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ABSTRACT. We propose a method for extracting the Higgs and Coulomb
branches of a three-dimensional N = 4 quantum field theory from the
algebra of local operators in its holomorphic-topological twist using the
formalism of raviolo vertex algebras. Our construction parallels that of
the chiral ring and twisted chiral ring of an N = 2 superconformal vertex
operator algebra.
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Higgs and Coulomb branches of vacua in three-dimensional N = 4 quan-
tum field theories have been objects of intense physical and mathematical
interest. The Higgs branch My of an ordinary three-dimensional N = 4
theory of gauged hypermultiplets receives no quantum corrections and the
classical answer suffices, cf. [1]: it can be identified with a hyperkdhler
reduction of the hypermultiplet target space [2]. The Coulomb branch
Mc of these theories, on the other hand, is typically quite difficult to an-
alyze due to both perturbative and non-perturbative corrections. Work of
Bravermann-Finkelberg-Nakajima [3, 4], inspired by many earlier physi-
cal analyses, provided the first mathematically precise definition of the
Coulomb branch for a large class of these gauge theories in terms of the
equivariant cohomology of a certain moduli space built from the affine
Grassmannian for (the complexification of) the gauge group. Alternative
constructions in terms of Hilbert schemes of hypertoric varieties, along
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with investigations of the hyperkédhler metrics on these spaces, have since
appeared [5].

Not unlike 2d mirror symmetry, there is a physical duality known as
3d mirror symmetry [6] that relates two three-dimensional N = 4 theories
in a fashion that exchanges these two branches of vacua. This physical
duality has far-reaching mathematical connections to symplectic duality
[7, 8], cf. [9], and the geometric Langlands correspondence [10, 11], to name
a few. See e.g. the recent expository article [12] for a sampling of these
mathematical connections.

These moduli spaces can be extracted from certain topological twists of
the corresponding three-dimensional N = 4 theory. More precisely, the al-
gebras of local operators in these twisted theories describe the rings of holo-
morphic functions (in a choice of complex structure dictated by the twist)
on these hyperkdhler moduli spaces; the Poisson structure arises physically
as a secondary product [13]. The topological A twist, a dimensional reduc-
tion of the 4d Donaldson-Witten twist [14], reproduces C[Mc]. Similarly,
the topological B twist, also called the Rozansky-Witten twist [15] but si-
multeneously studied by Blau-Thompson in the case of pure gauge theory
[16], reproduces C[Mp].

It was proposed by Costello-Gaiotto [17] that many aspects of these twisted
theories, including the Higgs and Coulomb branches [18], could be ex-
tracted from certain vertex operator algebras of boundary operators. These
play a role analogous to that of chiral Wess-Zumino-Witten theory in Chern-
Simons theory [19].

Many aspects of the topological A and B twists of a three-dimensional
N = 4 theory can be accessed more easily by first passing to an intermedi-
ate holomorphic-topological (HT) twist available to any three-dimensional
N > 2 theory, see e.g. [20, 21, 22, 23]. Of particular importance for us is that
the algebra of local operators in the HT twist contains information about
both Higgs and Coulomb branches. Local operators in such an HT-twisted
theory have the structure of a 1-shifted Poisson vertex algebra [24]; see also
[25, 26]. In [27] an equivalent model for these local operators was devel-
oped in terms of the notion of a raviolo vertex algebra. This reformulation of-
fers many parallels with the theory of ordinary vertex algebras and allows
for manipulations of the algebras of local operators in three-dimensional
holomorphic-topological QFT in much the same way as holomorphic field
theories in two dimensions.

A portion of the N = 4 supersymmetry remains after taking the HT twist
and, among many other things, there are nilpotent symmetries that can be
used to deform the HT twist to the fully topological A and B twists. At
the level of local operators, the deformation to the A or B twist is realized
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by introducing a differential, or perhaps deforming the existing one. We
argue in our companion paper [28] that the HT twists of a wide class of
Lagrangian' three-dimensional N > 2 supersymmetric field theories ac-
tually exhibit an enhancement of their global symmetries, including these
residual supersymmetries.

Explicitly, much of the osp(N|4) symmetry of a three-dimensional super-
conformal” field theory is not compatible with the HT-twist and yet other
symmetries become redundant. It is the cohomology of osp(N|4) (with re-
spect to the twisting supercharge Qgr) that naturally acts on the HT twist
of such a theory. This cohomology can be identified with osp(N|2) with
N = N —2,so0the HT twist of such a theories admits a natural action by this
Lie superalgebra. For N = 2, the HT-twisted symmetry is sp(2) = sl(2),
identified with the algebra generated the vector fields 9., zd,, and z29,, and
we find this enhances to all holomorphic vector fields Vect! (C) in the ex-
amples we consider in [28]. For N = 4, the symmetry is osp(2|2) and we
find an enhancement to the positive part of the N = 2 Virasoro algebra.

More generally, we find that for a family of supersymmetric Chern-
Simons theories with N = 2,3,4,5, and 6 supersymmetry this symmetry
of their HT twists enhances to the positive part of the N = 0,1,2,3 and
big® N = 4 Virasoro algebras, respectively. In our examples with N = 8 su-
persymmetry, we find an enhancement from osp(6|2) to the exceptional Lie
superalgebra E(1|6), which can be identified as the positive part of the ex-
ceptional superconformal algebra CKg discovered by Cheng and Kac [32].
The original evidence that E(1]6) should appear as an enhanced symmetry
of the HT twist of a 3d superconformal theory comes from its appearance
as an enhanced symmetry in a twist of the AdS,; geometry obtained by
backreacting M2 branes [33].

Importantly, the raviolo vertex algebras of local operators in the HT twist
of a theory with N > 2 supersymmetry should exhibit the above symme-
try enhancement: such a raviolo vertex algebra should contain the raviolo

IThe symmetry enhancements we find should apply more generally; we restrict our
attention to Lagrangian theories to make the discussion explicit.

2We find that the HT twist exhibits the following symmetry enhancements regardless
of whether the ultraviolet theory is superconformal. Roughly speaking, the theories we
consider are expected to flow in the IR to an superconformal theory; as the HT-twisted
theory is an RG invariant (up to quasi-isomorphism, cf. Section 3.7 of [25]), it should exhibit
the symmetry enhancements of this IR SCFT.

3The big N = 4 Virasoro algebra should not be confused with the so-called large N = 4
algebra. The big N = 4 algebra arises from the Lie algebra K = [Ky, K4] in Kac’s classifi-
cation of simple superconformal algebras, see e.g. [29], whereas the latter is a VOA that is
not induced from a Lie algebra, but does arise from Drinfeld-Sokolov reduction of an affine
D(2,1; ) algebra [30]. The large N = 4 algebra can be embedded into the (VOA induced
by the) big N = 4 algebra [31].
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analogs of the above sypersymmetric extensions of the Virasoro algebra.
There is a natural classification problem for raviolo superconformal alge-
bras analogous to the one initiated by Ramond and Schwarz [34] for or-
dinary superconformal algebras. We will not attempt to provide such a
classification here; see e.g. Section 5.10 of [35] for a solution to the ordinary
classification problem.

In this paper, we exploit one of the parallels between raviolo vertex al-
gebras and ordinary vertex algebras. We show that there are (at least) two
natural graded commutative algebras associated to any N = 2 superconfor-
mal raviolo vertex algebra V satifying a certain “BPS bound.” (See Section
2.2 for more details about this BPS bound.) These algebras arise in much
the same way as the chiral ring construction in 2d N = (2,2) supercon-
formal field theory (SCFT), cf. [36]. We call the resulting algebras Ay[V]
and Ac[V] the Higgs and Coulomb branch chiral rings of V. In fact, as we
show in Theorem 3.1.2, these algebras possess yet more structure: they each
have a natural 2-shifted Poisson bracket. This 2-shifted Poisson bracket is
the raviolo analog of the Gerstenhaber bracket arising in the chiral ring;
see e.g. [37, 38, 39, 40]. From the perspective of deforming an HT-twisted
N = 4 theory to its toplogical A and B twists, this bracket arises via the
mechanism of topological descent described in Section 2.4 of [23].

We view the 2-shifted Poisson algebras Ap[V], Ac[V] as the rings of func-
tions on affine 2-shifted Poisson schemes My[V] and M [V] that we call
the Higgs and Coulomb branches of V. When the N = 2 superconformal
raviolo vertex algebra V models local operators in the HT twist of a three-
dimensional N = 4 QFT, we expect that the Higgs and Coulomb branches
defined by V precisely match those of the underlying three-dimensional
N = 4 theory. We verify this expectation for two important examples: a free
hypermultiplet, whose Higgs branch is identified with C?>[—1] and whose
Coulomb branch is a point, and a free vector multiplet, whose Higgs branch
is a (fat) point and whose Coulomb branch is T*[2]C*.

The remainder of the paper is organized as follows. Section 1 is a review
of the raviolo vertex algebras introduced in [27]. This section contains no
new results and is meant to orient the reader.

In Section 2 we move to N = 2 superconformal raviolo vertex algebras.
In Section 2.1 we describe the underlying symmetry algebra, i.e. the ravi-
olo N = 2 superconformal algebra. We introduce the notion of Higgs and
Coulomb branch primary operators in Section 2.2, which are the analogs
of chiral and twisted chiral primary operators in 2d N = (2,2) SCFT, as
well as the BPS bound. We then describe Higgs (and Coulomb) branch fla-
vor symmetries in Section 2.3, which lead to Hamiltonian symmetries of
the Higgs and Coulomb branches (Corollary 3.1.4). In Section 2.4 we intro-
duce a series of examples, including a free N = 4 hypermultiplet and a free
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N = 4 vector multiplet. We also present a somewhat unexpected example:
the local operators in (the holomorphic-topological twist of) a free chiral
multiplet (of R-charge 1) has an N = 2 superconformal structure. Finally,
in Section 2.5 we describe several examples of raviolo superconformal al-
gebras with different amounts of supersymmetry arising in the examples
of [28].

We introduce Higgs and Coulomb branches for any N = 2 superconfor-
mal raviolo vertex algebra satisfying the BPS bound in Section 3. In Sec-
tion 3.1 we prove Theorem 3.1.2 showing they are naturally 2-shifted affine
Poisson schemes. We introduce the notion of an N = 2 superconformal
raviolo vertex algebra with superpotential in Section 3.2, specializing the
construction in Section 4.5 of [27] to the N = 2 superconformal setting. Of
note is the example of perturbative N' = 4 gauge theory described in Sec-
tion 3.2.1, where we construct from an N = 2 superconformal raviolo ver-
tex algebra (possibly with superpotential) having a g Higgs branch flavor
symmetry a new N = 2 superconformal raviolo vertex algebra with super-
potential whose Higgs branch is the (derived) algebraic symplectic reduc-
tion My[V] /g (Theorem 3.2.4). Finally, in Section 3.3 we describe a second
way to extract two 2-shifted Poisson algebras from any N = 2 superconfor-
mal raviolo vertex algebra regardless of the BPS bound by a cohomological
procedure reminiscent of topological twisting, culminating with Theorem
3.3.4. We show that when the BPS bound is satisfied, there is always a nat-
ural map out of the Higgs/Coulomb branch chiral rings (Proposition 3.3.5)
and, moreover, that this map is an isomorphism of 2-shifted Poisson alge-
bras for the examples in Section 2.4.

Acknowledgements. We would like to thank Zhengping Gui and Natalie
M. Paquette for useful conversations during the development of these ideas.
NG is supported by funds from the Department of Physics and the Col-
lege of Arts & Sciences at the University of Washington, Seattle. SR was
supported by Yale University and the Perimeter Institute for Theoretical
Physics. Research at Perimeter Institute is supported in part by the Gov-
ernment of Canada, through the Department of Innovation, Science and
Economic Development Canada, and by the Province of Ontario, through
the Ministry of Colleges and Universities.

