cochain complex

(64) (PV**(X)[[ul][2], 7 + udq) .

Here, u is a parameter of cohomological degree +2, which turns (5?3 = 0+ udq into an operator

of homogenous degree +1. We also have performed an overall cohomological shift by 2 so that
uFPV® sits in degree i + j + 2k — 2. More precisely, this is a model for the S'-equivariant
cohomology of the states of the B-model on a closed disk. We refer to [CL20; CL16] for detailed
justification for this ansatz.

5.1.1. The original action for Kodaira—Spencer theory posited by [Ber+94] has a nonlocal ki-
netic term. In the BV formalism, this is codified by stipulating that the BV pairing is a degen-
erate odd Poisson tensor rather than an odd symplectic form. The Poisson kernel is given by
the expression

(aQ ® 1)6ACX><X € [PV.7.(X)] ©2 ’
see |[CL15, §1.4]. Here, we view the d-distribution as a polyvector field using the Calabi-Yau
form. Notice that the shifted Poisson tensor does not involve the parameter u at all. For this

reason, only the duals of a small number of fields pair nontrivially under the resulting odd BV
bracket.

5.1.2.  There is a natural local interaction which equips the complex (5.1.3) with the structure
of Z/2 graded Poisson BV theory. Explicitly, it is given by

(65) Ipcov () = Trx (exp o = Y. Trx (¥
n=0

where Trx @ = [, (® v Q) A Q and where (—) denotes the genus zero Gromov-Witten invariant
with marked points

m—3

MO,m
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This interaction is extremely natural from the point of view of string field theory. Indeed, the
B-model localizes to the space of constant maps into X, which factors as a product of Mg ,, x X.
This is in keeping with finding an interaction that factors as an integral over X times an integral
over Mo .

In [Ber+94] the authors show that the above interaction satisfies the classical master equation.
Moreover, they show that the Lo, structure determined by the above action is equivalent to a
natural dgla structure on the complex of fields with Lie bracket given by the Schouten bracket.
Explicitly, the equivalence is given by the transcendental automorphism

S o [u(exp(S/u) — 1]

where [—]+ denotes projection onto positive powers of w.

5.1.3.  We pointed out in §5.1.1 that the majority of fields pair to zero under the Poisson tensor.
Physically these correspond to closed string fields that do not propogate. In the supergravity
approximation, the fields that survive are those closed string fields that propogate. In terms of
our description of closed string field theory in terms of Kodaira—Spencer theory, this motivates
us to consider the smallest cochain complex containing those fields thathave nonzero pairing
under the Poisson tensor. This is referred to as minimal Kodaira—Spencer theory.

The fields of minimal Kodaira—Spencer theory are given by the subcomplex of

(67) ( P uiPVjv'(X)[2],a+an>.

i+j<d—1
We observe that the original odd Poisson tensor lives in this subcomplex. There is a natural
action functional given by restricting Ipcoy to this space.

5.2. The SU(4) twist of type ITA supergravity. We recall the description of the SU(4)
twist of type ITA supergravity conjectured in [CL16]. In principal, there is also a minimal,
SU(5) invariant, twist of type ITA supergravity but so far no description, even conjecturally,
exists. We turn to this in §5.6.

Let X be a Calabi-Yau manifold of complex dimension four. The Z/2 graded complex of
fields of minimal Kodaira—Spencer theory on X takes the form

- + - +
pvoe
(68) pyle U, pyos

a A
pvZe 2 g pvle 22, 2pyoe

0 0 0
pyde L2, py2e 12, 2pyle 12, 3py0e

Denote this complex by &,,xs(X). Here, u/PV*? is placed in parity k + i — 1 mod 2. The
classical BCOV action Ipcoy follows from the general formula we gave above.

With this in hand the conjecture of [CL16] takes the following form.
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Conjecture 5.1. The SU(4)-invariant twist of type IIA supergravity on R? x C* is the Z/2-
graded Poisson BV theory with fields

(69) a =Y onu" € Engs(CH ®Q°(R?).

The classical interaction takes the form

C4xR2

We will need a more detailed description of the classical action. For the moment, let us
introduce some notations for the fields of this IIA model. As always, we leave the internal
Dolbeault degree implicit:

(70) nePV2(CH®Q(R?), u+uvePVH*(CH®Q (R @uPV®*(CYH®Q*(R?)
e PV3*(CH®Q(R?), oePV>(CH®Q(R?.
We will not need an explicit notation for the remaining descendant fields.
With this notation in hand, we have the more precise form of the action appearing in the

conjecture:

pAT 4.

1 1
NARAOCH+ iTrszszl

1 1
(71) Irra = iTrC‘*xR? 1 p? ATL+ Treayre2 1 —

— UV — VUV

where the --- denotes terms involving higher-order descendants.

5.3. Reduction to ITA supergravity. We now turn back to our eleven-dimensional theory.
The first goal is to compare the dimensional reduction of our eleven-dimensional theory on C® xR
with the SU(4) invariant twist of type IIA on R? x C*. Doing so will require a slight modification
to the description of the SU(4) twist of ITA supergravity recollected in §5.2.

5.3.1.  Recall that in the physical theory, the components of the C-field in eleven dimensions that
are not supported along the M-theory circle become the components of the Ramond—Ramond
2-form of type ITIA. However, as noted in [CL16] components of Ramond-Ramond fields do not
appear as fields in Kodaira—Spencer theory; rather it is components of their field strengths that
appear. We recalled in §1.4 that components of the C-field become components of ~;14 in €.
This suggests that we must modify our description of the twist of type IIA to include potentials
for certain fields.

The fundamental fields of the SU(4) twist of IIA supergravity were given in (69). We modify
the space of fields by introducing potentials for both the II and o fields. First, we introduce a
field v € Q1*(C*) ® Q°*(R?) (not to be confused, yet, with the v field in our eleven-dimensional
theory) which satisfies IT v = 0y where € is the Calabi-Yau form on C*. This condition does
not uniquely fix v. There is a new linear gauge symmetry determined by v — ~ + do8 where
3 is a ghost that we must also introduce. Similarly, we introduce a field § € Q%*(C*) ® Q°(R?)
which satisfies o v = 00, there is no extra gauge symmetry present in this condition.”

7Using the Calabi—Yau form we have normalized the potential fields =, 3,0 to be written as differential forms
instead of polyvector fields.
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In diagrammatic detail, the potential theory we are considering has underlying cochain com-
plex of fields

- +

PVO(CH @ Q*(R?),
1,0 . ud 0,e .
(72) PV (CH) ®Q°(R?), —— uPV**(CH) @ Q*(R?),
U,_IQO’.(C4) ®Q.(R2)[3 ud Ql,o(c4) ® Q.(R2),y

0"+ (CH @ 0*(RY),

The original space of fields of the twist of ITA supergravity on C* x R? was equipped with an
odd Poisson bivector which was degenerate. In other words, it did not define a theory in the
conventional BV formalism. One of the key features of this new complex of fields, after we have
taken these potentials, is that it is equipped with an odd nondegenerate pairing, thus equipping
it with the structure of a theory in the conventional BV formalism.

