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By popular request our motivating example throughout this talk will be classical elec-
tromagnetism in a vacuum, so we first begin with a quick refresher on the Maxwell-Field
equations. From the physicists point of view, classical electromagnetism boils down to
studying the following set of partial differential equations, known as the Maxwell-Field
equations:

∇× E = −∂B
∂t

∇ ·E = 0 (1)

∇× B = ∂E
∂t

∇ ·B = 0 (2)

With these equations, it can be shown that E and B can be described by a scalar function
V : R1,3 → R, and a vector field M : R1,3 → R3 in the following way:

E =−∇V − ∂M
∂t

B =∇× M

One then finds that the E and B are invariant under the following transformation in the
potentials:

V ′ =V − ∂λ

∂t
M′ =M +∇λ

for any function λ : R1,3 → R. This transformation can be better encoded by defining
the four potential on R1,3:

Ai∂i = (V,Mx,My,Mz)

We then obtain the following one form under the musical isomorphism:

Aidx
i = −V dt+Midx

i
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Then the transformation is given by:

A′ = A+ dλ

In physics, this is called a gauge transformation, and it was the goal of the original Yang-
Mills paper to extend this invariance to the strong force. In so doing, they, perhaps by
happenstance, implicitly used geometry and the theory of connections to develop the
Yang-Mills equations.

We now turn to developing the ingredients behind this theory. Recall from the last talk,
that given a principal G bundle P over some base manifold M , we can prescribe the
principal bundle with a connection A that determines the horizontal subspace of TP .
We can view A as a Lie algebra value one form on P satisfying:

A(Xp) =
{
X ∈ g if Xp ∈ Vp
0 if Xp ∈ Hp

we call A a vertical one form on P . Furthermore, recall that the curvature of such a
connection is given by:

F = π∗dA

where π is the projection P → M . One can check by direct verification that this is
equivalent to the structure equation:

F = dA+ 1
2[A,A]

where for Lie algebra valued k and l forms:

[η, ω] =
n∑

i,j=0
ηi ∧ ωj ⊗ [Ti, Tj ]

after choosing a basis {Ti} for g. For one forms this reduces to the formula:

[η, ω](X,Y ) =[η(X), ω(Y )]− [η(Y ), ω(X)]

Recall that in a local trivialization of P , corresponding to local section s : U → P , we
have that:

As = s∗A

which is then a Lie algebra valued on form on the base manifold M . Furthermore, we
have that Fs = s∗F , satisfies a similar structure equation:

Fs = dAs + 1
2[As, As]
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Now let Ui × G and Uj × G be two local trivializations of P corresponding to sections
si and sj such that Ui ∩ Uj 6= ∅. Then, we have that on the overlap :

sj = si · gij

for some gij : Ui ∩ Uj → G, which we call a local gauge transformation. Then under a
local gauge transformation we have that:

Aj =Adg−1
ij
◦Ai + g∗ijθ

where θ is the Maurer-Cartan form:

θ(v) = DgLg−1(v)

The above can be verified quite easily by direct calculation with pushforwards, and using
the fact that for:

Φ : M ×G −→M

: (x, g) 7−→ x · g

we have for (X,Y ) ∈ TxM ⊕ TgG:

D(x,g)Φ(X,Y ) =DxRg(X) +Dgφx(Y )

where φx is the orbit map through the point x. In a similar vein, if A is the global
connection one form on P , and f is a global bundle automorphism, then we can write
that:

f(p) = p · σf (p)

for some σf : P → G satisfying:

σ(p · g) = g−1σf (p)g

Then A transforms as:

f∗A = Adσ−1
f
◦A+ σ∗fθ

Furthermore, Fsi transforms as:

Fsj = Adg−1
ij
◦ Fsi

We then see that similarly:

f∗F = Adσ−1 ◦ F

Turning back to the physics for a moment, we make the assumption that classical elec-
tromagnetism corresponds to a U(1) gauge theory over the base manifold, then:

P = R1,3 × U(1)
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so there exists a global section of P . We can then view As as a global connection one
form on the base with values in u(1) ∼= R, and set:

Asi = −V dt+Mxdx+Mydy +Mzdz

then under a the change of section gij = eiλ(x) we have:

Asj =Adg−1
ij
◦Asi + g−1

ij dgij

=Asi + e−iλ(x)deiλ(x)

=Asi + dλ

thus we obtain the gauge transformation for the four potential discussed earlier. Fur-
thermore, as U(1) is abelian we have that:

Fsi = dAs

and while I won’t do the full calculation out, I will examine an easy term:

Fxt =− ∂V

∂x
dx ∧ dt− ∂Mx

∂t
dx ∧ dt

=Exdx ∧ dt

so the curvature form is given in matrix notation as:

F =


0 −Ex −Ey −Ez
Ex 0 −Bz By
Ey Bz 0 −Bx
Ez −By Bx 0


so the curvature form contains the information for both the electric and the magnetic
fields. As U(1) is abelian, we have that Adg−1 is the identity, so Fs, and as a consequence
the physical fields, are invariant under a gauge transformation.

Recall that a vector bundle E associated to P , with fibre V , and a representation ρ is
defined as:

E = P ×ρ V

which is the quotient of P × V under the equivalence relation:

[p, v] ∼ [p · g, ρ(g)−1 · p]

In particular, this implies that:

[p · g, v] ∼ [(p · g) · g−1, ρ(g)v] ∼ [p, ρ(g)v]
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If the representation is trivial we have that E is trivial, hence:

E = M × V

A local section Φ of the bundle is then the equivalence class:

Φ = [s(x), φ(x)]

where φ : U ⊂ M → V , and s : U → P . If f is a global bundle automorphism, we have
that the action of f on an associated vector bundle is given by:

f · [p, v] = [f(p), v] = [p · σf (p), v]

The connection one form induces a a covariant derivative on E:

∇A : Γ(E) −→ Ω1(M,E)
Φ 7−→ [p, dφ+ ρ∗(As)φ]

We can also define the covariant exterior derivative:

dA : Ωk(M,E) −→ Ωk+1(M,E)

In a local frame {ei} of E we see that ω ∈ Ωk(M,E) can be written as:

ω = ωi ⊗ ei

for ωi ∈ Ωk(M), then:

dAω = dωi ⊗ ei + (−1)kω ⊗∇Aei

In a local gauge s : U → P , we choose a basis for v1, . . . , vn for V , then determine a
local frame ei, . . . en for E via:

ei = [s, vi]

Then:

ωs = ωi ⊗ vi

we can then write that:

(dω)s =dωs + ρ∗(As)vi ∧ ωis
def= dωs +As ∧ ωs

An associated vector bundle of particular interest is Ad(P ):

Ad(P ) = P ×Ad g

Why is this vector bundle important? Recall that F is horizontal, that is, it sends
every vertical vector field to zero. We denote general k forms with values in g, which
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transform like the curvature form, and are horizontal by Ωk
Hor(P, g)Ad. Note that every

F is in Ω2
Hor(P, g)Ad, and that given a connection A ∈ Ω(P, g), any other connection can

be written as:

A′ = A+ ω

for an ω ∈ Ω1
Hor(P, g)Ad. It turns out that the vector space Ωk

Hor(P, g) is canonically
isomorphic to the vector space Ωk(M,Ad(P )), via the map:

Λ : Ωk
Hor(P, g) −→ Ωk(M,Ad(P ))

defined by:

Λ(ω)(X1, · · · , Xk) =[p, ω(Y1, . . . , Yk)] ∈ Ad(P )x

where:

π(p) = x and π∗(Yi) = Xi

Verification of the above statement is overall pretty standard, one checks that the map
is well defined, linear, and bijective, and the statement follows. To see this in the k = 0
case note that:

Ω0
Hor(P, g)Ad = {f ∈ C∞(P, g) : f(p · g) = Adg−1 ◦ f(p)}

while:

Ω0(M,Ad(P )) = Γ(Ad(P ))

Looking at the equivalence class:

[p, f(p)]

we see that:

[p · g, f(p · g)] = [p · g,Adg−1 ◦ f(p)] = [p, f(p)]

so each element in Ω0
Hor(P, g) completely determines a global section of Ad(P ) and vice

versa. This then implies the following statements:

(i) The set of all connection on P is an affine space over Ω1(M,Ad(P ))

(ii) The curvature FA of a connection A on P can be identified with an element
FAM ∈ Ω2(M,Ad(P )). So local curvature forms on M , extend globally to 2-forms
on M with values in Ad(P )
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both of which are vital for Yang-Mills. Importantly, this implies we can write the Bianchi
identity, = as:

dAF
A
M = 0

We notice this by stating the Bianchi Identity:

dFA + [A,FA] = 0

which follows from the properties of the bracket operation on forms, and noting that in
a local gauge, for E = Ad(P ) we have that:

dAω =(dωs) + ρ∗(As)Ti ∧ ωi

=(dωs) +Ajs ∧ ωi ⊗ [Tj , Ti]
=(dωs) + [As, ωs]

So we have that since Fs can be extended to FAM :

dFA + [A,FA] = 0⇒ dFAM + [FAM , FAM ] = dAF
A
M = 0

We are now going to quickly define the other necessary ingredients in the Yang-Mills
Lagrangian. Suppose that M has a (pseudo)-Riemannian metric g, and recall that we
can raise the indices of k form ω via:

ωi1···ik =gi1j1 · · · gikjkωj1···jk

Via this operation we define the scalar product of forms by:

〈ω, η〉 = 1
k!ωi1···ikη

i1···ik

For twisted forms, i.e. forms with values in some vector bundle E, if E carries a bundle
metric 〈·, ·〉E , we can define a the scalar product of twisted forms by:

〈ω, η〉 = 〈ωi, ηj〉〈ei, ej〉E

The L2 norm for k-forms is:

〈ω, η〉 =
∫
M
〈ω, η〉dvolg

While the L2 product for twisted k-forms is:

〈ω, η〉E,L2 =
∫
M
〈ω, η〉Edvolg

Furthermore, we define the hodge star operator as the unique linear map:

? : Ωk(M)→ Ωn−k(M)
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defined by:

ω ∧ ?η = 〈ω, η〉dvolg

In a local oriented orthonormal frame we have that:

?(αm1 ∧ · · · ∧ αmk) =gm1m1 · · · gmkmkεm1···mkmk+1···mnα
mk+1 ∧ · · · ∧ αmn

where {m1, . . . ,mk} is complimentary to the set {mk+1, . . . ,mn} and ε is totally anti-
symmetric with:

ε123···n = 1

In particular:

?dvolg = (−1)t and ? 1 = dvolg

The hodge star on twisted forms just ignores the tensored section of E, i.e.:

?ω =(?ωi)⊗ ei

We further define the codifferential, d? : Ωk(M)→ Ωk−1 as:

d? = (−1)t+nk+1 ? d?

and the covariant codifferential as:

d?A = (−1)t+nk ? dA?

We can now finally construct the Yang-Mills Lagrangian. We fix the following data:

• an n-dimensional pseudo-Riemannian manifold (M, g)

• a principle G bundle P →M with compact structure group G

• an Ad-invariant positive definite scalar product 〈·, ·〉g on g.

The Ad invariant scalar product determines a bundle metric on the associated real vector
bundle Ad(P ) that we denote by 〈·, ·〉Ad(P ) via:

〈[p, v], [p, w]〉Ad(p) = 〈v, w〉g

The Yang-Mills Lagrangian is then given by:

LYM [A] = −1
2
〈
FAM , F

A
M

〉
Ad(P )

Note that this Lagrangian is gauge invariant, as:

F f∗A = f∗FA
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for some global bundle automorphism f . We can rewrite this as:

f∗FA =R∗σf
FA = Adσ−1

f
◦ FA

Hence, with our previous definition of the action of a global bundle automorphism on
an associated vector bundle, we have that:

F f
∗A

M = f−1 · FAM

FAM takes values in Ad(P ), so we have that f−1 acts on FAM via the adjoint action, and
since the scalar product on Ad(P ) is Ad invariant, we have that:〈

FAM , F
A
M

〉
Ad(P )

=
〈
f−1 · FAM , f−1 · FAM

〉
Ad(P )

hence:

LYM [f∗A] = LYM [A]

so the Lagrangian is gauge invariant as desired. The Yang-Mills action is given by:

SYM [A] =− 1
2

∫
M

〈
FAM , F

A
M

〉
Ad(P )

dvolg

A connection A is a critical point of the Yang-Mills action if for all α ∈ Ω1
Hor(P, g)Ad:

d

dt

∣∣∣∣∣
t=0

SYM [A+ tα] = 0

We will now calculate the critical points of SYM as follows. First note that:

FA+tα =dA+ 1
2[A,A] + tdα+ t[A,α] + t2[α, α]

=FA + tdα+ t[A,α] + t2[α, α]

Both F and α have representatives in Ωk(M,Ad(P )), so, by our earlier work with the
Bianchi identity we have:

FA+tαM
M =FAM + tdAαM + t2[αM , αM ]

So: 〈
FA+tαM
M , FA+tαM

M

〉
Ad(P )

=
〈
FAM , F

A
M

〉
Ad(P )

+ 2t
〈
dAαM , F

A
M

〉
Ad(P )

+ O(t2)

Hence:

d

dt

∣∣∣∣∣
t=0

SYM [A+ tα] =2
〈
dAαM , F

A
M

〉
Ad(P ),L2

=2
〈
αM , d

?FAM

〉
Ad(P ),L2
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Since this needs to hold for all αM , and since the L2 norm is nondegenerate, we obtain
the Yang-Mills equation:

d?AF = 0⇒ dA ? F = 0

The Yang-Mills equation, combined with the Bianchi-Identity are Maxwell’s equations
in a vacuum. Let us briefly see this, Recall that:

Fxt = Exdx ∧ dt⇒ ?Fxt = Exdy ∧ dz

Note that dA reduces to d as the representation of U(1) on Ad(P ) is trivial, or more
concretely, since we have identified u(1) with R, and since Ad(P ) of is trivial, we can
think of F as a regular 2 form on R1,3. So we obtain:

d ? Fxt =∂Ex
∂x

dx ∧ dy ∧ dz

Similarly, the purely spacial components the other components of are E :

d ? Fyt =∂Ey
∂y

dx ∧ dy ∧ dz

d ? Fzt =∂Ez
∂z

dx ∧ dy ∧ dz

Hence we see that:

∂Ex
∂x

+ ∂Ey
∂y

+ ∂Ez
∂z

= 0⇒ ∇ ·E = 0

We have recovered one of Maxwell’s equations!

We now turn to some complex geometry; let Σ be a Riemann surface. In particular this
implies that Σ is orientable, has a complex structure, and carries a Reimannian metric.
The Hodge star operator then sends one forms to one forms, and satisfies:

?2 = −1

Importantly, via the musical isomorphism T ∗Σ ↔ TΣ it turns out that any orientable
2 manifold carries an almost complex structure, and any 2 manifold with an almost
complex structure is orientable. The hodge star on Σ determines a splitting:

Ω1(Σ)⊗ C ∼= Ω(1,0)(Σ)⊕ Ω(0,1)(Σ)

corresponding to the eigenvalues i and −i of ?. We then have that the deRham differ-
ential splits into:

d = ∂ + ∂̄
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where:

∂ :Ω(k,0) → Ω(k+1,0)

∂̄ :Ω(0,k) → Ω(0,k+1)

Thought, this does not hold in general, it is true for silly dimensional reason that:

∂̄2 = 0

because Ω(0,2)(Σ) = Ω(2,0)(Σ) = 0. If P is a principal bundle over Σ, and we have a
connection A, then we have a similar splitting of the exterior covariant derivative on
Ad(P ) i.e.:

dA =
(
∂ +A(1,0)

s

)
+
(
∂̄ +A(0,1)

s

)
= ∂A + ∂̄A

We note that Ad(P ) is a holomorphic as:

∂̄2
A = 0

for the same dimension reasons as before, and that holomorphic sections of Ad(P ) are
ones such that:

∂̄X = 0

The Yang-Mills equations then states that:

dA ? F = ∂A ? F + ∂̄A ? F = 0

We need both do be zero, as they are independent sections of Ω1(Σ), hence we see that
the Yang-Mills equations reduces to the statement:

?F is a holomorphic section of Ad(P ) that is covariant constant

11