1. ASPECTS OF RAVIOLO VERTEX ALGEBRAS

In this section we present the definition of a raviolo vertex algebra as well
as some elementary properties thereof. Our discussion will be expository in
nature and this section contains no results beyond those established in [27].
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1.1. The raviolo. We start by describing a bit of the geometry underlying
raviolo vertex algebras. See Section 1 of [27] for more details.

An ordinary vertex algebra is built from the geometric space known as
the formal punctured disk D* = Spec C((z)), thought of as an infinitesi-
mal, algebraic version of the configuration space of two points on C (mod-
ulo overall translations); somewhat more precisely, the ring C((z)) models
holomorphic functions on this configuration space (modulo translations),
i.e. the cohomology of the structure sheaf on the formal punctured disk.
For example, the notion of a vertex algebraic field on a vector space V is as
a certain End(V')-valued formal distribution on the punctured disk.

The geometric space underlying a raviolo vertex algebra is the formal
raviolo Rav. To construct Rav, we start with the formal disk D = Spec C[z].
There is a natural inclusion D* < D coming from viewing any formal
Taylor series as a formal Laurent series. The formal raviolo is then defined
as the scheme-theoretic pushout of two formal disks over a shared formal
punctured disk:

(1.1.1) Rav := D Upx D

We note that, although Rav is not affine, it can be realized as the spectrum
of a commutative dg algebra A described in Section 1 of [27]. In the same
way that the formal punctured disk is an infinitesimal, algebraic avatar of
the configuration space of two points on C, the formal raviolo is an infin-
itesimal, algebraic model for configuration space of two points on C x R
(modulo overall translations). The replacement for the sheaf of holomor-
phic functions in this context is the sheaf of functions constant along the
leaves of a transverse holomorphic foliation; the cohomology of A mod-
els the cohomology of this mixed holomorphic-topological analog of the
structure sheaf. See Section 1.1 of loc. cit. and references therein for more
details. Importantly, this cohomology has support outside of degree 0. As
noted in loc. cit., there is a lot of information lost when passing to coho-
mology and there should be a natural homotopical enrichment of raviolo
vertex algebras coming from working at the level of chains.

The algebraic model for the cohomology of the structure sheaf of Rav
used by [27] is as follows. The degree zero cohomology is isomorphic to
holomorphic functions in one variable C[z]. The degree 1 component can
be identified with the C[z]-module C(Q°, Q1,...), where the action of z" is
given by

(1.1.2) 2O — {0 e
QP pn<m
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and there are no higher cohomology groups. The algebra structure on this
ring of functions is as follows: the degree 0 part has its natural ring struc-
ture, the multiplication of two degree 1 elements vanishes, and the product
of a degree 0 and degree 1 element is given by the above action together
with z"()" = ()'z. We will call this the ring of polynomial functions on the
raviolo and denote it X,,y; this is the raviolo analog of Laurent polynomi-
als C|z,z!], where Q" plays the role of z="~!. We denote the completion
of this ring that allows for formal Taylor series in z by X; this is the raviolo
analog of formal Laurent series C((z)), we correspondingly call elements
of X formal raviolo Laurent series. We will also need the completion X ;s
that allows for infinite sums in both degrees; this is the analog of C[[z,z~]]
and we call elements of X ;;;; formal raviolo distributions. Note that K ;s
does not have the structure of an algebra, but it is a X-module. There is a
natural endomorphism of all of these spaces, denoted 9, that acts on the
generators as

(1.1.3) 0,2" =nz"1  9,0" = —(m+1)Q" !

This is a derivation of the algebras X, and X. Finally, we note that there
is a natural linear map dz : X0, — C[—1] defined by

(1.1.4) f[}] dzz" = 0 ]g 420" = 6,0

for any n > 0, extended by linearity. This is the raviolo analog of the
residue pairing in complex analysis and serves as an algebraic avatar of
integrating over a small 2-sphere centered at 0, whence the notation. This
residue map is inherited by the completions X and Kj;.

To simplify notation, for any C-algebra R we denote by R((z)) the ring
for R-valued formal raviolo Laurent series, e.g. X = C((z)). We will use
a superscript to differentiate different copies of X, e.g. X* = C((z)) versus
K = C{(w)), and differentiate the corresponding degree 1 generators with
a subscript, e.g. Q) versus ().

We can similarly consider multivariate versions of the spaces of raviolo
functions and distributions. We denote by X7 the space of bivariate for-
mal ravioli distributions. This space is concentrated in degrees 0, 1, and
2; degree 0 is identified with bivariant formal Taylor series C[z, w]; de-
gree 1 is identified with formal series of elements of the form z"Q)}} and

w™()"; and degree 2 is identified with formal series elements of the form

Qrar = —OrQr. As with formal series, there are two natural inclusions
(115) Clla {(w)) = Ky + Clw) ()

serving as the raviolo analog of the inclusions of C((z)) (w)) and C((w))((z))
into C[z*!, w*!].
7



The last ring we will need is the raviolo analog of C[z, w][z7!,w ™}, (z —
w)*l], denoted X, 4, .—w in [27]. This serves as an algebraic avatar of the
ring of functions on the configuration space of two points. The degree zero
part of X . is simply bivariate Taylor series C[[z, w]. As a module for
the degree zero part, X,y - is generated by three towers of degree 1 el-
ements QY, for x = z, w, z — w, with the expected action by degree 0 ele-
ments, e.g. X" = Q" if n < m and 0 otherwise. There is also a degree
2 relation
(1.1.6) Q0 2 +0%0°  +0%0 =0

Z—wW

together with all relations obtained from this by acting with z, d, and w, d,.
The fundamental property of X .- is captured by the following lemma.

1.1.1 Lemma (Lemma 1.4.1 of [27]). There are graded algebra maps from X w2 —w

to C((z)) (w)), C{(w)){(2)), and C{{w)) ((z — w)).

The graded algebra map X, .- — C((z)){(w)) arises from Taylor ex-
panding QO “for small w” as

(1.1.7) ar,— Y <m : ”) e
n>0

Similarly, the map X 4 .—w — C{{w))((z)) arises from expanding Q" “for
small z” as

(1.1.8) Q" e (1" Y <m + ”).zmgjm

n>0 n

and the map K, 4-—0w — C{w))((z — w)) arises from expanding QO “for
small z — w” as

(1.1.9) Qs Z(—1)"<m+”> (z — w) QL™

n>0 n

1.2. Raviolo vertex algebras. We now move to the structure of a raviolo ver-
tex algebra. We will be rather brief; see Section 2 of [27] for a more detailed
treatment.

We start with a graded vector space V, denoting the subspace of homo-
geneous elements of degree r by V". Physically, V is the vector space of
local operators at, say, 0 € C x R in a three-dimensional holomorphic-
topological QFT with r being a cohomological grading. We will call this
grading R-charge. We will be interested in a certain class of End(V)-valued
formal raviolo distributions; we will write such a formal distribution as

(1.2.1) Az) =Y z7" A+ Y QO Ay
m<0 m>0
8



We say that A(z) is a raviolo field or simply a field if for any v € V we have
Apv = 0 for m > 0. We say that A(z) is homogeneous of degree |A| if A,
is an endomorphism of degree |A| for m < 0 and degree |A| — 1 for degree
m > 0.4

The vector space 'V of local operators is equipped with a natural degree
0 translation operator d : V' — V', and has a distinguished vacuum vector
|0) € VO that is annihilated by 9: 91 = 9|0) = 0. Physically, d sends a local
operator at 0 to its holomorphic derivative and the vector |0) corresponding
to the trivial/identity local operator 1 < |0).

The action of a given local operator O € V on V is encoded in a field
Y(O, z) on V, which we write as
(1.2.2) Y(0,2) = Y 2" 'Opmy + Y O50(m)

m<0 m>0

By an abuse of notation we will usually denote Y(O,z) = O(z); the map
Y(—,z) : V — End(V) ® Ky will be called the state-field or state-operator
correspondence. The state-operator correspondence is required to be com-
patible with the gradings on V and K ;s, i.e. the R-charges of the modes
O(n) in the field O(z) agree with those mentioned above. We can use the
raviolo residue pairing to express the endomorphisms O, via integrals of
O(z): for m > 0 we have

(1.2.3) Oy = ?gdz z"0(z) O—m—1) = fi)dz 0Or0(z)

We require the state-operator correspondence satisfies the vacuum axiom
(1.2.4) Y(]0),z) = idy Y(0,2)|0) € V[z] Y(0,0)[0) =O.

as well as the translation axiom

(125) [9,Y(0,z)] =0.Y(0,z) = ) _ 2" <(n + 1)On+1> +Q, < - an1>
n>0

and d|0) = 0 to ensure that the state-operator correspondence intertwines

the action of 9, on X and the action of d on V. Finally, we note that there

is a notion of locality of the above fields on V: we say two (homogeneous)

fields A(z), B(w) are mutually local if for every v € Vand ¢ € V" (the linear

dual of V) the matrix elements

(1.2.6) (9, A(z) B(w)v) € C{(z))(w))
and
(1.27) (—1)41(p, B(w) A(z)v) € C{(w))((=))

are expansions of the same element of X ., cf. Lemma 1.1.1, and more-
over the coefficient of )., vanishes for all [ > 0. We assume the locality

4The reason for this shift is due to the fact that O is degree 1.
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axiom that the fields Y (O, z) and Y(O,, w) are mutually local for any Oy,
O,. As with vertex algebraic fields, there are many equivalent formulations
of mutual locality of two raviolo fields; see Proposition 2.2.2 of [27].

A raviolo vertex algebra is the data (V,]0),0,Y) of a graded vector space
V = @, V" together with a vacuum vector |0) € V°, a translation opera-
tor 0 : V' — V', and state-operator correspondence Y compatible with the
grading. This data must satisfy the above vacuum axiom, translation ax-
iom, and locality axiom. The notions of subalgebras, ideals, morphisms,
and derivations of raviolo vertex algebras are entirely parallel to those of
ordinary vertex algebras; see Section 2.3 of [27] for more details.

We note that there are variants of raviolo vertex algebras that allow for
additional gradings on the vector space V. For example, we say that V has
a spin grading if it is bigraded, with homogeneous components V"/(/), such
that |0) has bidegree (7, j) = (0,0), d is homogeneous of bidegree (0, 1), and
the state-operator correspondence Y has bidegree (0,0). This spin grading
does not contribute signs when manipulating the raviolo vertex algebra.
We say V has a super grading if it has an additional Z/2 grading such that
|0), 9, and Y are all even with respect to this grading. This additional Z/2
grading does contribute to the Koszul rule of signs and amounts to work-
ing over Z-graded super vector spaces. When there is a super grading, we
denote by | A| the totalized grading (mod 2); we call operators/fields with
even totalized grading bosons and call them fermions if their totalized grad-
ing is odd.” Finally, we note that it is possible to define a raviolo vertex
algebra over a graded commutative C-algebra S; see Section 2.5 of [27] for
more details.

1.3. The operator product expansion. One of the most important proper-
ties satisfied by a raviolo vertex algebra is associativity, cf. Theorem 3.3.1 of
[27]. Given two operators O1, O, there is an operator product expansion (OPE)
of the corresponding fields:

(1.3.1)
O1(2)O2(w) = ZO(Z—W) (oY )+ ;00 (m) O2) (w)
= :0( . Z Q" (05 (myO2) ()
m>0

SWe will also consider cases where there are half-integral R-charges and so it does not
make sense to ask for the totalized grading to be even or odd. When this is the case, we use
fermionic/bosonic to describe the signs arising in algebraic manipulations.
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where (O (,)02)(w) = Y(Oq,()O2,w). We define the normally-ordered
product as

:01(2)O2(w): = ) (z = )" (Oy,() O2) (w)
(1.3.2) n>0

= Ol(Z)+Oz(ZU) + (—1)|01H02|02(w)01(z)

where for any formal raviolo distribution

(1.3.3) f@) =Y 2"+ Y Q" f
m<0 m>0
we write
(1.34) f@+=) 2" u, f@)-= ) Ol'fm
m<0 m>0

As for vertex algebras, above the left-hand side of the OPE should be un-
derstood as its expansion in small z — w. When O;(z), Ox(w) are fields,
the specialization of :O1(z)Oz(w): at w = z is itself a field that we denote
:0102:(z). We note that (O;(,,)O2)(z) for m < 0 is related to this special-
ized normally-ordered product as

(1.3.5) (O1,(m)02)(2) = (=31 (9"01)O2:(2)

We call the coefficients of ()"  the singular terms of the OPE and the call
the remaining terms regular; for brevity, we write the OPE as

(1.3.6) O (z ~ Y QL (O (mO2) (w)

m>0

Our assumption that O;(z), O2(w) are fields on V ensures that there are at
most a finite number of singular terms in the OPE of any two fields. We
note that the OPE has the following skew-symmetry property:

(1.3.7)

Oa(z Z on < |Ol\|02| Z .m+l 9" (0 (mH)Oz)( )>

m>0 1>0

cf. Proposition 3.2.2 of [27].