The pairing is Resu%“ J. g4xR2 a v o where a, o’ are two general fields in this potential theory
on C* x R%. Explicitly, in the description of the fields in (78) the pairing is

Q Q Q
J no + J vy + J vp.
C4xR2 C4xR2 C4xR2

This pairing is compatible with the odd Poisson bracket present in the original theory on C* x R2.

The type ITA action completely determines the action of this theory with potentials. One
simply takes the (71) and replaces all appearances of I with dgy and all appearances of o with
0qf. This yields the interaction of the potential theory

Q Q
~ 1 1 1 1 1
73)  Ija= - ——u?vo — o0 + = N AOYAD
(73)  Irra =5 J T AV OrT J T, AR v a0+ J T, 1N 0 Ay
C4xR2 C4xR2 C4xR2

Notice that the terms involving higher descendants vanishes since these fields are set to zero in
the potential theory.

5.3.2.  We turn to the proof of the main result of this section that the dimensional reduction of
our eleven-dimensional theory agrees with the twist of ITA supergravity just introduced.

We recall the notion of dimensional along a holomorphic direction following [ESW20]. Suppose
that VR is a real vector space and denote by V its complexification. We consider a field theory
defined on M x V', which is holomorphic along V' (in particular, this means that the theory is
translation invariant along V). We consider the dimensional reduction along the projection

(74) M xV — M x Vg

induced by Re: V — VRk. Most relevant for us is the case when V = C and M is C* x R, but the
explicit form of the theory along M is not important at the moment.
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For illustrative purposes, let us first assume that M is a point and that the space of fields is
of the form Q%*(V)® W for W some graded vector space. As properly formulated in [ESW20],
it is shown that the dimensional reduction along V' — Vg is equivalent to the theory whose fields
are Q°(Vr) ® W. In other words, the dimensional reduction of the holomorphic theory on V' is
a topological theory on VR.

If we put M back in, the result is similar. Suppose the original theory is of the form &(M)®
0% (V) ® W. Then, the dimensional reduction along (74) is the theory whose space of fields is

An explicit model for this reduction can be described as follows. Suppose V =~ C" and
place the theory on (C*)*™ < C™. The dimensional reduction along C" — R™ agrees with the
compactification of the theory along S' x --- x S where one throws away all nonzero winding
modes around each circle.

Proposition 5.2. The SU(4) invariant twist of type I[IA on C*xR? is the dimensional reduction
of the eleven-dimensional theory along

C*xCxR; > C*xR, xR, ~C* xR%

Proof. Let us denote the holomorphic coordinate we are reducing along by z5 = = +iy. We first
read off the dimensional reduction of each component field of the eleven-dimensional theory. Per
the above discussion, this is obtained by taking all fields to be independent of y and replacing
dzs by dz. To not confuse the notations of fields in ten and eleven dimensions, we use the
notation aq14 to denote an eleven-dimensional field.

The reductions of the eleven-dimensional fields vq14, 8114 are easy to describe. Recall that
vi1q € PV2*(C°) @ Q°(R).
The reduction of this field is a ten-dimensional v field
v(zi,z,t) = vi1a(zi, ,y = 0,1)|dzs=da -
Similarly, the reduction of 3114 is a ten-dimensional 3 field

B(zi,z,t) = Pria(zi, ,y = 0,1)|azs=da-

The reduction of the eleven-dimensional fields p114 and 7114 require a bit of massaging. We
break the SU(5) symmetry to SU(4) to write

fi11a = K1 + 01140

where
g € PVH(CH @ Q%°(C.) @ 2 (Ry)
0114 € Q% (CH ® Q%*(C..) ® Q°(Ry).

The dimensional reduction of u(l)l 4 is a ten-dimensional p field

M(th T, t) = M?ld(zz'? T,y = 07 t) ’d25:d$'

The dimensional reduction of 8114 is a 6 field

9(2;@'7 z, t) = Qlld(zia €T,y = O> t)|d§5=dac-
Finally, write the eleven-dimensional field 714 as

Yi1d = Y11q + M1adzs
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where
0 le/r4 0, .
Yi1d € 27°(CT) @ 17*(C;) @ 2°(Ry)
na € PV (CH @ Q™*(C) @ Q0 (Ry).
The dimensional reduction of fy?l 4 18 a ten-dimensional v field
Y(zi, 2, 1) = V1azi 2,y = 0, 1) azs=da-

The dimensional reduction of 7114 is an 7 field
T](Zi? x, t) = nlld(ziv xr,Yy = 07 t) ’d§5=d$-

Next, we read off the dimensional reduction of the eleven-dimensional action. Let us first
focus on the term present in BF theory which is IQ ﬁlnd,u%l 4 v 07114- Upon reduction, this
becomes

Q Q

c4 c4
1, 1
C4xR2 C4xR2

Next, consider the cubic term in the eleven-dimensional action J = %fynd A 0Y11d A 0Y11d-
Upon reduction, this becomes

(76) J nAOYA 0.

C4xR2

The sum of the action functionals (75) and (76) does not precisely agree with the ITA action
Ir74. To relate the two actions we must make the following field redefinition:

~ 1 ~ 1
0=——=26, n=(1- = e 0.
0 1=Q0-vn, B=B+1—nn
Notice that this change of coordinates is compatible with the odd symplectic pairing on the
fields. Under this field redefinition the total dimensionally reduced action can be written as

Qca Qca Qca
1 1 . ~ TN
(77) J E,Lﬁ\/é"y—k J :n/\év/\é"y—k J (0Au)v8<1_yn>
C4xR2 C4xR2 C4xR2
Qs
+ J L Ginda
— A .
11— n QU
C4xR2

The first line comes from plugging in the new fields into the interactions (75) and (76). The
second line comes from plugging in the new fields into the kinetic term [ 8dqu, which because
of the non-linear change of coordinates now contributes to the interaction. We observe that the
first two terms agree with the first and third terms in (73).

After integrating by parts, the remaining terms can be written as

Qe Qea
1 ~ 1\~
C4xR2 C4xR2

Applying the identity dq (5u) = gé’gu + 5(5) v i, we see that this agrees exactly with the second
term in (73). O
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5.4. The twist of type I supergravity. We now turn to a different type of redution of the
eleven-dimensional theory, this time involving type I supergravity. We begin by briefly recalling
the description of type I supergravity following [CL20] which was motivated by the unoriented
B-model. In [SW21], the second two authors verified the conjectural description of the space
of fields recalled below using the pure spinor formalism. Unlike type IIA supergravity, there
only exists an SU(5) invariant twist of type I supergravity and it is holomorphic in the maximal
number of dimensions.

Concretely, the space of fields of the SU(5) twist of type I supergravity is a subspace of
minimal Kodaira-Spencer theory on C°. The Z/2 graded space of fields equipped with its linear
BRST operator is

- + — +
PV (CP) 122, PVO*(CP)

(78)

udn udq

PV3*(CF) 7%, yPV2*(CF) 7%, 12PV1e(CF) 2%, 43PV (CH)

Let us give a description of the classical action. Introduce notations for the fields of this type
I model:

(79) w4 ur € PVH(C?) @ uPV%*(C?), oePV3*(CP).
We will not need an explicit notation for the remaining descendant fields.

Conjecture 5.3. The twist of type I supergravity on C° is the Z/2-graded theory with fields
w~+ uv,o as above and with classical action

,uQ\/J—I---'

1
(80) ItypeI = TrC5 1

— UV

where the - - - stands for terms involving the higher descendant fields.
5.4.1. Like in the type IIA discussion, there is a slight modification of the type I model above
which is most directly related to eleven-dimensional supergravity.

This modification involves replacing the field o above by a potential ¥ € Q'*(C®) which
satisfies ) v o0 = 09. This condition does not fix 4 uniquely, there is a gauge symmetry of the
form ¥ — 7 + 0p.

In detail, this potential theory we are considering has underlying cochain complex of fields

— _|_ —

(81) PV1*(CP), 22 PVO*(CH),
L] a L[]
QO’ (C5)5 E— Ql’ (C5)§.
This space of fields is equipped with an odd nondegenerate pairing. Like the eleven-dimensional
theory, it is a classical BV theory in the Z/2-graded sense.

The type I action (80) completely determines the action of this theory with potentials. One
simply takes the action and replaces all appearances of o with Q! v ¢3. This yields the
interaction of the potential theory

Q
(82) Tiype 1 = 3 J :N v 7.
C5
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Notice that the terms involving higher descendants vanishes since these fields are set to zero in
the potential theory.

5.5. Slab compactification. We consider placing twisted eleven-dimensional supergravity on
the manifold C3 x [0,1]. In order to do this, we must choose appropriate boundary conditions at
t =0and t = 1. Our eleven-dimensional theory on such manifolds fits nicely into the formalism
of [BY16; Rab21] in that it is topological in the direction transverse to the boundary.

The phase space of the theory at t =0ort =1 is

- +

(83) PV1*(CP), —22 PVO*(CP),

QO’.<C5),8 _ 9 QL'(C5)7.
The wedge an integrate pairing between the top and bottom lines induces an even symplectic
structure on the phase space. Denote this phase space by €, for the moment.

The phase space is equipped with the restriction of the linear BRST operator of the full eleven-
dimensional theory. There is also a non linear BRST operator, just like in the bulk theory. The
BV action induces a Lo, structure on the parity shift II€, whose cohomology is still a trivial
central extension of E(5,10).

A boundary condition is given by a Lagrangian subspace of £ with respect to this even
symplectic structure. To make sense of the theory on C% x [0, 1] we must make the choice of two
separate boundary conditions

Mi=g, Mi=1 < &,.

Moreover, these boundary conditions carry non linear BRST operators endowing their parity
shifts IIM;—g, [IM;—1 with the structures of Lo, algebras. These Lo, structures must be com-
patible with the one on the phase space. In fact, in our context these boundary conditions are
abstractly isomorphic. We will explain the explicit boundary conditions momentarily.

An important thing to note is that the fields of the theory compactified on the slab is computed
by the derived intersection of the two Lagrangians:

L
Mi—g x Mi=1.
&

To compute this derived intersection we must suitably resolve the boundary conditions.

5.5.1. At t = 0, the boundary condition of the eleven-dimensional theory is determined by
declaring

M=o Ylt=0 = Bli=0 = 0.
We will place the theory on C% x [0,1] by imposing the same boundary condition at t = 1:
Miz1: v|t=1 = Bli=1 = 0.

Proposition 5.4. With these boundary conditions for the classical eleven-dimensional theory
on C5 x [0,1], the dimensional reduction along

C® x [0,1] — C°

is equivalent to the twist of type I supergravity on C5.
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Proof. Notice that both M;—g and M- are abstractly isomorphic to the complex resolving
divergence-free vector fields

— -

(84) -
PV'*(C5), — PV?*(C%),.

To compute the derived intersection between the two Lagrangians at ¢ = 0 and ¢t = 1 we
replace the Lagrangian morphism M;_g <> £4. Consider the cochain complex M;—g defined by

— + —

PV (CP), —2 PVO*(CY),

QO,- (C5)5 % Ql,o (CS),Y

oy
QO,.(CES)B 0 Ql,o(c5)’~y_

Notice that as a graded vector space, this complex is of the form €5 @ (Q2%* @ IINY*). The Ly
structure on IIM;—¢ extends the one on €5 coming from the bulk BV action. Notice that the
obvious embedding M;—g — M;—¢ is a quasi-isomorphism.

The projection map JV[tZO —» €y factors the original Lagrangian inclusion as
Mt:() —> Jv[t=0 —» 83.
To compute the derived intersection of M;—g and M;—; we can compute the ordinary intersection

of My—o and M,_;.

Let pi—1 and v4—; denote the fields present in the other boundary condition M;—;. The
intersection M;—g x ¢, M;—1 is computed by setting the fields 8,y to zero and p = py—1, v = v4—1.
Thus, we are left with

— + —

(86) PV1#(CP), —22s PVO*(CH),
[ ] a [ ]
00 (CP); —0 Q1e(CP);

This is precisely the underlying cochain complex of fields for the type I model with potentials.
The odd nondegenerate pairing on this complex agrees with the one on this particular potential
theory for the twist of type I supergravity. The Ly, structure on the parity shift of this complex
is compatible with the one induced from the BV action in (82). O

5.6. The SU(5) twist of type ITA supergravity. Thus, given that our eleven-dimensional
theory correctly describes the SU(5)-invariant twist of supergravity on C° x R, to obtain the
SU(5) twist of type ITA supergravity we should reduce along the topological R direction. This
results in a SU(5) invariant, holomorphic, theory on C°.

Let us briefly spell out the fields present in this dimensional reduction. The reduction is
obtained by replacing Q°(R) with its translation invariant subalgebra C[e] = C[dt]. Here, € is an
odd parameter playing the role of the translation invariant one-form d¢ € Q'(R). Equivalently,
we are compactifying the theory along

C’ x S — C°.

The field w114 is replaced by the field
p + ey € TIPVH®(CO)[e].
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Notice that the lowest component of y is odd (just like p114), but the lowest component of ' is
now even. Completely similarly, the remaining fields reduce as v + e/, v + €/, and 8 + ¢f3'.

In summary, the linear complex of fields of the dimensionally reduced theory on C? is

odd even even odd

PVL*(C5), —Z— PVO*(CH),

(87) €Q0*(C%) 5 — 22 Qb (CP).,.

0

ePVH*(CP),, — PVO*(CP),

Q02(C)y — 2 Q1*(CY),.

We can compute the dimensional reduction of the eleven-dimensional action Spro + J in a
similar way to how we have done in the past few sections. We arrive at the action functional
described below.

Conjecture 5.5. The SU(5) twist of type IIA supergravity on C° is equivalent to the theory
whose linear BRST complex of fields is displayed in (87). The full action functional is

(88) J<B'/\51/+6A81/—|—’//\5,u,+’yA8,u’+5’/\(39,u+5A69//)
Cc5

11, 1 1
- - a/ - / 5/ - v 2 P
+J(21_yu vy + o (uap)v Y STo ot vV
C5

1
+2J’y//\67/\0fy.
C5

The first two lines in (88) arise from the reduction of the BF action Spp . The final line
arises from the reduction of J = % | r140v11407114-

5.6.1. The slab compactification of the previous section was one way to implement the S*/Z/2
reduction of the eleven-dimensional theory. We offer another point of view of this S!/Z/2
reduction.