We can extract the fields (O ,,)O2)(w) using the raviolo residues. For
m > 0 we have

(O1mO2)(w) = § dz(z—)"04(z)Oa(w)
(1.3.8) - ?g dz(z — )01 (2)Oa (w)

_ (~1)luliod ?{dz(z — )"0 (w)O0 (2)
11 0



and
(O1 (- 1)02)(w) = 420" ,01()0x(w)
(1.3.9) :ﬁﬁwa@QW)

— (=100 § 4z, 02(w)Ox (2)

In this last expression, ()", must be interpreted as its expansion in the
appropriate region, i.e. for small w in the first term and for small z in the
second.

As described in Section 3.4 of loc. cit., the specialized normally-ordered
product : 010, :(z) (is the field corresponding to) the physical operator prod-
uct whereas (Oj (,,,)O2)(z) (are the fields corresponding to) the holomorphic-

topological descent brackets {{O;, 0, }} ") of [24].°

2. SUPERCONFORMAL RAVIOLO VERTEX ALGEBRAS

In this section we focus on raviolo vertex algebras with an N = 2 super-
conformal structure. From the perspective of HT-twisted three-dimensional
N > 2 QFT, such a superconformal structure arises when the underly-
ing theory has N > 4 supersymmetry. As we shall see in Section 3.3,
the superconformal structure succinctly encodes how to deform a mixed
holomorphic-topological QFT to two fully topological theories: there are
nilpotent symmetries coming from the N = 2 superconformal symmetry
that deform to a the topological A and B twists, cf. [23, 21]. We briefly
consider different amounts of supersymmetry in Section 2.5.

2.1. The raviolo N = 2 superconformal algebra. We start by describing
the underlying symmetry algebra, cf. [28]. We start with the raviolo Vira-
soro algebra Vir. This has bosonic generators G,, and fermionic generators
¢ and I'y,, for m > 0, with the following Lie brackets:”

[GTH/ Gn] = (m - n)Gm-i-n—l [rmz Fn] =0
0 n+3<m
(2.1.1) m(m=1)(m=2) « n+3=m

G,r — 12
(G T 0 n+2=m

(m+n+1)T_py1 n+l1>m

*More precisely, the shifted A-bracket of loc. cit. is a generating function of these
brackets.
7We use the convention that [2,b] denotes the graded commutator, i.e. it is a commutator
if one of a or b is bosonic and an anticommutator if both a and b are fermionic.
12



and where ¢ is central. We also have an abelian raviolo current algebra (at
level ¢/3), which has bosonic generators S,, and fermionic generators oy,
and brackets

[Sm,Sn] =0 [Om, 00] =0
(2.1.2) Su01] = {m(;‘/3 n+1l=m
0 else

The brackets of the raviolo Virasoro algebra on this abelian current algebra
are as follows: the bosonic modes G, act as
0 n+l<m

2.1.3) |Gy, Su] = —nSpan— G, =
( ) [Gm, Snl Mom4n-1 (G, o] {(ﬂ+1)0’nm+l n+1>m

and the fermionic modes I';; act as

0 n>m+1
2.14 Ty, Sul = Ty, 0] =0
@19 S {_nam—n+l n<mi1 Lo

The bosonic generators G, and S, generate the bosonic positive part of the
ordinary N = 2 superconformal algebra.

In addition to these generators, there are additional fermionic generators
0;: and bosonic generators Q;-. The action of the Virasoro algebra on these
generators is as follows: the bosonic modes G, act as

+ 1 +
(G, 0] = (3m—n)0,,,, 4

(2.1.5) 0 n+l<m
[Gm/ Q;it] = 1 4+
(§m+n+1) n—m+1 n+l=>m

and the fermionic modes I';; act as

0 n>m+1
[I'm,G,ﬂ:{ +

(2.1.6) —(zm+1)+n)Q g m<m+1
[T, Qﬁ] =0
The action of the current algebra is as follows: the bosonic modes S, act as
0 n<m
+] _ 4ot ) _

and the fermionic modes 0, act as

(2.1.8) [0, 6] = {0 T e, Q5 =0

+Qf , n<m
Finally, the brackets of these generators with themselves are given by

219)  [6%,6%] =0 [6:5, Q] =0 [Qu/ Qn] =0
13



together with
[erj;/ 9;] - Gm+n + %(m - n)sm-i-ﬂ—l [QTDZ’ QYT] =0

0 n+2<m
(2.1.10) 6t OF] — _@g n+2=m
s Fmoy n+1=m

_rn—m + %(m +n—+ 1)Un—m+1 nz=m

We call this Lie algebra the raviolo N = 2 superconformal algebra and denote
it SVirN=2,

We can use this Lie algebra to construct a (universal) raviolo N = 2 su-
perconformal algebra via induction. We consider the positive subalgebra
SVirll=2 generated by the central generator ¢, the bosonic generators Gy,
Su, and the fermionic generators 6;-. This can be identified with the pos-
itive subalgebra of the ordinary N = 2 superconformal algebra, together
with the central generator . We then give C the structure of a SVirly=2-
module by declaring all of these generators act trivially and then consider
the SVirN=2-module

(2.1.11) SVirt =2 = USVirN =2 @ gy;,w-2 C

As ¢ is central and acts as 0 on C, it follows that ¢ acts as 0 on all of svir¥ :2;
the resulting raviolo vertex algebra is analogous to the Virasoro vertex alge-
bra at vanishing central charge. In order to incorporate the level ¢, we can
instead give C[¢] the structure of a SVirll=2 module, where ¢ acts by mul-
tiplication by ¢ and the remaining generators act as zero. We then consider
the SVirN=2-module

(2.1.12) SViry, = USVirh=2 @ gy;n-2 C[¢]

We can realize SVir™ =2 as the quotient of SVir}\-? by vectors proportional
to ¢. Note that because ¢ is fermionic, i.e. &2 = 0in USVirN=2, this is the
only maximal ideal of C[¢] and hence the central charge must either vanish,

leading to SVirM=2, or it must be unconstrained, leading to Svirl=2,

We identify the vacuum vector with the image of 1 ® 1 in the quotient
and the translation operator is identified as 0 = Gg. The image of the linear
state I'0 ® 1 corresponds to the fermionic field (of R-charge 1 and spin 2)

(2.1.13) I(z) =) 2'Ty+QLG,,
n>0

and the image of the linear state op ® 1 corresponds to the fermionic field
(of R-charge 1 and spin 1)

(2.1.14) o(z) =) 2"0y + QLS.
n>0
14



The imagine of the linear states Qat ® 1 correspond to the bosonic fields (of
R-charge 1 and spin 3)
(2.1.15) QF(z) = Y 2"QF + Qlo; .

n>0

2.1.1 Proposition. SVirN=2 and SVir)\-2 are raviolo vertex algebras with spin
grading.

Proof. With the above data, the proof is a simple application of the raviolo
reconstruction theorem, i.e. Proposition 4.0.1 of [27]. U

We note that SVir)\ -2 is strongly generated (over C[¢]) by the fermionic
fields T, and the bosonic fields QF, i.e. the vector space is spanned (as
an C[{]-module) by normally-ordered products of these fields acting on
the vacuum state |0). The above commutators of the modes of the strong
generators translate to the following OPEs. The OPE of the fermion I" with

itself is given by
(2.1.16) T(z)[(w) ~ O3, (&/2) +20L  T(w) +0Q%_,oT (w)

corresponding to the raviolo Virasoro algebra. The OPE of the fermion ¢
with itself is given by

(2.1.17) o(z)o(w) ~ QL (&/3)

generating a copy of the gl(1) raviolo current algebra. The OPE of these
two fermions takes the form

(2.1.18) T(z)o(w) ~ Q! o(w)+ Q% d0(w)

and says that 0(z) transforms as a raviolo Virasoro primary of spin 1. The
bosonic fields Q* transform as raviolo Virasoro primaries of spin 3

(2.1.19) [(2)Q%(w) ~ 302, Q% (w) + Q2 ,0Q% (w),

and as current algebra primaries of weight 31

(2.1.20) o(2)Q% (w) ~ 0, Q™ (w)

Finally, the OPE of Q-+ with itself is regular and the OPE of Q* with QT is
given by

(2.1.21)

Qi (Z)QI(ZU) ~ ngw(_g/:;) + Q%fwo'(w) + ngw( - r(w> + %&T(ZU))
We will call a conformal raviolo vertex algebra (of central charge ¢), cf.
Definition 4.4.2 of [27], with a choice of o and Q™ satisfying the above OPEs
an N = 2 superconformal raviolo vertex algebra (of central charge ¢). All of
the explicit examples we consider will have vanishing central charge ¢ = 0.
Any N = 2 superconformal raviolo vertex algebra admits an additional
grading by Sp; we refer to 0 (z) as the superconformal current and to weights
with respect to So = (g as S-charge.

15



There is a Z, mirror automorphism of the N = 2 superconformal algebra
that exchanges the supercharges Q" <+ Q~ and negates the superconfor-
mal current ¢ <+ —o. We say that two N = 2 superconformal raviolo
vertex algebras are a three-dimensional mirror pair if there is an isomorphism
between them that intertwines their actions of the N = 2 superconformal
raviolo vertex algebra with this mirror automorphism. We expect that the
N = 2 superconformal raviolo vertex algebras of a mirror pair of three-
dimensional N = 4 QFTs are themselves a mirror pair.

The N = 2 superconformal raviolo vertex algebra is the raviolo analog of
the N = 2 superconformal algebra in the theory of vertex algebras. Many
aspects of this section are direct consequences of this simple fact; we largely
adapt the arguments of [36] to the raviolo vertex algebra setting.

There is a copy of 0sp(2|2) inside the mode algebra of the N = 2 super-
conformal raviolo vertex algebra: the mode () of the current o and the
modes I'g), I'q), T() of I generate the bosonic subalgebra and the modes

Q(io), Q(il) of QF generate the fermionic subspace. We interpret this copy

of 0sp(2|2) as the HT-twist, i.e. Qur-cohomology, of the three-dimensional
N = 4 superconformal algebra osp(4]4), cf. [28].

2.2. Higgs and Coulomb branch primary operators. The first class of op-
erators we consider are the raviolo analog of chiral and twisted-chiral pri-
mary operators in an N = 2 superconformal vertex algebra. Suppose O
is a raviolo Virasoro primary of spin j and a current algebra primary of
S-charge g, i.e. its OPEs with I" and ¢ are then given by
2.2.1)

I(2)0(w) ~ jO; ,O0(w) +_,d0(w) ¢ (z)0(w) ~ 9, O(w)

We say that O is a Higgs branch primary operator if its OPEs with QF take the
form

(222) Q" (z)0(w) ~0  Q (2)O(w) ~ O_,¥o(w)

where ¥, called the superpartner of O, is a second raviolo Virasoro primary
of spin j + % and current algebra primary of S-charge g — 1 of the opposite
parity; the operators O and Yo have the same R-charge. Similarly, we say it
is a Coulomb branch primary operator if it has the above OPEs with the roles of
Q" and Q™ exchanged. The following lemma is an immediate consequence
of superconformal symmetry:

2.2.1 Lemma. Let O be a Higgs branch primary operator of spin j and S-charge
q, then j = 1. Moreover, the OPEs of Q* with the superpartner ¥ ¢ are given by

Q*(2)¥o(w) ~ 4 ,O(w) + O ,d0(w) Q™ (2)¥o(w) ~0
16



There is a similar statement for Coulomb branch primary operators, where
the spin and S-charge are related as j = —1; the OPEs with the superpart-
ner are given by exchanging Q" <+ Q~ and negating the S-charge q — —g.