First off, there is the following Z/2 action on the eleven-dimensional theory on C3 x S before
compactifying. We obtain it by the following tensor product of Z/2 actions. First, Z/2 acts on
Q*(S!) by orientation reversing diffeomorphisms. Second, we declare that the eigenvalue of the
Z/2 action on PV%*(CP), for k = 0,1 is +1 and the eigenvalue of the Z/2 action on Q%*(C®) for
k =0,11is —1. This determines a Z/2 action on the full space of fields of the eleven-dimensional
theory.

Upon S! compactification the Z/2 action is easy to describe: p,r both have eigenvalue +1,
i,V both have eigenvalue —1, v, 8 both have eigenvalue —1, and +/, 3/ both have eigenvalue
+1. In particular, we see that the Z/2 fixed points simply pick out the u,v,~, 3 fields; this
comprises the first two lines of (87).

The fields match precisely with the fields in the twist of type I supergravity that we recalled
in §5.4.1 (Under the relabeling 7" <> 4, 8’ <> 3). Furthermore, restricting the action in the above
conjecture agrees precisely with the action of this twisted type I model.
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5.7. Compactification along a CY3. In the first section we saw that the eleven-dimensional
theory can be defined on any manifold that is a product of a Calabi—Yau five-fold with a smooth
oriented one-manifold. In this section, we investigate an important compactification of the
eleven-dimensional theory which involves the Calabi-Yau manifold X x C? where X is a simply
connected compact Calabi—Yau three-fold.

The compactification of the theory along the three-fold X
X xC*xR—-C?xR

yields an effective five-dimensional theory which is holomorphic along C? and topological along
R. Upon compactification, we will find a match with a description of the twist of five-dimensional
minimally supersymmetric supergravity.

Proposition 5.6. The compactification of the eleven-dimensional theory along a Calabi—Yau
three-fold X is equivalent to the twist of five-dimensional N = 1 supergravity with ' (X) — 1
vector multiplets and h*?(X) + 1 hypermultiplets.

5.7.1. We give a conjectural capitulation of the twist of five-dimensional N = 1 supergravity.
Before twisting, a general five-dimensional N = 1 supergravity contains a gravity multiplet cou-
pled to some number of vector and hypermultiplets. The twist of the vector and hypermultiplet
has been computed in [ESW20], and we recall it below. The twist of the gravity multiplet is less
clear. A thorough computation of the twist has yet to appear, though some checks have been
established by Elliott and the last author in [EW21]. We give a description of the twist now,
but leave a detailed computation from first principles to future work.

The gravity multiplet, see [Cad-+95] for instance, consists of a graviton e, a gravitino 1, and
a one-form gauge field Agpqp. After twisting, the graviton and components of the gravitino
decompose into two Dolbeault-de Rham valued fields

o, € T (C?) @ °(R),
whose lowest components both carry odd parity. The one-form gauge field Ay, and the re-
maining components of the gravitino decompose into two more Dolbeault-de Rham valued fields
Agravs Bgrav € I (C?) @ O*(R),

whose lowest components also both carry odd parity.

Conjecture 5.7. The twist of five-dimensional supergravity (with nonzero Chern—Simons term)

with vector multiplets valued in a Lie algebra g and hypermultiplets valued in a representation V
has BV fields

o a,Agray € 0% (C?) ® Q*(R) with conjugate BV fields 7, Byrav,
o AellN%(C?)®N*(R)® g with conjugate BV field B,
e x € Q" (C?H® O (R)®V with conjugate BV field 1.

The action is

Q
(89) J (77504 + Byrav0Agraw + BOA + 1/15)()
C2xR
T 1
+ J (277{(1, a} + Bgrav{a, Agran} + B{o, A} + ¢{ay, X}>
C2xR
1
+ 6 J BgravaBgravﬁBgrav-
C2xR
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5.7.2.  With this description of the twist of five-dimensional supergravity, we turn to the proof
of Proposition 5.6.

First, we set up some notation. Let {2x be the holomorphic volume form on X. To define the
eleven-dimensional theory on X x C? x R we use the Calabi-Yau form Qx A dz; A dz, where
{2;} is a holomorphic coordinate on C2. Let w € Q11 (X) be a fixed Kéhler form on X. For any
k, let H*(X, Q%) denote the cohomology of the primitive elements.

Proof. Consider the eleven-dimensional field v114. Under the equivalence
PVO* (X x C?)@Q°(R) ~ H*(X,0) @ PV**(C?) ® Q°*(R)
=PV (C*) @ Q°(R) @ IQxPV"*(C?) ® O*(R)
the 1114 field decomposes as -
Vg =V + QxV.
Here Qx is the complex conjugate to the holomorphic volume form on X. Notice that the zero
form component of 7 is a field with even parity.

Next, consider the eleven-dimensional field p114. Under the equivalence

NPV (X x CH)@Q°*(R) ~TIH*(X,0) @ PVH*(CH ® Q°(R)

OUH*(X,Tx) ® PV (CH ® 2*(R)

=TIPV*(C*) ® Q°(R) @ QxPV'*(C?*) ® Q°(R)

®H' (X, Tx)®@PV?*(CH®Q°(R)@IIH*(X, Tx) @ PV?*(C?) ® Q°(R)
the field @114 decomposes as

png = p+ Qx Qi
+ ey + [PAq + (Q)}l v wQ)Agmv.

Here, {€'};_1 _p21 is a basis for H'(X, Tx) and {f*},_; _p11_ is a basis for

H*(X,0%). c H}(X,0%) =~ H*(X,Tx).

Notice that the zero form part of i is an even field, the zero form part of x; is an even field, the
zero form part of A, is an odd field, and the zero form part of y,, is an odd field.

The decomposition for the eleven-dimensional fields 7114 and (114 is similar. We record it
here:

Biia = B+ Qxp

Y1d = Y + ﬁXﬁ + eﬂﬂi + faBa +wA Bgrafu-
Here, {e;};—1__p21 is a basis for H?(X, Q%) dual to the basis {e'} under the Serre pairing. Also,
{fata=1, mi_1 is a basis for H'(X,Q%)1 dual to the basis {f}.

To compare most directly to the description of the twist of five-dimensional N = 1 supergravity
we modestly modify the fields. Let 0 be the holomorphic de Rham differential along C?. First,
we introduce a potential for the fields p and fi. Let

a,x € Q" (CH® N (R)

be differential forms satisfying da = p v Qc2 and dx = i v Qcz2. The fields v, U are set to zero.
Dually, we replace the fields «,% their ‘field strengths’, suitably renormalized with respect to
the volume form

n=(d%)" vy, ¢=(d"2)"vare”(C)RR)

The roles of 3, E were as gauge symmetries implementing v — v+ 08 and ¥ — 7 + 55. Since we
are replacing 7,4 by their images under the operator 0, these gauge symmetries are set to zero.

44



In summary, we are left with the following fields
o, Agray € TIQ"*(C*) @ Q°(R), 7, Byraw € I1Q%°(C?*) ® Q°(R)

uXi € Q(CHRQ(R), ¢t e QU(C?)RN(R), i=1,...,h%!
A, e OO (C?)®Q*(R), B* e HA*C)RQ(R), a=1,...,hH —1.

Let us plug these fields in to the eleven-dimensional action. First, consider the BF term
% IQ ﬁ :“%1 gY11d- With the field redefinitions above, this decomposes as

Q
(90) J (;6(1 A Oa AN+ 0Agrav A OAgraw A Bgmv>
C2xR
Q
+ J (605/\0)(/\1#4—6@/\6%/\@/}i%—@a/\@AaAB“).
C2xR

This term agrees with the second line in the five-dimensional action (89).

Finally, consider the term in the eleven-dimensional action J(7y114) = % I'Ylld A 0Y11d A 0Y114d-
This induces the five-dimensional Chern—Simons term

1

(91> 6 J Bgrav aBg?"aw aBgrav .

C2xR

This completes the proof. O

5.7.3. In §2.1 we computed the global symmetry algebra of the eleven-dimensional theory on
C® x R and found a close relationship to the exceptional super Lie algebra E(5,10). In this
section we deduce the form of the global symmetry algebra of the five-dimensional compactified
theory on C? x R.

Consider the full de Rham cohomology of X by
H*(X,Q%) = @ ;H'(X,0%).

This is a graded commutative algebra using the wedge product of differential forms. Next,
consider the space of holomorphic functions O(C?) on C2. The Poisson bracket {—, —, } associated
to the standard holomorphic symplectic structure on C? endows O(C?) with the structure of a
Lie algebra. In particular, we can tensor O(C?) with H*(X,(°) to obtain the structure of a
graded Lie algebra on

H*(X,02°)®0(C?).
Let [w] € HY(X, QL) be the class of the Kithler form on X.

The global symmetry algebra of the compactified theory along the Calabi—Yau three-fold X is
equivalent to a deformation of this graded Lie algebra. The deformation introduces the following
Lie bracket

[[Wl® f [w]®g] = [w’]®{f.g} € H**(X, Q%) ® O(C?).
6. TWISTED SUPERGRAVITY ON ADS SPACE
So far, we have mostly given evidence for the eleven-dimensional theory as a twist of super-

gravity in a flat background. We now turn to twisted versions of AdS backgrounds of eleven-
dimensional supergravity.
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In M-theory, AdS backgrounds arise from backreacting some number N of branes. For M2
branes, the backreacted geometry is AdS; x S”. For the M5 branes, the backreacted geometry
is AdS7 X 54.

According to the AdS/CFT correspondence, supergravity on such backgrounds should be dual
to the relevant worldvolume theory in the large-N limit. In this section, we do not directly refer
to the worldvolume theories on the holomorphic twists of the M2 and M5 branes. Rather, we
identify the fields sourcing the branes at the level of the twisted eleven-dimensional theory. In
turn, we give a proposal for the twisted AdS background. We will show that the twist of the
superconformal algebra is a global symmetry of this twisted background.

6.1. Superconformal algebras. The complex form of the algebra of isometries for supergravity
in both the AdSs and AdS7 backgrounds is 0sp(8|2) (though, their real forms differ). This
agrees with the complex form of the 6d N = (2,0) superconformal algebra and the 3d N = 8
superconformal algebra. The bosonic part of this algebra is isomorphic to s0(8) @ sp(2) =
50(8) ®so(5).

The minimal supercharge () acting on eleven-dimensional supersymmetry algebra is an el-
ement of this superconformal algebra. Its Q-cohomology is isomorphic to osp(6]1). (Twisted
superconformal symmetry in six dimensions is studied in detail by the second two authors
in [SW22|.) This super Lie algebra will play the role of the isometries in the twisted AdS
background.

6.2. The AdS; x S7 background. In this section we introduce the analog of the AdS, x S7
background in our conjectural description of the minimal twist of eleven-dimensional supergrav-

1ty.

6.2.1. Decompose the eleven-dimensional manifold C® x R as

Cl xC, xR.

Analogous to before, the AdS, x S7 background arises from backreacting M2 branes. Consider
a stack of N M2 branes wrapping R x C,. A natural interaction to consider is

IM2(V)=NJ’7+"'
C.

which is nonzero only on the component of v in Q!(R)®Q!1(C?). Unlike the case of M5 branes,
the coupling does not involve choosing a primitive for a field strength—it is an electric coupling.
We have only indicated the lowest order coupling, the - -- indicate higher-order couplings which
will be higher order in the fields of the eleven-dimensional theory and explicitly involve the fields
in the worldvolume theory.

This coupling is justified by comparison with the physical theory and by dimensional reduc-
tion. Indeed, as discussed in §1.4, the component of v which participates in the above coupling
is a component of the C-field of eleven dimensional supergravity. Thus, the proposal mirrors
electric couplings of M2 branes in the physical theory, which simply involves integrating the
C-field over the worldvolume of the brane.

Moreover, reducing on a circle transverse to the M2 brane yields the SU(4) twist of type ITA
supergravity on R? x C, x C3 with N D2 branes wrapping R x C,. As is shown in [CL16], an
electric coupling of D2 branes to the SU(4) twist of type ITA supergravity is given by

Ipa(y) = N J vt
RxC,
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where  now denotes the 1-form field of the SU(4) twist of type ITA supergravity. It is immediate
that the pullback of o along the map in the proof of proposition 5.2 recovers Ips.

6.2.2. The backreacted geometry will be given by a solution to the equations of motion upon
deforming the eleven-dimensional action by the interaction Ips(y). Varying the deformed action
with respect to 7y, we obtain the equation of motion

- 1
(92) Op+ 5 lps ] + 0907 = N1 du—.
Here [—, —] is the Schouten bracket. Varying /3, we obtain the equation of motion
(93) = 0.

Lemma 6.1. Let

6 Zi:lwadml .. .d/@\a...dwzl
2mi)* wl®
Then the background where u = N Fyro and v = 0 satisfies the above equations of motion in the
presence of a stack of N M2 branes:

Farp = ( 0.

1
O(NFurz) + 5 [N Fara, NFuo] = NQ 16,0
da(NFy) = 0.

Here we set all components of the field v equal to zero (as well as the fields v, 3).

Proof. Upon specializing v = 0, the last term in the first equation above vanishes. The equation
OF 2 = Q716,,—¢ characterizes the Bochner-Martinelli kernel representing the residue class on
C*\ 0. It is clear that dqFjy2 = 0 and

[Fare, Fare] =0

by simple type reasons. O

6.2.3. To provide evidence for the claim that this is the twisted analog of the AdS geometry,
we will show that the twist of the symmetries present in the physical theory are witnessed in
the twisted theory in this background.

We have recalled that the Q-cohomology of 0sp(8]2) is isomorphic to the super Lie algebra
0sp(6/1). We will define an embedding of osp(6[1) into the eleven-dimensional theory on C?® x
R\{w = 0} which corresponds to the twist of the 3d superconformal algebra. We first focus on
the case where the flux N = 0, for which the embedding can be extended to all of C® x R.