We now introduce a special class of N = 2 superconformal raviolo vertex
algebras: we say that V satisfies the BPS bound if

(2.2.3) v =0, j< ‘g’
where V()4 is the subspace of vectors with spin j, R-charge r, and S-charge
g. Note that the BPS bound implies all operators have non-negative spins
j>0.

For the N = 2 superconformal raviolo vertex algebra of local operators
in an HT-twisted unitary three-dimensional N = 4 SCFT, we expect this
bound to be a direct consequence of the usual BPS bound; we will give sev-
eral examples of N = 2 superconformal raviolo vertex algebras satifying
this bound in Section 2.4.

2.2.2 Lemma. Let V be an N = 2 superconformal raviolo vertex algebra that
satisfies the BPS bound, then operators saturating the BPS bound are necessarily
raviolo Virasoro primaries and superconformal current algebra primaries.

Proof. Suppose O saturates the BPS bound, i.e. j = ‘%' The operators S,0

and G, 10 for n > 0 have the same S-charge as O butspinj —n <j = |i2‘,
hence they must vanish, i.e. O is a raviolo Virasoro primary and a super-
conformal current algebra primary. O

2.2.3 Corollary. Let V be an N = 2 superconformal raviolo vertex algebra satis-
fying the BPS bound and let O € 'V be an operator of spin j and S-charge q. The
following are equivalent:

1) O is a Higgs branch primary operator
2) Ohasj = % and Q@)O =0, QG)O =0

There is an analogous statement for Coulomb branch primary operators:
they satisfy j = —7 together with Q(_O)O =0, erl)O = 0. The proof is
identical.

Proof. Lemma 2.2.1, together with the definition of a Higgs branch primary
operator, gives us the implication 1) = 2), so we are left with proving the
opposite direction.

Suppose O has j = 1. Lemma 2.2.2 implies that O is a raviolo Virasoro
primary and a superconformal current algebra primary, so we are left with
17



checking its OPEs with Q*. The most general form of these OPEs is
(2.2.4) Q*(2)0(w) ~ ) O ,(Qf,)0)(w)

n>0
Note that Q?;)O has spin (g + 1) — n and S-charge q = 1. The BPS bound
then implies QZ;)O vanishes for n > 0 and Q(_n)O vanishes for n > 1,

whereas a Higgs branch primary further satisfies Q(iO)O = 0and Qa)o =
0.

2.3. Superconformal flavor symmetries. Suppose the N = 2 superconfor-
mal raviolo vertex algebra V satisfies the BPS bound and has a Hamiltonian
g symmetry, cf. Definition 4.3.2 of [27], generated by fields y, of R-charge
1, spin 1, and S-charge 0. Lemma 2.2.1 immediately implies p, cannot be
either a Higgs branch or Coulomb branch primary. However, y, can be the
superpartner of such a primary: we say that the p, generate a Higgs branch
flavor symmetry if the y, are the superpartners of Higgs branch primary op-
erators M, (necessarily having R-charge 1, spin § and S-charge 1):

Q" (2)Ma(w) ~ 0 QF ()pa(w) ~ O; Ma(w) + O, 0Ma(w)
Q™ (2)My(w) ~ O, pa(w) Q™ (z)ua(w) ~0
Similarly, we say the y, generate a Coulomb branch flavor symmetry if they

are the superpartners of Coulomb branch primary operators (necessarily
having R-charge 1, spin %, and S-charge —1).

(2.3.1)

Our first result concerning Higgs branch flavor symmetries is the follow-
ing.

2.3.1 Lemma. Let V be an N = 2 superconformal raviolo vertex algebra satis-
fying the BPS bound, and suppose the fields y, generate a g Higgs branch flavor
symmetry of V, then any Higgs branch primary O is a primary for this current al-
gebra. Moreover, the superpartner Yo is a current algebra primary transforming
in the same representation.

Proof. The first assertion follows from the BPS bound: the coefficient of
0?_,, in the OPE of y,; and O has spin j — n and S-charge g and therefore
must vanish unless n = 0, whence O is a current algebra primary. The fact
that Yo is a current algebra primary transforming in the same representa-
tion as O follows from the regularity of the OPE y,Q~ ~ 0 together with
associativity. u

If we apply this lemma to the Higgs branch primaries M, whose su-
perpartners p, generate the symmetry, we see that the y, are themselves
primaries and hence they must have a vanishing level, i.e. Higgs branch
flavor symmetries are never anomalous.

18



2.3.2 Corollary. Let V be an N = 2 superconformal raviolo vertex algebra satis-
fying the BPS bound and suppose u, generates a g Higgs branch flavor symmetry,
then its level must vanish.

2.4. Examples of N = 2 superconformal raviolo vertex algebras. In this
final subsection we consider some simple examples of N = 2 supercon-
formal raviolo vertex algebras. The first examples come from HT-twisted
free three-dimensional N' = 4 theories, those of a free hypermultiplet and
a free vector multiplet. The final example is somewhat surprising: we find

that the HT twist of a free chiral multiplet (of R-charge 1) has an N = 2

superconformal structure.®

2.4.1. Free hypermultiplet. Our first example describes local operators in the
HT twist of a free hypermultiplet, namely the raviolo vertex algebra FH =
F C§1/é4) ®2 We denote the generating fields Z%, ¢, « = 1,2, and only singu-
lar OPEs of these generators are

(2.4.1) Z8(2)pp(w) ~ OF_,, 6

with the remaining OPEs being regular. As described in Section 4.1 of [27],
this raviolo vertex algebra is conformal with stress tensor

(2.4.2) ['=2:4,0Z": — 1:Z"0¢,:

and has a gl(2) current subalgebra generated by : 9, ZF:; we will identify
the superconformal current as the diagonal generator

(2.4.3) o= Ly, Z":

Thus, Z* is a (bosonic) field of R-charge %, spin %, and S-charge % ;P isa
(fermionic) field of R-charge 3, spin 3, and S-charge —1. It is straightfor-
ward to verify that the fields

(2.4.4) Q" =lep:Z*0ZF: Q7 = —JePiyuyy:

have the necessary OPEs to generate the N = 2 superconformal raviolo
vertex algebra at central charge 0, where €, is the Levi-Civita tensor.”

8Physically, part of this structure arises from the fact that a free chiral multiplet can be
deformed a mass term. In the HT twist, this same data can be used to deform to perturba-
tive Chern-Simons theory by adding a term to the Lagrangian of the form 5dy. This latter
deformation doesn’t make sense in the physical theory, but does in the “twisted” version of
the theory described in [41, 25].

We note that the raviolo vertex subalgebra generated by these fields is actually iso-
morphic to a quotient of SVir¥=2. For example, the normally-ordered product :Q~ Q™ :
vanishes in FH due to the fermionic nature of ¢, but not in SVirM=2. If we consider N > 1
copies of this raviolo vertex algebra, we instead find a quotient where the normally-ordered
product of 2N copies of Q™ must vanish, but no lower power does.
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The fact that all local operators are realizable as (sums of) normally-
ordered products of the generating fields and their derivatives, and the fact
that these generating fields satisfy the BPS bound, implies the BPS bound
is satisfied for all of FH. Moreover, the only operators O saturating the

BPS bound j = ‘g—| are the trivial local operator 1, the Z*, and normally-

ordered products thereof. There are no operators satisfy j = —1 except for

the identity operator 1 = |0), so this is the only Coulomb branch primary
operator.

The OPEs of the Q* with the generating fields take the following form:
the action on the bosons is given by

245  Q'()Z'(w) ~0  Q (2)Z"(w) ~ O (i (w))
and the action on the fermions is give by

QF (2)Pa(w) ~ %Qifw (Zﬁ(w>€ﬁa) + Q,(z)—w (azﬁ(w)eﬁa)
Q™ (2)¢u(w) ~ 0

It follows that Z* is a Higgs branch primary operator with superpartner
Yzu = := e*Pypg.

(2.4.6)

2.4.2. Perturbative free N = 4 vector multiplet. The next example we consider

describes the algebra of local operators in perturbative pure abelian gauge
theory. We consider the raviolo vertex algebra FVPe't = FCF) ® FCEU 2,

we denote the bosonic generating field of FCP (resp. FC{U 2)) b (resp. ¢)
and the fermionic generating field c (resp. A). The singular OPEs of these
generating fields are

(24.7) b(z)e(w) ~ ngw P(z)AM(w) ~ ngw
with all the remaining OPEs being regular.

This is a conformal raviolo vertex algebra with stress tensor given by

(2.4.8) I = —:bdc: + 1:A0¢: — 1:pIA:
We take the superconformal current to be

(2.4.9) o= —:A¢:

with the remaining generators given by

(2.4.10) Q" =:Adc: Q =:b¢:

Again, it is straight-forward to verify these fields have the necessary OPEs
to realize the N = 2 superconformal algebra at central charge 0.

10As with the previous example, we find a quotient of SVirM=2 where the normally-
ordered product : Q*2: = 0. This quotient of SVir™ =2 is exchanged with the above by the
Z; mirror automorphism.
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Note that ¢ has S-charge —1; b, c have S-charge 0; and A has S-charge 1;
hence the BPS bound is satisfied and the operators ¢, A, and c saturate the
bound. The OPEs of the superconformal generators QF and the generating

tields are given by

(2.4.11)
Q" (z)c(w) ~0 Q" (2)b(w) ~ QA (w) +QF 0 (w)
Q™ (2)e(w) ~ O p(w)  Q (2)b(w) ~0

and

Q" (R)p(w) ~ O oc(w)  Q*(2)A(w) ~0
Q (z)¢(w) ~ 0 Q" (2)A(w) ~ O b(w)
We see that there are no Coulomb branch primary operators except 1. The

fermions c and A are Higgs branch primary operators with superpartners
¢ and b, respectively; both have Higgs-branch R-charge 1.

(2.4.12)

2.4.3. Free N = 4 vector multiplet. We can also consider the full, non-perturbative
algebra of local operators in pure abelian gauge theory. The relevant ravi-
olo vertex algebra replaces F Cgl) by the raviolo lattice vertex algebra Vz de-
scribed in Section 5.2 of [27]; this algebra removes ¢, keeping dc = v, and ex-
tends the resulting algebra by monopole operators V., withb = : V, 9V_ .11
This non-perturbative algebra is generated by bosons Vi (z) and ¢(z) as

well as fermions v(z) and A(z).

The N = 2 superconformal symmetry takes the same form as above so
long as we identify dc = v and b = :V,dV_:. In particular, we find the
following OPEs with the bosonic generators:

(2.4.13)
Q" (z)v(w) ~0 QF (z) Ve (w) ~ £00_ 1AV :(w)

Q (2)v(w) ~ QL p(w) + O 0 (w) Q (2)b(w) ~ 0
and
QT (2)p(w) ~ O yv(w) QT (2)A(w) ~

Q414 B 0 .
(z)¢(w) ~ 0 Q ()M w) ~ O 41 VidV_:(w)

The only non-trivial Higgs branch primary operator is A, with super-
partner b; no other operators satisfy j = 1. The monopole operators Vi

11Roughly, local operators in perturbation theory are realized as derived invariants with
respect to infinitesimal gauge transformations, i.e. some version of Chevalley-Eilenberg
cohomology. True local operators are realized as derived invariants with respect to finite
gauge transformations; the proper way to do compute these latter derived invariants does
not involve a Chevalley-Eilenberg ghost c for the global part of the gauge group, hence we
remove c but not its derivatives. See, e.g., Section 6.2.1 of [25] for more details on why one
should only consider derivatives of c.
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all have spin 0 and S-charge 0, hence saturate the BPS bound. The above
OPEs imply V4 are Coulomb branch primary operators, with superpart-
ners +:AV.:. The removal of ¢ implies that ¢ is also a Coulomb branch
primary operator (with superpartner v).

We note that v is an abelian current generating the topological flavor sym-
metry of the raviolo lattice algebra Vz and it’s a superpartner of the Coulomb
branch primary operator ¢, we see that it generates a gl(1) Coulomb branch
flavor symmetry.

2.4.4. Free chiral multiplet. The final example we consider does not arise
from the HT-twist of a three-dimensional N' = 4 theory. In a sense, it is
a fermionic/orthogonal counterpart of the symplectic/bosonic free hyper-

multiplet. We consider F Ci%zl) with generating fields X, 7 whose OPE takes
the form
(2.4.15) X(z)n(w) ~ Q2

The stress tensor is given by
(2.4.16) I = 1:70X: — 3:Xoy:

and we take the superconformal current to be ¢ = —1:77X:. The remaining
superconformal generators are

(2.4.17) Qf =dmay:  Q =1Lx%

and together these generate a copy of the N = 2 superconformal raviolo
vertex algebra at central charge 0; we will denote this N = 2 superconfor-

mal raviolo vertex algebra SFC."?

The generator X (resp. 77) has R-charge % (resp. %), S-charge —% (resp. %)
and spin % (resp. i) ; we see that the BPS bound is satisfied, and 7 saturates
the BPS bound. There are no operators with j = —1 other than the trivial
operator 1, hence the only Coulomb branch primary operator is 1. The
OPEs of the superconformal generators Q* and the generating fields are

given by
(2.4.18)
Q" (R)X(w) ~ 30 (w) + Q0 (w) Q" (z)y(w) ~ 0
Q (z)X(w) ~ 0 Q (@)n(w) ~ 02, X(w)

from which we see that # is a Higgs branch primary operator, with super-
partner X.

12These fields generate the same quotient of SVirN=2 found in FV and FVPert,
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2.5. Raviolo superconformal algebras with more supersymmetry. So far
we have focused on superconformal raviolo vertex algebras associated to
HT twists of three-dimensional theories with N = 4 supersymmetry. Most
importantly for this paper, the object that we call the N = 2 raviolo super-
conformal algebra SViry—; arises as a symmetry of the HT twistofa N = 4
theory. In this section we comment on superconformal algebras arising in
theories with different amounts of supersymmetry.

2.5.1. N = 1 superconformal algebra. We start with an example with less
supersymmetry than in the other parts of the paper. Let Vir be the raviolo
Virasoro algebra as above with bosonic generators {G } mez and fermionic
generators {I'y;, {}mez.,- We add to this fermionic generators {6,,} and
bosonic generators {Q,, } satisfying

[sz en] = (%m - n)em-i-n—l

(25.1) (G, O] = 0 n+1<m
i (Im4+n+1)Qumi1 n+1>m
0 n>m+1
[rmren] == 1
(25.2) _(2(m+1) +n)Qm—n+1 n<m+1
[FTHI Qn] =0
0, 04] = 2Gpsn  [Qi, QF] =0
0 n+2<m
253
( ) [0, Qu] = _@g n+2=m

—2l—m n>m

We call this Lie algebra the raviolo N = 1 superconformal algebra and denote
it SVirN=1,

We can use this Lie algebra to construct a (universal) N = 1 supercon-
formal raviolo vertex algebra via induction, just as we did above:

(2.5.4) SVir" = = USVirN=! @ ygy;,n1 C

As ¢ is central and acts as 0 on C, it follows that ¢ acts as 0 on all of svirV=1 ;
the resulting raviolo vertex algebra is analogous to the super Virasoro ver-

tex algebra at vanishing central charge. As above there is a universal ver-

sion SVir''—! which incorporates the central term ¢. We can realize SVir™ !

as the quotient of SVir)\-! by vectors proportional to &.
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In addjition to the raviolo Virasoro field I'(z), the image of the linear state
Qo ® 1 corresponds to the bosonic field of spin 3:

(2.5.5) Q(z) =) 2"Qu+ QL6,.

n>0

As in the N = 2 case it is immediate to see that SVir¥=! and SVir'-! are

raviolo vertex algebras with spin grading. The OPEs of bosonic field Q(z)
transforms as with the stress tensor are

(2.5.6) I'(z)Q(w) ~ 30! _,Q(w) + Q2_,0Q(w).

corresponding to the fact that Q is a raviolo Virasoro primary of spin 3. The
OPE of Q with itself is

(25.7) Q(2)Q(w) ~ O, (—28/3) — Q22T (w).

There is a morphism of raviolo vertex algebras

(2.5.8) Svirl=1 — gvirlV=2

univ univ

which is the identity on the generators G, I';, and maps 6,, — 0% +0,, and

We show in [28] that SVir™="! is present in the algebra of local operators
in the HT twist of any N = 3 superconformal Chern-Simons-matter theory.
More generally, we expect this raviolo vertex algebra is realized as symme-
tries of the HT twist of theories with N' = 3 supersymmetry. We note that
the bosonic generators Gy, G1, and G, together with the fermionic genera-
tors 0y, 01 generate a copy of osp(1|2), identified with the HT-twist of the
N = 3 superconformal algebra osp(3[4).

2.5.2. N = 3 superconformal algebra. We now add more supersymmetry.
Rather than write down explicit commutators of the resulting Lie super-
algebra, we will instead write down the corresponding OPEs; the commu-
tators can be obtained by computing residues.

We add to the raviolo Virasoro field I'(z) (at central charge &) fermionic
fields o4 (w) linear in A € sl(2), i.e. 0a1p = 0a + 0. These fields are
raviolo Virasoro primaries of spin 1

(25.9) T(z)oa(w) ~ Q6 ,oa(w) + 0,00 (w)
and generate an s((2) raviolo current algebra at level {/3
(2.5.10) oa(z)op(w) ~ QL ,(8/3Tr(AB)) + Q) 004 5/(w) .

We use Tr to denote the trace in the standard representation of sl(2). We

then add bosonic fields Q 4, also linear in A € sl(2), that are raviolo Vira-

soro primaries of spin %

(2.5.11) [(2)Qa(w) ~ 301 ,Qa(w) + O2_,0Q4(w)
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and transform as raviolo current algebra primaries transforming in the ad-
joint representation

(2.5.12) oa(z)Qp(w) ~ Q2 ,Qap(w).

Finally, the OPE of these bosonic generators takes the following form:

Qa (Z)QB (w) ~ _ngw(Tr(AB)g/:ﬂ) - ngwo—[A,B] (w)

(2.5.13) .
- Qz_w<Tr(AB)F(w) + 39014 5) (w)> :

We call underlying Lie superalgebra the raviolo N = 3 superconformal

algebra and denote it SVirN=3. The universal N = 3 superconformal raviolo
vertex algebra is
(2.5.14) SVt = USVirN = @ gy;,v-s C[¢]
We denote by SVir™=2 the quotient of SVir} > by vectors proportional to ¢.
There are many maps from SVir¥=2 to SVir¥=°, parameterized by an choice
of embedding the gl(1) — s[(2) describing the image of ¢ in the above sl(2)
current algebra.

This raviolo vertex algebra encodes the symmetries of the HT twist of
theory with N = 5 supersymmetry. It follows from our work in [28],
that SVirM=2 is present in the algebra of local operators of the HT twist
of any N = 5 superconformal Chern-Simons-matter theory. We note that
the bosonic generators Gy, G1, G2 and S4 o together with the fermions 64
and 64 1 generate a copy of 0sp(3|2), identified as the HT-twist of the N = 5
superconformal algebra osp(5(4).

2.5.3. (Big) N = 4 superconformal algebra. The next example of supercon-
formal algebra is realized from twisted three-dimensional N = 6 super-
symmetry. We will again write down OPEs of the generating raviolo fields
instead of commutators.

The most general form depends on a single complex parameter p € C.

In addition to the raviolo Virasoro field I'(z) of central charge ¢, there are

two commuting s[(2) raviolo currents (TjE

ox (2)op (w) ~ Ql_, (k= Tr(AB)) + Qg,wailm(w)
0 (2)og (w) ~ 0

as well as an abelian raviolo current v commuting with the two of them
(2.5.16) v(z)v(w) ~ QL _k  oi(z)v(w) ~0

where the central generators «x, k%, and & satisfy

(2.5.17) E=01+px = (1-px
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All of these generators are raviolo Virasoro primaries of spin 1. The remain-
ing generators are bosonic and come in two types: there are the bosonic
fields Qx(z) and Py(w) linear in A € C3 @ C2 that are raviolo Virasoro
primaries of spins 3 and 1, respectively

I'(z)Qa(w) ~ 30! ,0xr(w) + Q2,00 (w)
I(z)Py(w) ~ 3O, Pr(w) + Q0P (w)

Z—w

(2.5.18)

The operators P)(z) are current algebra primaries transforming in the rep-
resentation (C3 ® C2)g of sl(2)+ @ sl(2)_ & gl(1), where C3 is the stan-
dard/fundamental representation of s[(2)+ and the subscript o indicates
gl(1) weight 0:

(2.5.19) 05 (z)Py(w) ~ Q2 Paep(w) v(z)Py(w) ~ 0

where A" = A®ide and A~ = idez ® A. The generators Q) (z) are no
longer current algebra primaries, but are modulo Py:

o () Q) ~ QL ( Fla+ p)PAiMw)) 100 Quen ()

v(z)Qa(w) ~ QL Py

(2.5.20)

To express the fermionic OPEs, we need some notation. For Aj, Ay €
C3 ® C2, we let (A1,A;) denote the sl(2)-invariant pairing of C3 @ C2
with itself:

(2.5.21) (M, A2) = €ap€inan AT A5

We similarly let [A1, A2]+ and [A1, A2]— be the two traceless matrices with
matrix elements

(2.5.22) €inin (0%, €agp + 0 ay€ayp) AT A
and
(2523) €xq0p (5&1541 eazﬁ' + 50'6&26&1,3))\‘;1&1 Agztiz

respectively. The OPEs of these bosonic generators then take the following
form. First, the OPEs involving at least one copy of P, take the form

(2.5.24) Py, (2) Py, (w) ~ Q2 (§(A1, A2)x)

and
(2.5.25)

P2 (0) ~ O (= 1] () F 05,y (0) = 301 AJo(e))
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Finally, the OPE of P, and P,, is given by
(2.5.26)
Qn, (2)Qx, (w

)
~ -0 (é(MJz)é)
=0y (4= g () + 40+ Py ()

~ 00 (M AT )+ 0= P20 () 5 H1+ pJO0T ) ()

We call underlying Lie superalgebra the raviolo big N = 4 superconformal
algebra and denote it SVir;\] =%, The universal (big) N = 4 superconformal
raviolo vertex algebra is

(2.5.27) SVir) o, = USViry= ®u5Vi,N:4c[K]

puniv

We denote by SV1rN % the quotient of SV1rp univ DY vectors proportional to .

This is a raviolo analog of the big superconformal vertex algebra character-
ized in [42, 43].

We note that the bosonic generators Gy, G, G2 and Si o together with the

fermions 6, ¢ and 6, ; realize the exceptional Lie superalgebra D(2,1; h—g)
In our work [28], we find that the special case p = 0 is realized as sym-
metries of a family of N = 6 Chern-Simons-matter theories; of course
D(2,1;1) ~ o0sp(4]2), which we identify with the HT twist of the N = 6

superconformal algebra osp(6/4).

2.5.4. An exceptional superconformal algebra. The final example is realized
from twisted three-dimensional N = 8 supersymmetry. This example is
somewhat different in that there is no (shifted) central charge.