6.2.4. The bosonic part of 0sp(6|1) is the direct sum Lie algebra sl(4) ®sl(2). The Lie algebra
s[(2) represents (holomorphic) conformal transformations in C,, which are inherited from the
natural Mdbius group action on P'(C); the vector fields representing these transformations are
not all divergence-free, and as such must be slightly adjusted. The Lie algebra sl(4) represents
rotations along the plane C2 .

e The bosonic summand s[(2) is mapped to the vector fields:

0 o 1< 0 o 1< )
2ot e =N wpa— Z 2N wee— | e PVH(CP) @ QO(R).
02 0z 4;w ow,’ Z<Zaz 2azzjlw 6wa> €PVIC) ®R)

Notice that these vector fields are divergence-free and reduce to the usual holomorphic con-
formal transformations along w = 0.
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e The bosonic summand s((4) is mapped to four-dimensional rotations:

4
> Babwai ePVIOCH®Q(R), (By) € sl(4).
a,b=1 awb

The odd part of the algebra osp(6[1) is A*W ® R where W is the fundamental s[(4) repre-
sentation and R is the fundamental s[(2) representation. It is natural to split R = C41 @ C_q,
so that the odd part decomposes as

(/\2C4)+1 @ (/\2C4)_1.

e The fermionic summand (A2C*),; consists of the supertranslations. It is mapped to the
fields:

1
g(u)adwb — wpdwgy) € A(CH @A (R), a,b=1,2,3,4.

e The fermionic summand (A2C*)_; consists of the remaining superconformal transformations.
It is mapped to the fields:

1

iz(wadwb — wpdw,) € Q(CHR®Q(R), a,b=1,2,3,4.
Lemma 6.2. These assignments define an embedding of osp(6|1) into the linearized BRST
cohomology of the fields of the eleven-dimensional theory on C° x R. Equivalently, it defines an
embedding

LMD 05)3(6‘1) — E(5, 10).

Proof. The second assertion follows from Theorem 2.1, which shows that, as a super Lie algebra,
the linearized BRST cohomology of the global symmetry algebra of the eleven-dimensional theory
on C° x R is the trivial central extension of E(5,10). Recall that the odd part of E(5,10) is
precisely the module of closed two-forms on C°. To explicitly describe the embedding into
E(5,10) we simply apply the de Rham differential to the last two formulas above. Recall, we are
using the holomorphic coordinates (z,w1,...,ws) on C® where z is the holomorphic coordinate
along the M2 brane.

e The fermionic summand (A2C*);; embeds into closed two-forms as
dwg A dwp, a,b=1,2,3,4.

e The fermionic summand (A2C*)_; embeds into closed two-forms as
1
zdwg A dwy + idz A (wedwy — wpdwy), a,b=1,2,3,4.

O

6.2.5. Next, we turn on N # 0 units of nontrivial flux. Since not all of the fields we wrote
down above commute with the flux N Fyo, they are not compatible with the total differential
6 4 [N Fyro, —] acting on the fields supported on C® x R\{w = 0}. Nevertheless, we have the
following.

Proposition 6.3. There exist N-dependent corrections to the fields defining the embedding of
05p(6]1) summarized above which are closed for the modified BRST differential 6V + [N Fyo, —].
Furthermore, these order N corrections define an embedding of osp(6|1) inside the cohomology
of the fields of eleven-dimensional theory on C> x R\C x R with respect to the differential oM 4+
[N Fpra,—].
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Proof. Let £(C5 x R\{w = 0}) denote the super Ly algebra obtained by parity shifting the fields
of the eleven-dimensional theory. We make the identification

(C® x R)\{w = 0} = (C1\0) x C, x R.

Set F' = Fjro for notational convenience. Recall that we are viewing F' as an element of
PVH3(CA\0) ® Q%0(C,) ® Q°(R). The operator [F, —] acts on the fields according to two types
of maps:

[F,—]: PV®*(CL\0) ® PV?*(C,) ® Q°(R) — PV**T3(C2\0) ® PV7*(C,) ® Q°(R)
[F,=]: ©7*(C,,\0) @ *(C.) ® °(R) — Q"**3(C,,\0) ® 2*(C.) ® 2*(R).

The first page of the spectral sequence is the cohomology with respect to the original linearized
BRST differential §(1). Recall that the linearized BRST differential decomposes as

8 =3+ dr + Oaluw + |-

To compute this page, we use an auxiliary spectral sequence which simply filters by the holo-
morphic form and polyvector field type. This first page of this auxiliary spectral sequence is
simply given by the cohomology with respect to @ + dg. This cohomology is given by

+ I
H*(CH0,T)® H*(C,0) H*(ChN0,0)® H*(C,0)
(94) H*(CH0,0)® H*(C,T)
H*(CN0,0)® H*(C,0) H*(CN0,0)® H*(C,QY)

H*(CN0,Q")Y® H*(C,0)
where T denotes the holomorphic tangent sheaf, Q! denotes the sheaf of holomorphic one-forms,
and O is the sheaf of holomorphic functions.
The cohomology of C is concentrated in degree zero and there is a dense embedding
Clz] — H*(C,T)
for ¥ =0,T, or Q.

For F = 0, T, or Q', the cohomology H*(C*\0,J) is concentrated in degrees 0 and 3. There
are the following dense embeddings

Clwy,...,wy] — HO(C4\0, 0)
Clwi, . .., ws]{0w, } — H(CHO, T)
Clws, ..., wsl{dw;} — H(Ch0, Q)
and
(wy - wy) " Clwyt, ... wp'] — H3(CH0,0)
(wr -+ wg) " Clwy L, .. wi {0, } — H3(CH0,T)
(wy ---wg) " 'Clwy Y, . .. wy  {dw;} — H3(CMN0, Q).

It follows that (up to completion) the cohomology
H*(L(C® x R\{w = 0}),0)
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is the direct sum of H*(L(C® x R),0) with
—~ +

B HY(CN0,0)[2]

H?(CN0, 0)[2]{0w, }

(95) H3(CH0,0)[2]2,

H3(CN0,0)[z] %y H3(CN0,0)[z]dz

(0, 91 [ {duy).

The remaining piece of the original BRST operator is drawn in dotted lines. The first page of
the spectral sequence converging to the cohomology with respect to (V) + [NF, —] is given by
the cohomology of the global symmetry algebra on C® x R, which we computed in §2.1, plus the
cohomology of the above complex with respect to the dotted-line operators. In this description,
the image of the flux F' at this page in the spectral sequence corresponds to the class

[F] = (wy - -wy) 10, € H3(CY0,0)[2]0..

The next page of the spectral sequence is given by computing the cohomology with respect
to the operator [N F, —]. As observed above, this operator maps Dolbeault degree zero elements
to Dolbeault degree three elements. For degree reasons, there are no further differentials and
the spectral sequence collapses after the second page.

The embedding of 0sp(6|1) we wrote down in lemma 6.2 lands in the kernel of the original
BRST operator 6(1). To see that it this embedding can be lifted to the full cohomology we need
to check that any element in the image of the original embedding is annihilated by [N [F], —].
This is a direct calculation. For instance, recall that an element in the image of the odd
summand (A2C?)_; (which corresponds to a superconformal transformation) is of the form
z2wq A dwy = z(wadwy — wpdw,). We have

[[F], 2(wedwy, — wpdwg)]| = (w1 - -wy) T (wedwy — wydwg) = 0

since the class (wy ---w4) ! is in the kernel of the operator given by multiplication by w, for
any a =1,...4. O

6.3. The AdS; x S* background. In this section we introduce the analog of the AdS; x S*
background in our description of the minimal twist of eleven-dimensional supergravity. Decom-
pose the eleven dimensional spacetime as C3 x C2 x R.