In addition to the raviolo Virasoro field I'(z) (of vanishing central charge),
there is an s[(4) = so(6) raviolo currents 04(z), A € sl(4), at level zero:

(2528) O’A(Z)U’B (w) ~ Q(z)—wa[A,B}(w)'

These fields are raviolo Virasoro primaries of the usual spin 1.

The remaining generators are bosonic and come in two types. First, there
are bosonic fields Qg(z) labeled by a skew-symmetric 4 x 4 matrix B, each

of which are raviolo Virasoro primaries of spin % These obey the following
self-OPE’s:

Qa(z)Qs(w) ~ —O 0 asp), (W)

— 00, (Jtr(A*B)T(w) + 10045, ()
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In this expression the skew-symmetric matrix A is defined by (xA);; =
%e I ]KLAKL. Also, (A x B)y is the traceless part of the matrix A x B.

The second type of bosonic field is denoted Pc(z) which is labeled by a
symmetric 4 x 4 matrix C, each of which are raviolo Virasoro primaries of
spin 3. They have a non-singular OPE with each other

(2.5.30) Py(z)Pp(w) ~ 0
and the following OPE with the other bosonic fields
(2.5.31) Qa(z)Pp(w) ~ =307, 0.a(w).

Finally, the OPEs of the bosonic fields with the current algebra are as fol-
lows. As mentioned above, both P4 and Q4 are raviolo Virasoro primaries
(of spins 1 and 2, respectively). The fields P4 are raviolo current algebra

primaries (transforming in the representation Sym? C*)
(2.5.32) 0a(2)Pp(w) ~ O Pyp par(w).

but, as in N = 4, the Q4 are only raviolo current algebra primaries (trans-
forming in the representation A% C*) modulo P4

(2.5.33) 0a(2)Qp(w) ~ QL Pap par + Q2 ,Qapypar(w).

Note that the antisymmetry of B in the second equation implies AB — BAT
is symmetric.

We call underlying Lie superalgebra the raviolo exceptional superconformal
algebra and denote it EVir. The Lie superalgebra of positive modes of this
superalgebra is the exceptional Lie superalgebra E(1|6) classified in [44].
The universal exceptional superconformal raviolo vertex algebra is

(2.5.34) EVit,,, = UEVir/UEVir,

This is the raviolo analog of the vertex algebra called CKg defined in [32].
In fact, the OPE’s above are complete raviolo translations of the OPE’s de-
scribing CKs. It was pointed out in loc. cit. that part of the exceptional
nature of the vertex algebra CKg (and the corresponding mode algebra) is
that it does not admit a central charge. For this reason, it is expected that
CKg (or its annihilation subalgebra E(1|6)) does not appear as the symme-
tries of some two-dimensional conformal field theory.

In our work [28], we argue that E(1]6), and its raviolo vertex algebra
enhancement EVir, appear as the symmetries of twists of particular three-
dimensional N' = 8 superconformal field theories. Indeed, we show that
EVir is realized as symmetries of the HT twists of the so-called BLG [45, 46,
47] and rank 1 ABJM [?, ?] theories at levels k = 1, 2.
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3. HIGGS AND COULOMB BRANCHES

Based on the aforementioned analogy with two-dimensional supercon-
formal QFT, as well as their relevance in three-dimensional N = 4 QFT, we
now discuss some important properties of Higgs and Coulomb branch pri-
mary operators. We will focus on Higgs branch primary operators in the
following; analogous results hold for Coulomb branch primary operators.

3.1. Higgs and Coulomb branch chiral rings. Our first result says that we
can equip the vector space of Higgs branch primary operators with the
structure of a commutative, associative algebra, where the product is given
by collision, i.e. operator product together with taking the coincidence limit
zZ = w.

3.1.1 Proposition. Let V be an N = 2 superconformal raviolo vertex algebra
satisfying the BPS bound. The OPE of two Higgs branch primary operators Oq
and Oy is necessarily regular O10, ~ 0 and, moreover, their normal ordered
product : 010, : is also a Higgs branch primary operator, with superpartner

T:olozz = 2‘Folozi + (—1)|Ol|2ol‘Ijoz:

Proof. Denote the spins and S-charges of Oy, O; by ji, j2 and g1, g2 and write
the singular terms of the OPE as

(3.1.1) O1(2)02(w) ~ Y O (01, 02) (w)

The operator (O;,(,,yO2) has spin ji + j —n — 1 and S-charge q; + 2. Lemma
2.2.1implies g1 = 2j; > 0and g2 = 2j, > 0, and since g1 + g2 = 2(j1 +j2) >
2(j1 +j2 —n —1) for all n > 0, the BPS bound implies (O, (,)O2) = 0 and
so the OPE of Oy, O, is regular.

To show that :010,: is a Higgs branch primary operator, it suffices to
check its OPEs with Q*: Propositions 4.3.4 and 4.4.4 of [27] imply : 0;0;:
is a raviolo Virasoro primary (of spin j; + j2) and current algebra primary
(of S-charge g1 + q2). It is straightforward to compute these OPEs using
Corollary 2.2.5 of loc. cit.:

Q7 (2):0102:(w) ~ 0
Q™ (2):0102:(w) ~ Q2 (:¥0,02:(w) + (—1)/9:0, ¥, :(w))
O

(3.1.2)

We call this the Higgs branch chiral ring of V and denote it Ay[V]. Propo-
sition 2.2.6 of [27] implies Ay [V] is a commutative, associative algebra, and
we view it as the ring of functions on an affine (possibly non-reduced, su-
per) scheme that we call the Higgs branch My[V]. Similarly, collision of
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Coulomb branch primary operators gives a second commutative, associa-
tive algebra we call the Coulomb branch chiral ring Ac[V], viewed as the ring
of functions on the Coulomb branch Mc[V]. These chiral rings are the su-
perconformal raviolo vertex algebra analog of the chiral and twisted chiral
rings of a 2d N = (2,2) superconformal QFT.

It is convenient to define a Higgs branch R-charge Rp and Higgs branch spin
I via

(3.1.3) Rg=R+op Js=]—

We can think of this as modifying the original R-charge grading on V by
the S-charge together with shifting the stress tensor to I's = T + 190

The two-dimensional chiral rings have yet more structure: they have a
natural degree —1 Poisson bracket, also called a Gerstenhaber bracket, cf.
[40] (see also [37, 38, 39]). We now show that the Higgs branch chiral ring is
similarly equipped with such a bracket. Given a fully-fledged chain-level
version of raviolo vertex algebras, we expect this to be enhanced to a full
Es-structure, cf. [13].

3.1.2 Theorem. Let V be an N = 2 superconformal raviolo vertex algebra satis-
fying the BPS bound and let Oy, O be Higgs branch primary operators, then

(01,0212) 1=} f x(¥o,(102(2) ~ (1) 1o, (1)0u )

defines a Poisson bracket on the Higgs branch chiral ring. This bracket has intrin-
sic Higgs branch R-charge —2.

Proof. We start by showing {O;,0,} is indeed a Higgs branch primary op-
erator. First, it saturates the BPS bound: it has spin j; + j» — 4 and S-charge
f1+qp—1=2G+)— %) Lemma 2.2.2 implies {O, 0} is a both a
raviolo Virasoro primary and a superconformal current algebra primary.
It therefore suffices to check the OPEs of {Oy, 0} with QF, cf. Corollary
2.23.

The regularity of the OPE of Q" with {O;,0;} can be seen by realizing
the two summands of {O1, O, } independently have regular OPEs with Q:
(3 1. 4)

Q@) f dr¥o,(x10:w) ) ~ f dr(OL L(@Ox(x) + O ,301(x))Oxlw)

~ o DD+ DO, § di(x - 0)'04(x)0a(w)
1>0

+ Z(— ol w]{ dx(x — w)'90; (x) Oy (w)
I>0

~0
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where we used regularity of the OPE between O; and O, established in
Proposition 3.1.1. The OPE with Q™ is the easier of the two: using Q" Yo, ~
0~ Q Yo, we get

(3.1.5)

Q™ (2){01,02} (@) ~ } § dx¥o,(x)0L,¥o, ()
3OO dr, (0L ¥o, (w)
(-1l § dx¥o,(x)¥o,(w)

+ (0O ENOINaD | f drto, (x)¥o, (v)

~

NI—=

so that {O4, O, } is indeed a Higgs branch primary operator with
(3.1.6)

Fiouon (2) = 31 fx (o, (¥ (2) + (~DIOH DI D0, (1), ()

It is clear from the definition that the bracket has the necessary skew-
symmetry. The fact that it is a derivation of the product can be seen as
follows. Corollary 2.2.5 of [27] implies the following identity:

(3.1.7)

]{ dx¥o, (x):0205:(w) = : ( 7{ dx‘POl(x)Oz(w)>O3(w):
+ (=1)101102]; 0y (w (% dx¥o, (x)O3(w ))
The expression for ¥.p,0,. in Proposition 3.1.1 tells us

(3.1.8)
%dx‘l’oz(%( )0 (w fdx 1¥0,05:(x) + (1)1 ¥, 0,:(x)) O (a0)

The BPS bound implies that the OPE of : ¥,03: and O; has no terms pro-
portional to O}, for n > 0, whence
(3.1.9)

—(—1)\Ol\<\02\+\03l>f dx:¥0,03:(x) 01 (w) = —(—1)\01|7§ dx0y (x):¥0,03:(w)

Corollary 2.2.5 of [27], Proposition 3.1.1, and the BPS bound then give us
(3.1.10)

—(=1)lo] jidxol(x):‘I’ongz(w) — ()01l <7§ del(x)‘i’oz(w)>Og(w):
— _(=1)lulo]. <7§ dx‘Poz(x)Ol(w))Og(w):
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Together with a similar analysis of the OPE : ¥,0,: and Oj, these imply
(3.1.11)

{O1,202032}(W) = 7{0 dXTol(x)iong,:(w) — (—1)‘Ol|(‘02|+|o3‘)qj:ozo3:(X)Ol<w)
= :{0,0,}03:(w) + (—1)I011%2I:0,{01, 03} : (w)

We are left with showing the bracket satisfies the Jacobi identity. Using
the above formula for ¥ ¢, 0,}, we have the following identity:
(3.1.12)

{{01,02},03} (w) = L(~1) 74 dx 74 dz¥o0, (2)¥0,(x)Os(w)

+ 1) OO0 § dx § dz¥o, (2) Yo, (x)0s(w)
~1 74 dx¥o, (x) f dz¥o, ()02 (w)
w w

+ 31000l f dx¥o,(x) f d2¥o,(2)01(w)

The first two lines integrate z over a small 2-sphere surrounding x and x
over a larger 2-sphere surround w; the third and fourth lines integrate z
over a small sphere around w and x over a larger 2-sphere surrounding w.
Summing over cyclic permutations with the appropriate signs, we see that
the Jacobi identity follows from associativity, i.e. that the brackets of the
mode algebra satisfy the Jacobi identity. U

We now show that if V has a g Higgs branch flavor symmetry, the M,
play a distinguished role in the Higgs branch chiral ring: they are the com-
ponents of a moment map for a g action on the Higgs branch. For starters,
Proposition 3.1.1 implies the operator M,, being a Higgs branch primary,
has regular OPEs with any other Higgs branch primary operator (so long
as the BPS bound is satisfied). If O is any other Higgs branch primary
operator, then associativity and N = 2 superconformal symmetry totally
constrains the OPE of M, and the superpartner Yo.

3.1.3 Corollary. Let V be an N = 2 superconformal raviolo vertex algebra satis-
fying the BPS bound and suppose u, generates a g Higgs branch flavor symmetry
and let M, be the Higgs branch primary operators with superpartners p,. If O;
are Higgs branch primary operators, with superpartners Yo, transforming in a
representation R, then the OPE of M, and Yo, is given by

(31.13) Ma(z)¥o,(w) ~ O (=0;(w) (0)'s)
where p, are the representation matrices for the g action on R
Using this expression for the OPE of M, and the superpartner Yo, we

can deduce the following result.
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3.1.4 Corollary. Let V be an N = 2 superconformal raviolo vertex algebra satis-
fying the BPS bound and suppose u, generates a g Higgs branch flavor symmetry.
Then the Higgs branch My [ V] admits a Hamiltonian g action with comoment map
g — MH[V], T, — M,.

There are identical results concerning Coulomb branch flavor symme-
tries, their proofs are identical to the ones presented above.

Proof. This follows from an explicit computation. Let O; be a collection of
Higgs branch primary fields transforming in a representation R of g, then
the Poisson bracket of M, and O; is given by

(3.1.14)

(M,,0}) = } f ax(1(x)02) ~ Yo (M) ) = (pr)01)

In the second equality we used the OPEs determined by Lemma 2.3.1 and
Corollary 3.1.3. O

3.1.1. Example: free chiral(s). As a first example, consider the N = 2 su-
perconformal raviolo vertex algebra of a free chiral SFC. As we saw above,
there are no non-trivial Coulomb branch primary operators, whence A¢[SFC] =
C. The Higgs branch chiral ring is generated by the fermion 7, correspond-
ing to the ring of functions on My [SFC] = I1C[—1]. The Poisson bracket of
n with itself is also easy to compute:

(3.1.15) (1,1} (2) f dxX(x

In particular, the degree —2 Poisson structure on the Higgs branch IIC[—1]
is non-trivial.

We note that if we were to consider M free chirals then there would be
an SO(M) Higgs branch flavor symmetry generated by the bilinears

(3116) (S[Q‘CZXCI’]M : and “Hallp - -

3.1.2. Example: free hypermultiplet. Aswe saw in Section 2.4, the only Coulomb
branch primary operator in FH is the identity operator 1. We also saw that
the generating bosons Z* were Higgs branch primary operators. These op-
erators generate the Higgs branch chiral ring: Ay[FH| = C[Z"]. We note
that Z* has Higgs branch R-charge 1, so the Higgs branch is identified as
Mpy[FH] = C2?[—1]. The bracket {Z%, ZF} is given by

(3.117)  {z%ZP}(2) fdx< B(z) — 9P (x)Z%(z )> v



so we recover the natural degree —2 Poisson bracket on C?[—1]. The bi-
linears M*f = 1:7%7F: are particularly special Higgs branch local opera-

tors: their superpartners are the s((2) currents e("‘W:lp,YZ B):. We see that
these generate an sl(2) Higgs branch flavor symmetry. More generally, if
we were to consider many copies of this theory there would be an Sp(2M)
Higgs branch flavor symmetry generated by the bilinears

(3.1.18) w®p,zP: and  1:z%7F:

where w*F is the Poisson tensor w,g corresponding to a choice of symplectic
form on C?M.

Putting these results together, we see that the Higgs and Coulomb branches
of FH precisely match those of a free hypermultiplet as Poisson varieties:
Mc[FH] is a point and My [FH] = C?[—1] with Poisson tensor €*f.

3.1.3. Example: free N = 4 vector multiplet. We saw there were no non-trivial
Coulomb branch primary operators in FVP™, so Ac[FVPe"] = C. The
Higgs branch chiral ring is a polynomial algebra in two fermionic variables
¢, A. The Poisson bracket of the generators c, A is given by

(3.1.19) {c,A\}(z) = %idx ((p(x)/\(z) + b(x)c(z)) =1

Together with {c,c} = {A,A} = 0, we see that the Higgs branch can be
identified with the cotangent bundle T*[2](I1C[—1]) with its natural Pois-
son structure.

This result is quite different from the full, non-perturbative Higgs and
Coulomb branches of a free N = 4 vector multiplet: the non-perturbative
Higgs branch is IIC[—1] and the non-perturbative Coulomb branch is T*[2]C*.
We can reproduce this answer from FV. The only operators that satisfy
j = 4 are 1 and A; A is still a Higgs branch primary operator, with su-
perpartner b, and Higgs branch R-charge 1. The bracket {A, A} vanishes,
so we conclude the Higgs branch can be identified as My [FV] = TIC[—1]

with trivial Poisson structure.

The Coulomb branch chiral ring is generated by the monopoles V- to-
gether with the boson ¢; the monopoles have Coulomb branch R-charge 0,
whereas ¢ has Coulomb branch R-charge 2. This matches the algebra of
functions on T*[2]C*. We find that the Poisson brackets of the generators
of the Coulomb branch chiral ring take the expected form

(3.1.20) {¢,Vi}(z) = %jédx (v(x)Vi(z) F :/\Vi:(x)<p(z)) =+1Vi(z)

Indeed, the superpartner of ¢ is the abelian current v generating the topo-
logical flavor symmetry, hence it is the moment map for the topological
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flavor symmetry rotating C*. If we were to consider M copies of his the-
ory, the C* Coulomb branch symmetry becomes a (C*)™ Coulomb branch
flavor symmety.

3.2. Superconformal raviolo vertex algebras with superpotential. Ravi-
olo vertex algebras can be deformed/coupled by introducing a superpote-
nial, cf. Section 4.5 of [27]. For V a raviolo vertex algebra, a superpotential
is a bosonic vector W € V2 of R-charge 2 such that W)W belongs to the
image of the translation operator 9; the pair (V, W) is called a raviolo ver-
tex algebra with superpotential. As shown by Lemma 4.5.2 of loc. cit.,
Dw : O — WO defines a differential on V. If V is conformal, the superpo-
tential is required to be a primary of spin 1, i.e. the OPE of the stress tensor
I' and W is of the form

(3.2.1) T(z)W(w) ~ QL W(w) +Q2_ oW (w).

Now suppose V is an N = 2 superconformal raviolo vertex algebra sat-
isfying the BPS bound and suppose (V, W) is a conformal raviolo vertex
algebra with superpotential such that W is a primary for the superconfor-
mal current ¢ with gy = 0, i.e. the OPE of W and ¢ is regular and hence
Dwo = 0. The BPS bound implies that the OPE of W and Q¥ takes the
form

(32.2) W(z)Q* (w) ~ L, W (w) + 02, W (w)

Z—w
where Wio)(w) = (W) QF)(w) and Wj(tl)(w) = (W1)QF)(w). In order for
the N = 2 superconformal symmetry to be compatible with the differential
Dy, i.e. DwQ* = 0, we require Wio) = 0; we call such a pair (V, W) an
N = 2 superconformal raviolo vertex algebra with superpotential (satisfying the
BPS bound). Note that WS) has R-charge 2, spin 1, and S-charge £1; we
see that they necessarily saturate the BPS bound.

The following result is immediate from the definitions.

3.2.1 Proposition. Let (V,W) be an N = 2 superconformal raviolo vertex al-
gebra with superpotential satisfying the BPS bound, then Dy equips V with the
structure of a dg N = 2 superconformal raviolo vertex algebra. Moreover, if O is a
Higgs or Coulomb branch primary operator then so too is DwO, with superpartner
—DwVYo.

We see that if (V, W) is a N = 2 superconformal raviolo vertex algebra
with superpotential satisfying the BPS bound, then Dy induces a degree
1 differential on the Higgs and Coulomb branch chiral rings. In fact, it is
actually a derivation of the full shifted Poisson structure:
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3.2.2 Corollary. Let (V,W) be an N = 2 superconformal raviolo vertex algebra
with superpotential satisfying the BPS bound, and let O1, O, be Higgs branch
primary operators, then

Dw{01,0,} = {DwOy,0,} + (-1)I9{0y, D0y}

In particular, Dy equips the Higgs branch chiral ring with the structure of a dg
2-shifted Poisson algebra.

There is an identical statement for the Coulomb branch chiral ring.

Proof. We compute:
(3.2.3)

Dw{O1,0:}(z) = Dw (; dx¥o, (x)0a(z) — (—1)911°21¥ e, (x)04 (z))
=1 j{ dx< — (Dw¥o,(x))0a(z) + (—1)%1¥0, (x) (DwOa(z))

+ (=1) 1% (D ¥, (x)) 01 (2) + (~1) 1O VI% Ny o, (x) (DO (Z))>

= {DwO01,02}(z) + (—1)I%{O1, DwO, } ()
O

3.2.1. Example: perturbative N = 4 gauge theory. One important example of
an N = 2 superconformal raviolo vertex algebra with superpotential arises
as the supersymmetric analog of the BRST reduction discussed in Section
4.5.2 of [27].

Suppose V is an N = 2 superconformal raviolo vertex algebra satis-
tying the BPS bound and y, generate a g Higgs branch flavor symmetry.
As before, we denote the accompanying Higgs branch primary operators
M,. We then consider the N = 2 superconformal raviolo vertex algebra
V ® (FVPert®8) and the field

(3.2.4) Wiot = %fbac:bacbccz +f§cz)xacbqbc: — g+ "M,

3.2.3 Proposition. W, gives V @ (FVPt8) the structure of an N = 2 super-
conformal raviolo vertex algebra with superpotential.

Proof. We first note that this construction is an instance of the example con-
sidered in loc. cit., so (V, W) is indeed a conformal raviolo vertex algebra
with superpotential. Moreover, W is a current algebra primary, being a sum
of normally-ordered products thereof, and has S-charge 0.
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We are then left with checking the OPEs of W;,; and Q*. A direct com-
putation leads to the following;:

(3.2.5) Wiot Q" ~ QL (:c" My + 3 i Aacbct) WiptQ™ ~ 0

from which the assertion follows. O

As shown in Section 2.4, the Higgs branch primary operators of FVPerts
are simply normally-ordered products of the fermions c?, A,; Higgs branch
primary operators of V @ (FVP'*®%) are then normally-ordered products
of these fermions and Higgs branch primary operators of V. The action of
Dyt = Dy, on the fermionic generators is given by

(3.2.6) Diorc” = 1 fi:c"c?s Diotha = flicAp: + M,

Similarly, the action of Dy on a Higgs branch primary operator O € V is
given by

(327)  DupiO(z) = :¢%(2) ( j{ dxya(x)O(z)> .= :c"{M,,0}:(2)

Indeed, when restricted to Higgs branch primary operators in V @ (FVPert®e)
we see that Dy, agrees with Poisson bracket with : ¢ M, : + % fi: Agcbee:.

Putting this together, we conclude the following:

3.2.4 Theorem. The Higgs branch chiral ring of V @ (FVP''®9) together with
the differential Dyo; can be identified as a dg 2-shifted Poisson algebra with the
ring of functions on the derived symplectic reduction of My V] by g:

(Au[V® (FVP"99)], Diot) = Ongyy(v) /g

3.3. Topological Twisting. We saw above that an N = 2 superconformal
raviolo vertex algebra V satisfying the BPS bound has attached to it two
Poisson algebras, the Higgs and Coulomb branch chiral rings Ay[V] and
Ac[V]. In this subsection, we show that these chiral rings can often be real-
ized cohomologically.

Heuristically, we aim to recover Ay[V] by taking the cohomology with
respect to the superconformal generator Q" as a superpotential deforma-
tion. We see that this can not be done without a slight modification of
the N = 2 superconformal raviolo vertex algebra: Q" has R-charge 1 and
spin 3, whereas a superpotential needs to have R-charge 2 and spin 1.
Thankfully, we can use the superconformal current o to remedy this: we
choose a new R-charge and spin gradings given by Higgs branch R-charge
Rp = R+ 0(p) and the Higgs branch spin Jp = | — %(7(0). As mentioned
above, the resulting raviolo vertex algebra is still conformal (necessarily

of vanishing central charge 0), but no longer superconformal. Instead, the
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N = 2 superconformal algebra reorganizes itself into the twisted N = 2
superconformal raviolo vertex algebra.