6.3.1.  Analogous to the physical theory, the AdS; x S* background in the holomorphic twist
will arise by backreacting M5 branes. To this effect, we begin by discussing how the eleven-
dimensional theory couples to M5 branes. Consider a stack of N M) branes wrapping

{w; =wy =t=0}cC3>xC% xR.
It is natural to consider the nonlocal interaction
IM5=NJ551MVQ+"'
c?
Note that this expression is only nonzero on the component of 1 in PV!'3. We argue that

this coupling is consistent with expectations from the physical theory and from dimensional
reduction.

The twisted field u? is a component of the Hodge star of the G-flux in the physical theory
(§1.4). In the physical theory, M5 branes magnetically couple to the C-field; the coupling
involves choosing a primitive for the Hodge star of the G-flux and integrating it over the M5
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worldvolume. Our twist contains no fields corresponding to components of such a primitive;
hence such a magnetic coupling is reflected in the appearance of d, L

6.3.2. We obtain a deeper justification for this coupling through dimensional reduction to type
ITA supergravity. Reducing on the circle along the directions the M5 branes wrap yields the
SU (4) invariant twist of type IIA supergravity on C* x R? with N D4 branes wrapping C? x R.

In [CL16], it is shown that the magnetic coupling of D4 branes to the SU(4) twist of IIA is
of the form

N J ﬁs_ll,qusz—i--” .
C2xR
Again, we have only explicitly indicated the first-order piece of the coupling.

6.3.3. The backreacted geometry will be given by a solution to the equations of motion upon
deforming the eleven-dimensional action by the interaction Ipss(u).

Varying the potential J, 11, we obtain the following equation of motion involving the field ~:

(96) 007 + 0q <1_1V,u> A 0Y = Ny, —wy=t=0-
Notice that there is an extra derivative compared to the equation of motion arising from varying
the field p. This equation only depends on « through its field strength 0+.
Varying v we obtain the equation of motion
(97) (0 +dr)p + 0vdy = 0.
Again, this only depends on « through its field strength o.

Lemma 6.4. Let
1  widws A dt — wadwy A dt + tdwy A dwsg

d d
(2mi)? (Jwl2 + 227 AR

Fys =

Then, 0y = NFys, =0, and v = 0 satisfies the equations of motion in the presence of a stack
of N M5 branes sourced by the term N Oy, —wy=t=0"

(N Fus) + dr(N Fass) = Nowy —wy=t=0
(NFuys) A (NFys) = 0.

Here, we set all components of the field p equal to zero (as well as the fields v, 3).

Proof. The first equation,
OF + drF = N8y, —wy—t=0,
characterizes the kernel representing IV times the residue class for a four-sphere in
(C?2 x R)\0 ~ S* x R,

That is

J; NF =N

G4
for any four-sphere centered at 0 € C% x R.

The second equation F' A F' = 0 follows by simple type reasons. (]
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6.3.4. To provide evidence for the claim that this is the twisted analog of the AdS geometry,
we will again show that the twist of the symmetries present in the physical theory on AdS7 x S*
appear in the twisted theory on this background.

We have recalled that the Q-cohomology of 0sp(8]2) is isomorphic to the super Lie algebra
0sp(6]1). We will define an embedding of osp(6/1) into the eleven-dimensional theory on C® x
R\{w; = wy =t = 0} which corresponds to the twist of the 6d superconformal algebra.

We first focus on the case where the flux V = 0. In this case the embedding can be extended
to all of C° x R.

Recall that we have chosen coordinates of the form
C°®xR=C3xC% xR,
with 2;,7 = 1,2,3 and wg,a = 1,2. The stack of M5 branes wrap w; = wg =t = 0.

The embedding of the bosonic piece of 0sp(6]|1) can be described as follows. Recall that the
bosonic part of osp(61) is the direct sum Lie algebra

sl(4) D sl(2).

which we write as sl(W) @ sl(R) with W, R complex four, two dimensional complex vector
spaces. The roles of the sl(4) and s[(2) summands are interchanged compared to the case of
the M2 brane. The Lie algebra s[(4) represents (holomorphic) conformal transformations along
the plane C3, again coming from the natural action on P3(C). Since not all such infinitesimal
transformations are divergence-free, the precise vector fields must be adjusted. The Lie algebra
s[(2) represents rotations in C2; the vector fields representing these transformations are auto-
matically divergence-free. In more detail, the embedding of the bosonic piece can be given by
the following explicit formulas.

e The bosonic abelian subalgebra C3 c sl(4) of translations is mapped to the obvious vector
fields

aa e PVH(C)®@Q°(R), i=1,2,3.
Zi

e The bosonic subalgebra sl(3) c sl(4) is mapped to the rotations

AZJ’%% € PVLO(C5) ® QO(R), (A”) € 5[(3)
J

e The bosonic subalgebra C c s[(4) corresponding to rescaling C3 is mapped to the element

i o _3 i O cpy! 2(C% ® Q°(R)
Ziz— — = ), Wam— ’ .
70z 2 A w,
=1 a=1
Notice that this vector field are divergence-free and restricts to the ordinary dilation (Euler
vector field) along w = 0.
e The bosonic subalgebra of sl(4) describing special conformal transformations on C? is mapped
to the elements

3 2
0 0
zj (Z{ Gg 2 Zl w‘“awa> e PVI(CY) @ Q°(R).

Notice that these vector fields are divergence-free and restrict to the ordinary special conformal
transformations along w = 0.
e The bosonic summand s((2) (R-symmetry) is mapped to the triple

wli d 1( &—w26>ePV170(C5)®QO(R).

awg 112 8w1 ’ 5 w 5?1}1 511}2
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The odd part of the algebra osp(6[1) is AW ® R where W is the fundamental s[(4) repre-
sentation and R is the fundamental s[(2) representation. It is natural to split W = L @ C with
L = C3 the fundamental sl(3) = sl(4) representation. Then the odd part decomposes as

LRIR® ANVPLOR=2C*RC2 e A2CP®C.

e The summand L® R consists of the remaining 6d supertranslations. It is mapped to the

fields
zidwg € O(CHRQR), a=1,2, i=1,2,3.

e The summand A%2L® R consists of the remaining 6d superconformal transformations. It
is mapped to the fields

1
iwa(zidzj — 2;dz) e QN CH®R), a=1,2, k=1,23.

Lemma 6.5. These assignments define an embedding of osp(6|1) into the linearized BRST
cohomology of the fields of the eleven-dimensional theory on C° x R. Equivalently, it defines an
embedding

inms: 0sp(6]1) — E(5,10).

Proof. To explicitly describe the embedding into E(5,10) we simply apply the de Rham dif-
ferential to the last two formulas above. Recall, we are using the holomorphic coordinates
(21, 22, 23, w1, w2) on C® where z; are the holomorphic coordinates along the M5 brane.

e The fermionic summand L ® R embeds into closed two-forms as
dz; Adwg, 1=1,2,3, a=1,2.
e The fermionic summand A2L ® R embeds into closed two-forms as

1
wedz; A dzj + idwa A (zidzj — 2z5dz), 4,5 =1,2,3, a=1,2.

O

6.3.5. Next, we turn on N # 0 units of nontrivial flux. Since not all of the fields we wrote
down above commute with the flux NF', they are not compatible with the total differential
6 4 [NF, -] acting on the fields supported on C® x R\{w; = ws = t = 0}. Nevertheless, we
have the following.

Proposition 6.6. There exist N-dependent corrections to the embedding iy5 which are compat-
ible with the modified BRST differential V) + [N Fyrs, —]. Furthermore, these N -dependent cor-
rections define an embedding of 0sp(6|1) inside the cohomology of the fields of eleven-dimensional
theory on C® x R\C x R with respect to the differential 6") + [N Fys, —].

6.3.6. The proof of the above proposition follows from another indirect cohomological argument.
Before getting to the proof, we introduce the relevant cohomology.
The eleven-dimensional theory is built from fields which live in the tensor product of complexes
Q% (CO @ (R).

More precisely, this is where the fields g and v live. The p and v fields live in versions of
this complex where we take Dolbeault forms with coefficients in the holomorphic tangent and
cotangent bundles, respectively.

Another way to think about this complex is to first consider the full de Rham complex
Q*(C® x R), which includes both holomorphic and anti-holomorphic forms in the C® direction.
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The dg algebra of all de Rham forms on C® x R has an ideal generated by the holomorphic one
forms {dz;}i—1,.. 5. There is an isomorphism of dg algebras

Q" (C)®N°(R) = Q°(C® x R) /(dz1,...,dzs).

The advantage of this presentation is that we can define a complex associated to more general
manifolds that are not products of a complex manifold with a smooth manifold.®

For the M5 brane, it was convenient to rename the holomorphic coordinates on C® to 21, 29, 23, w1, Wa.
At the twisted level, the geometry arising from backreacting M5 branes is based on the manifold

C®> x R\C? = C? x (C2 x R\0).

The B and v fields of the eleven-dimensional theory on this submanifold of C® x R live in the
complex

Q° <C5 X R\C3> /(dzy, dzg, dzs, dwy, dws).

The p and ~ fields live in similar complexes, where we introduce a (trivial) vector bundle on
C® x R\C3.

Since the C3 wraps w; = wy = t = 0 we can apply a version of the Kiinneth formula to
identify this complex with

Q" (C® <Q (CZ, x R\0) /(dwl,dwg)).

The cohomology of the Dolbeault complex of C? is easy to compute. The cohomology of
the bit in parentheses is concentrated in degrees zero and two. In degree zero, there is a dense
embedding

Clwy, wq] — H° <Q (CZ xR\0) / (dwl,de))
In degree two, there is a dense embedding

w

wi twy ' Clwy, we] > H? <Q' (CZ x R\0) / (dwy, dw2)>.

It will be useful to explain this last embedding in more detail. Consider the homogenous
element w; 1w5 ! This represents the class of the Dolbeault-de Rham two-form

widws A dt — wedwy A dt + tdw; A dws

(fw] + ¢2)5/2 '
Notice that, if we wedge with the volume form dw;dws, this is the unit flux (N = 1) introduced
in Lemma 6.4. The homogenous element w; "_1w2_ m=1 represents the class of the holomorphic

derivatives 0, 0y, applied to this two-form.

Observe that, when restricted to C> x R\C?, the holomorphic tangent bundle along C? is still
trivializable.

6.3.7. Let’s turn to the proof of Proposition 6.6. We proceed completely analogously to the
case of backreacted M2 branes as in the proof of Proposition 6.3.

Proof of Proposition 6.6. Let £(C® x R\{w; = wy = t = 0}) denote the super L., algebra
obtained by parity shifting the fields of the eleven-dimensional theory on C% x R\{w; = wy =
t = 0}.

8More generally, we are describing the cohomology of a manifold equipped with a topological holomorphic
foliation.
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There is a spectral sequence which converges to the cohomology of the fields with respect
to the deformed linear BRST differential §() + [N F)s5, —] whose first page is the cohomology
with respect to the original linearized BRST differential 6(!). Recall that the linearized BRST
differential decomposes as

8 =3+ dr + Galuy + gy
To compute this page, we use an auxiliary spectral sequence which simply filters by the holo-
morphic form and polyvector field type. This first page of this auxiliary spectral sequence is
simply given by the cohomology of the fields supported on

C® x R\{w; = wy =t = 0} = C? x (C x R\0)

w

with respect to 0 + dgr.

To compute this cohomology we follow the discussion in §6.3.6. Just as in the case of the
M2 brane, we see that the ¢ + dr cohomology is (up to completions) is the direct sum of the
cohomology on flat space H®*(L(C® x R),0) with

+ _
witwy Cloy ' wy Moz zalton) s w ey Ol wy [, 22,7
(98) wflw;1C[wf1,w;1][21, 22, 23]{0z, } S
wi twy 1Clwy Y, wy M [21, 22, 23] | 9oy wi twy 1Clwy Y, wy M [21, 22, 23]{dzi}
s

wl_le_IC[wl_lv w2_1] [Zh 22, 23]{dwl}

Recall that the flux F' was defined as the image under @ of some 7-type field. Therefore, the
class [F'] does not live inside this page of the spectral sequence, but the operator [[F], —] does act
on this page nevertheless. For instance, if f*(z,w)dz; is a one-form living in H°(C?, Q)@ H(R),
then ‘ ‘

[LF, £z, w)dz] = ey w0, (2, 0)2,

which is an element in

Clwy ™, wy M[z1, 22, 231{0:,} = H°(C?, T) @ H?(Q*(C* x R\0)/(dwy, dws)).

The first page of the spectral sequence converging to the cohomology with respect to (1) +
[N F, —] is given by the cohomology of the global symmetry algebra on C3 xR, which we computed
in §2.1, plus the cohomology with respect to the dotted-line operators in (98).

The next page of the spectral sequence is given by computing the cohomology with respect
to the operator [NF,—]. This operator maps Dolbeault-de Rham degree zero elements to
Dolbeault-de Rham degree two elements. For degree reasons, there are no further differentials
and the spectral sequence collapses after the second page.

The embedding of osp(6]/1) for N = 0 lives in the kernel of the original BRST operator
M. To see that it this embedding can be lifted to the full cohomology we need to check
that any element in the image of the original embedding is annihilated by [N [F], —]. This is
a direct calculation. For instance, recall that an element in the image of the odd summand
AL ® R = A2C3 ® C2 (which corresponds to a superconformal transformation) is of the form
we(zidzj — 2;dz;), a = 1,2,4,5 = 1,2,3. We have

[[F], wa(zidzj — z;dz)]| = 2¢iik(wy twy 1) - weds, =0

1 1

since the class w; “ws, * is in the kernel of the operator given by multiplication by w, for a = 1, 2.
Verifying that the remaining elements in the image of 7,5 are in the kernel of [[F ], —] is similar.
This completes the proof.
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