The twisted N = 2 superconformal raviolo vertex algebra contains a
stress tensor I' (with vanishing central charge), an abelian raviolo current
o (atlevel ¢/3), and two bosonic operators Q, Q whose OPEs with I' and ¢
are

(3.3.1)
I'(z)Q(w) ~ QL ,Q(w) + Q2 ,00(w) 7(2)Q(w) ~ Q_,Q(w)
I'(z)Q(w) ~ 20! ,0(w) + 02 ,00(w) o(z)Q(w) ~ -0, Q(w)

Namely, Q (resp. Q) are raviolo Virasoro primaries of spin 1 (resp. 2), R-
charge 2 (resp. 0), and S-charge 1 (resp. —1). Their OPE with one another
is given by

(332) Q(z)Q(w) ~ 2 ,(=§/3) + 0l ,(—0o(w)) + 0, (T (w))

We call a conformal raviolo vertex algebra V with operators o, Q, Q satis-
fying the above OPEs a twisted N = 2 superconformal raviolo vertex algebra.
Of course, there is a notion of twisted N = 2 superconformal raviolo vertex
algebra with superpotential. The following Lemma is immediate from the
definitions.

3.3.1 Lemma. Let (V,W) be a twisted N = 2 superconformal raviolo vertex
algebra with superpotential, then (V, Q + W) is a conformal raviolo vertex algebra
with superpotential.

Now suppose V is an N = 2 superconformal raviolo vertex algebra. It
has associated to it two twisted N = 2 superconformal raviolo vertex al-
gebras. We denote by Vp the twisted N = 2 superconformal raviolo ver-
tex algebra resulting from the above modification, i.e. with stress tensor
I'p =T+ %8(7, superconformal current o = ¢, and bosonic generators

Qp = QT and QB = Q. Let Dp denote the differential corresponding
to Qp; we will call the DG conformal raviolo vertex algebra (Vg, Dp) the
B-twist of V. We can similarly work with the Coulomb branch R-charge
Ra=R—v0pandspin J4 =] + %0’(0). This is again twisted N = 2 super-
conformal, now with stress tensor 'y = I' — %80, superconformal current

04 = —0, and bosonic generators Q4 = Q~ and é A4 = Q". We denote this
twisted N = 2 superconformal raviolo vertex algebra V4 and we call the
resulting dg conformal raviolo vertex algebra (V4, D4) the A-twist of V.

If (V,W)is an N = 2 superconformal raviolo vertex algebra with su-
perpotential, then by definition Dy and Dp are commuting differentials on
Vp and we can view Vg as a bicomplex with gradings given by R-charge
and S-charge (7, q); Dy has bidegree (1,0) and Djp has bidegree (0,1). The
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total degree on this bicomplex is then the Higgs branch R-charge and the
total differential Dp oy = Dp + Dy. We call the dg conformal raviolo vertex
algebra (Vg, Dp tot) the B-twist of (V, W).

Our first result about the B-twist is the following;:

3.3.2 Proposition. Let (Vg, Dg) be the B-twist of an N = 2 superconformal
raviolo vertex algebra, then the stress tensor I'g is Dp-exact.

Proof. The stress tensor I'p is the coefficient of QY in the OPE QBQB,

z—w

hence DBQB =TI. Il

An immediate corollary says that non-trivial Dp-cohomology classes are
concentrated in the sector of vanishing Higgs branch spin.

3.3.3 Corollary. Let (Vg, Dg) be the B-twist of an N = 2 superconformal raviolo
vertex algebra. If O € Vp is a Dg-closed operator with Higgs branch spin jpo #
0, then O is Dg-exact.

Proof. We use the above proposition to see that DBQ = T; the assertion
follows from a direct computation:

(3.3.3) j8,00 = T'p,1)0 = D5(Qp,1)0)
O

Both of the above results remain true if (V, W) is an N = 2 supercon-
formal raviolo vertex algebra with superpotential and we replace Dp with
Dg tot-

As Dgp is a derivation of the normally-ordered product, the normally-
ordered product gives Dg-cohomology the structure of a commutative, as-
sociative algebra. We now show that there is a natural shifted Poisson
bracket directly analogous to the one appearing in the Higgs branch chi-
ral ring. If O € Vp is any operator, we consider a second operator obtained
by acting with Qp:

(634) 0ll(z) = § dxQs(x)0(2) = (Qp0)0) ()

called the holomorphic descendant, or simply descendant, of O. The operator
O has the opposite (totalized) parity of O, Higgs branch R-charge rp — 1,
and Higgs branch spin jp 4+ 1, where rg and jp are the Higgs branch R-
charge and spin of O. If O is a Higgs branch primary operator, we see that
ol = ¥,,.
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It is immediate that Ol!!(z) satisfies the holomorphic descent equation
(3.3.5) DO =30 — (DgO)

which is a direct (holomorphic) analog of Witten’s (topological) descent
equation [14]. With descendants in hand, we define the following binary
operation:

(436) {01,02}}(2) = } § dxO!(x)0a(2) - (~1) 0] ()04 (2)

Note that {{ —, —}} decreases Higgs branch R-charge by 2 and preserves
Higgs branch spin. Moreover, because Qp has a regular OPE with itself, it
follows that QB,(O)Z = 0 and hence the descendant of a descendant neces-
sarily vanishes:

(3.3.7) OB (z) := (Qp,pyOM)(z) = 0

3.3.4 Theorem. Let V be an N = 2 superconformal raviolo vertex algebra and
let (Vg, D) be its B-twist. The bracket {{ —, —}} equips Dp-cohomology with the
structure of a 2-shifted Poisson algebra.

If we consider the B-twist of an N = 2 superconformal raviolo vertex al-
gebra with superpotential (V, W), we have an analogous descent equation:

(33.8) Dg,t6tO1 = 90 — (Dp,10:0) !

The following proof is unchanged if we replace Dg by Dg 101, i.e. H*(Vp, Dp tot)
also has the structure of a 2-shifted Poisson algebra.

Proof. The necessary skew-symmetry and Higgs branch R-charge are im-
mediate from the definition. Much of the proof will be the same as that of
Theorem 3.1.2 and the analogous result for N = 2 superconformal vertex
algebras proven in Section 2.3 of [40], so we will be brief in those portions
to avoid repetition.

We first show that Dp is a derivation of the bracket:
(3.3.9)

Dg{{01,02}}(z) = {{DsO1, 02}}(2) + (—1)/9'{{01, D02 }}(2)
-1 4 dx((aol(x))oz(z) — (-l (8Oz<X>)Ol(Z>>

= {{Ds01, 02}}(z) + (—1)I91{{O1, D50, }} (z)

The first equality uses the descent equation, and the second equality fol-
lows from the fact that can be no term proportional to QY_, in the OPE
d0(x)O/(z) for any O, 0.
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To show this bracket satisfies the Jacobi identity, we need the descendant
of the bracket {{Oy, O, }}:

{101,023 1(z) = (-1 § dx0l! (10}’ (2)
+§(_1)\ol\+(|ol\+1 (|02]+1) fdxogl](x)ogl](z)

cf. Eq. (3.1.6). With this expression, {{{{O1, 02}}, O3}} is given by
(3.3.11)

{01,021}, 05} (w) = 4(~1) ! § dz § dx0{! (x)0L' (2)0x(w)
(—1)(lol+1)(0z+1)+ (04| f dz f dxo;mog” ()O3 (w)

(3.3.10)

+

RN

_|_

RN

(~nyestionein f gz § axollz)0]! (x)0a(w)

(—1)/0sl(Ionl+[0l+1)+[0n] 0 ?idzfidxog] (2)OM ()0 (w)

RN

As in the proof of Theorem 3.1.2, we see that this vanishes after summing
over cyclic permutations (with suitable signs) due to associativity. Note
that the Jacobi identity holds exactly, cf. Section 2.3 of [40].

Finally, to show that {{—,O}} is a derivation of the normally-ordered
product, we need the descendant of a normally-ordered product:

(33.12) :0,0,:1 = :0/10,: 4 (=1)19:0,0":

cf. Proposition 3.1.1. Unlike the Jacobi identity, we find that {{—, O}} is
only a derivation of the normally-ordered product up to homotopy. A suit-
able homotopy is given by

(3.3.13)
1(01,02,0)(w) = § = 1 (=) f a0l ,00")  axte— )10} (m)0(w)
120 w
n (—1)\01”02\]§sz; fdx w) 1ol (x )O(w)>
w
from which a straight-forward computation leads to
(3.3.14)

Dgn(01,0,,0) = {{:0102:,0}} —:0:1{{0,, 0} : — (—1)I°11%2): {{O;, 0} Os:
+ 1(Dg01,02,0) + (=119 (01, D0y, 0) — (—1)11+10214 (04, 0,, DO)
In the same way, {{O, —}} is only a derivation of the normally-ordered

product up to homotopy; by the skew-symmetry of the bracket, a suitable
homotopy is given by (—1)/°l(011+10204(0,, 0,,0). O

We note that the bracket described in [40] is such that {{O,—}} is a
derivation without the need of a homotopy, whereas the skew-symmetry
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of the bracket requires a homotopy. We have chosen a bracket that is skew-
symmetric without the need for a homotopy, in exchange for the need of a
homotopy in this Leibniz rule.

As we have seen, there are now four 2-shifted Poisson algebras associ-
ated to any N = 2 superconformal raviolo vertex algebra V satisfying the
BPS bound: the chiral rings Ay [V], Ac[V] introduced in Section 3.1 and the
cohomologies H*(V3, Dg), H*(V4, D). Focusing on the Higgs branch/ B-
twist, we see that the product structure on these rings arises from normally-
ordered product on V and the brackets are quite similar in form, so it is
reasonable to expect that these rings are related to one another. Indeed, we
have the following.

3.3.5 Proposition. There is a natural map Ay[V] — H*(Vg, Dg) of 2-shifted
Poisson algebras taking a Higgs branch primary operator O to its Dg-cohomology
class [O]. This map is an isomorphism if all operators with vanishing Higgs branch
spin jp = 0 are Higgs branch primary operators.

Proof. Any Higgs branch primary operator is necessarily Dp-closed, so the
statement makes sense at the level of commutative, associative algebras. To
see that this is a shifted Poisson morphism, we note that if O, O, are Higgs
branch primary operators then {O1,0,} = {{O1,0,}} because ¥, = Ol
for such operators.

Now suppose all operators satisfying jp = 0 are Higgs branch primary
operators. Corollary 3.3.3 implies that any Dg-closed operator O that does

not satisfy jg = 0 is Dp-exact. In particular, any non-zero cohomology
class can be represented by a Higgs branch primary operator, providing
the desired inverse. U

All operators satisfying jp = 0 (resp. ja = 0) were Higgs (resp. Coulomb)
branch primary operators for each of the examples in Section 2.4 except
FVPert where the operators ¢ and ¢ have j4 = 0 but neither is a Coulomb
branch primary operator. Applying this proposition to those examples
yields the following.

3.3.6 Corollary. Let V be one of the examples FH, FV, or SFC in Section 2.4. The
Higgs and Coulomb branch chiral rings of V are isomorphic to the cohomologies of
its B- and A-twists, respectively.

AH[V] >~ H.(VB, DB) Ac[V] >~ H.(VA, DA)

Although F VPert doesn’t satisfy the above condition, we can still show
the above map is an isomorphism.
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3.3.7 Proposition. The Higgs and Coulomb branch chiral rings of FVP*'" are iso-
morphic to the cohomologies of its B- and A-twists, respectively.

Au[FVPrt) ~ H*(FVE™,Dg)  Ac[FVP"] ~ H*(FVA",Dy)

Proof. As all operators in FVP*" satisfying jp = 0 are Higgs branch primary
operators, it suffices to consider the A-twist. All non-trivial operators sat-
isfying j4 = 0 are realizable as normally-ordered products of ¢ and c; the
action of D4 on these generators is

(3.3.15) Dac=¢ Dap =0

from which it follows that D 4-cohomology is generated by 1, exactly match-
ing Ac[FVPert]. O

More generally, it is not clear what the necessary and sufficient condi-
tions are for the maps in Proposition 3.3.5 to be isomorphisms.
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